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PKEFACE. 



This book is intended for teachers, and for teachers only. The 
publishers will sell it to no persons except teachers of Wentworth's 
Geometry. Every teacher must consider himself in honor bound not 
to leave his copy where pupils can have access to it, and not to sell 
his copy except to the publishers, Messrs. Ginn & Company. 

It is hoped that young teachers will derive great help from 
studying the systematic solutions of the exercises, and that every 
teacher who is pressed for time will find great relief by not being 
obliged to work out every problem himself. 

Criticisms and corrections will be thankfully received. 

GEORGE WENTWORTH. 
Exeter, N.H., October, 1899. 



WENTWORTH'S GEOMETRY. 
TEACHERS' EDITION. 

BOOK I. PLANE GEOMETEY. 

Ex. 1. Find the complement and the supplement of an angle of 49°. 
90° _ 49° = 41°. 
180° - 49° = 131°. 

Ex. 2. Find the number of degrees in an angle if it is double Us com- 
plement; if it is one fourth of its complement. 

(1) Let x = the number of degrees in the angle. 

Then x + - = 90. 

2x + x = 180. 
3x = 180. 
x = 60. 00°. Ans. 

(2) Let x = the number of degrees in the angle. 
Then x + 4x = 90. 

6x = 90. 
x = 18. 18°. Ans. 

Ex. 3. Find the number of degrees in an angle if it is double its supple- 
ment; if it is one third of its supplement. 
(1) Let x = the number of degrees in the angle. 

x 



Then x + - = 180. 




2x + x = 360. 

3x = 30O. 

x = 120. 


• 
120°. Ana. 


(2) Let x = the number of degrees in the angle. 




Then x + 3x = 180. 
4x = 180. 
x = 45. 
1 


45°. Ans. 
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Ex. 4. Find the number of degrees in the angle included by the hands of 
a clock at 1 o'clock. 3 o'clock. 5 o'clock. 6 o'clock. 
30°; 90°; 160°; 180°. Ans. 

' Ex. 5. Find the complement and the supplement of an angle that con- 
tains 37° 63' 49". 

90° - 37° 53' 49" = 52° 6' 11". 
180° - 37° 63' 49" = 142° 6' 11". 

Ex. 6. If the complement of an angle is one third of its supplement, how 
many degrees does the angle contain f 
Let x = the number of degrees in the angle. 
Then 3 (90 - x) = 180 - x. 

270-3x = 180-x. 
2x = 90. 
x = 45. 45°. Ans. 

Ex. 7. If the equal sides of an isosceles triangle are produced, the angles 
on the other side of the base are equal. 

Let the equal sides BA and BC of the isosceles A ABC 
be produced to D and E, respectively. 
To prove that " Z CAD -ZA CE. 
Proof. Z BAC = Z BCA. § 145 

Z CAD is the supplement of Z BA C, 
and Z ACE is the supplement of Z BCA. § 86 

.-. ZCAD = ZACE. §85 

Q. E. D. 

Ex. 8. How many degrees are there in each of the acute angles of an 
isosceles right triangle f 

In the A ABC, let C be a rt. Z, and let A C be equal 
to BC. 

To find the value of Z A and of Z B. 

Now ZA + ZB = 90°. §135 

But Z A = Z B. § 145 A^ ^B 

.:ZA = ZB = 45°. 

Ex. 9. If any angle of an isosceles triangle is equal to two thirds of a 
right angle (60°), what is the value of each of the two remaining angles f 
The A is equiangular and each angle is equal to 60°. § 146 

Ex. 10. One angle of a triangle is 34°. Find the other angles, if one of 
them is twice the other. 
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Let x — the number of degrees in the smaller angle. 
Then 2 x = the number of degrees in the larger angle. 
.-. a + 2x = 180-34. 
Sx =146. 
x = 48* . 
2x = 97i. 48° 40'; 97° 20 7 . Ans. 

Ex. 11. If the vertical angle of an isosceles triangle is equal to 30°, find 
the exterior angle included by a side and the base produced. 
Each angle at the base = £ (180° - 30°) = 75°. 
Each exterior angle = 180° - 76° = 105°. 

Ex. 12. If the vertical angle of an isosceles triangle is 
equal to 36°, find the angle included by the bisectors of the 
base angles. E J 

A ABC = AACB = i(180° - 36°) = 72°. 

A OBC = A OCB = i of 72° = 36°. 

A BOC = 180° - 2 x 36° = 180° - 72° = 108°. 

Ex. 13. The median from the vertex to the base of an isosceles triangle 
is perpendicular to the base, and bisects the vertical angle. 
In A ABC, let AB be equal to AC, and D be the middle point of BC. 
To prove that AD is ± to BC, and A DAB = ZDAC. 
Proof. In the A BAD, CAD, 

AB = AC, and BD = CD, Hyp. 

and AD is common. 

.-. A BAD = A CAD. § 150 

.-. A BAD = A CAD, § 128 

and A BDA = A CDA. § 78 

.-. AD is ± to BC. § 63 q. e. d. 

• Ex. 14. If two straight lines are cut by a transversal so that the alter- 
nate-exterior angles are equal, the two straight lines are parallel. 

Let JEF cut the straight lines AB and CD in the points 
H and K, and let the angles A HE and DKF be equal. M _ -/* 
To prove that AB is II to CD. A ~"'J'-- N 

Proof. Suppose MN drawn through H II to CD. ° F / K D 

Then A MHE = A DKF. § 113 

But A AHE = A DKF. Hyp. 

.-. A MHE = A AHE. Ax. 1 

.-. MN and AB coincide. § 60 

But MN is II to CD. Const. 

.-. AB, which coincides with MN, is II to CD. q. e. d. 
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Ex. 15. If two parallel lines are cut by a transversal, the two exterior 
angles on the same side of the transversal are supplementary. 

Let AB and CD be two parallel lines cut by the trans- 
versal EF in the points H and K jj/ 
To prove that A EHB and DKF are supplementary. g / D 
Proof. A CKF and DKF are supplementary. § 86 / K 
But ZCKF = ZEHB. §113 

.\ A EHB and DKF are supplementary. q. b. d. 

Ex. 16. If two straight lines are cut by a transversal so as to make the 
exterior angles on the same side of the transversal supplementary, the two 
lines are parallel. 

Let EF cut the straight lines AB and CD in the points 

H and K, and let the angles EHB and DKF be supple- # H f g 

mentary. * / ~~ N 

To prove that AB is II to CD. C p/ K D 
Proof. Suppose MN drawn through If II to CD. 

Then A EHN and DKF are supplementary. Ex. 15 

But A EHB and DKF are supplementary. Hyp. 

..ZEHN=ZEHB. §85 

.-. JOT and AB coincide. § 60 

But MN is II to CD. Const. 

.•. AB, which coincides with MN, is II to CD. q. b. d. 

Ex. 17. How many diagonals can be drawn in a polygon of n sides ? 

Since a diagonal of a polygon is a line joining two vertices not adja- 
cent (§ 192), from each vertex (n — 3) diagonals can be drawn. 

Therefore, from the n vertices, n (n - 3) diagonals can be drawn, but 
we have thus counted each diagonal twice. 

Therefore, in a polygon of n sides, \n (n — 3) diagonals can be drawn. 

Ex. 18. How many sides has a polygon if the sum of its interior A is 
twice the sum of its exterior A f ten times the sum of its exterior A ? 

(1) Let n = the number of sides of the polygon. 

Then (n — 2) 2 = the number of rt. A in the sum of the interior A. 
But 4 = the number of rt. A in the sum of the exterior A. 

.-. (n-2)2 = 8. 
2n-4 = 8. 
2n = 12. 
n = 6. 6. Ans. 
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(2) Let n = the number of sides of the polygon. 
Then (n-2)2 = 40. 

2 n - 4 = 40. 
2ra = 44. 
n = 22. 22. Ans. 

Ex. 19. A median of a triangle is less than half tlie sum of the two 
adjacent sides. 

Let AD be a median of the A ABC. 

To prove that AD<i(AB + AC). 

Proof. Produce AD to E, making DE equal to AD. 

Draw BE. 
Now AACD = AEBD. 

For CD = BD, 

AD = ED, 
and ZADC = ZEDB. 

.-. AC = BE. 
Now 4£ + fitf>Atf. 

That is, AE < AB + #E. 

.-. |4JE<i(AB+ J£E). Ax. 7 

Substitute for \AE its equal AD, and for #^ its equal AC. 
Then AD<£(AB + AC). q.e.d. 

Ex. 20. A straight line which bisects two sides of a triangle is parallel 
to the third side. 

Let the straight line DE bisect the sides AB and AC of the A ABC. 
To prove that DE is II to BC. A 

Draw CG II to 214. , and produce DE to meet it at G. 

DE is II to BC if BCG2) is a O. § 166 n / \j g # 

BCGD is a O if CG = BD. § 183 

CG = BD if each is equal to AD. Ax. 1 

Now BD=AD. Hyp. 

And CG = AD\i A CGE = A4D.E. 

But A CGE = A 42XE. 

For EC = -4^7. 

ZG.EC = Z^E2). 
ZECG = ZDAE. 
.-. DE is II to BC. 
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Draw DE ± to CB. 

DEi&U to AC. 
.-. DE bisects CB. . 
,. A DEC = rt. A DEB. 
.-. DC = DB. 


§104 < 

§188 \n 
§ 144 /\ 
§128 ./' 1 \_ 


DB = DA. 
.-. DA = DB = DC. 


Hyp. C 


E ° 
Ax. 1 

Q. £. D. 



Ex. 21. The middle point of the hypotenuse of a rigid triangle is equi- 
distant from the three vertices. 
Let D be the middle point of the hypotenuse AB of the rt. A ACB. 
To prove that DA = DB = DC. 
Proof. 



But 



Ex. 22. If one acute angle of a right triangle is double the otTier, tJie 
hypotenuse is double the shorter leg. 

Let C be the rt. Z of the rt. A ACB, and let Z A equal 2ZB. 

To prove that AB = 2 AC. 

Proof. The median CD = BD = AD. 

Then Z b = Z a ; and Z c = Z 2 a. 

Now a + 2 a = 90°. 

.-. Za = 30° ; Z2a = 60° ; Zc = 60°. 
.-. A A CD is equilateral, 
and 4D, half of AB, = AC. .-. AB = 2 AC. q. e. d. 

. Ex. 23. If toco triangles have two sides of the one equal, respectively, to 
two sides of the other, and the angles opposite two equal sides equal, the 
angles opposite the other two equal sides are equal or supplementary, and 
if equal the triangles are equal. 

Let AC = A'C, BC = B , C / , and Z B = Z B'. 

To prove that A A and C'A'Bf are equal or supplementary. 

Proof. Place AA'WC on A ABC so that B'C shall coincide with BC % 
and A A' and A shall be on the same side of BC. 




§148 




Since ZR = ZB, B'A' will fall along BA, and A' will fall at A or at 
some other point in BA, as D. 
If A' falls at A, the & A'&C and J.BC coincide and are equal. 
If A / falls at D, the &A'B'C and 1)2? C coincide and are equal. 
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Since CD = C'A' = CA,ZA = Z CDA . § 146 

But A CDA and CDB are supplementary. § 86 

.-. A A and CDB are supplementary. § 86 

Q. E. D. 

Discussion. The triangles are equal : 

1. If the given angles B and W are both right or both obtuse angles. 

2. If the required angles A and A' are both acute, both right, or both 
obtuse. 

3. If AC and A'C are not less than BC and RC, respectively. 

Ex. 24. The bisectors of the angles of a triangle meet in a point which 
is equidistant from the sides of the triangle. 

Let the bisectors AD and BE of the A CAB and CBA intersect at O. 

To prove that O lies in the bisector CF. 

Proof. Now O being in AD is equidistant from AC 
and AB. § 162 

And O being in BE is equidistant from BC 
and AB. § 162 

Hence, O is equidistant from AC and BC. 

.-. O is in the bisector CF. § 162 

Q. E. D. 

Ex. 25. The perpendicular bisectors of the sides of a triangle meet in a 
point which is equidistant from the vertices of the triangle. 

Let the ± bisectors EE / and DU of the sides AC and AB intersect 
at O. 
To prove that O lies in the JL bisector FF". 
Proof. Now O being in EE' is equidistant from A 
and C. § 161 

And O being in DDf is equidistant from A and B. 

§161 
Hence, O is equidistant from B and C. 

.-. O is in the ± bisector FF. § 160 

Q. E. D. 

Ex. 26. The perpendiculars from the vertices of a triangle to the opposite 
sides meet in a point. 

Let the Js be AH, BP, and CK. 

To prove that AH, BP, and CK meet in a point. 

Proof. Through A, B, C suppose &C, A'C', 
A'B', drawn II to CB, CA, BA, respectively. 

Then AH is ± to RC. § 107 

Now ABCR and A CBC are Z17, § 166 

and ABf = BC, and 4C = BC. § 178 
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That is, A is the middle point of &C. 
In the same way, B and C are the middle points of A'C and A'B'. 
.-. AH, BP, and CK are the _L bisectors of the sides of the A A'&C. 
Hence, AH, BP, and CK meet in a point. Ex. 26 

Q. E. I). 

Ex. 27. The medians of a triangle meet in a point which is two thirds 
of the distance from each vertex to the middle of the opposite side. 

Let the two medians AD and CE meet at 0. 

To prove that the third median BH passes through O. 

Proof. Take F the middle point of OA , and G of OC. 
Draw GF, FE, ED, and DG. 

In AAOC, FG is II to AC and equal to i AC. § 189 

ED is II to AC and equal to i AC. § 189 

.-. ^Z> is II to FG. § 106 

Hence, DGFE is a O. § 183 

Hence, AF = FO = Oi), and CG = GO = OE. § 184 

Hence, any median cuts off on any other median two thirds of the 
distance from the vertex to the middle of the opposite side. 

Therefore, the median from B will cut off AO, two thirds of AD; that 
is, will pass through 0. Q. e. r>. 

Ex. 28. If an angle is bisected, and if a line is drawn through the vertex 
perpendicular to the bisector, this line forms equal angles with the sides 
of the given angle. 

Let BAC be the given angle, AD the bisector. 

Through A draw EF JL to AD. 

To prove that Z CAE = A BAF. 

Proof. ZCAE = 90° -ZDA C. 

Z BAF = 90° -Z DAB. 

But ZDAC = ZDAB. 

.-. Z CAE = Z BAF. Ax. 3 

Q. £. D. 

Ex. 29. The bisectors of two supplementary adjacent angles are perpen- 
dicular to each other. 
JjetZBAC + Z CAD = 180°, AE bisect Z BA C, and AF bisect Z CA D. 
To prove that AF is JL to AE. 

Proof. 2 Z EAC + 2 Z CAF = 180°. 

.-. ZEAC + ZCAF= 90°. 
..ZEAF= 90°. 
/. ^F is _L to AE. Q. e. d. 
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Ex 30. If the bisectors of two adjacent angles are perpendicular to 
each other, the adjacent angles are supplementary. 

Let ABAC, CAD, be two adj. A, AE bisect ABAC, AF bisect 
A CAB, and A EAF = 90°. 

To prove that ABAC + ACAD = 180°. <y 

Proof. AEAC + ACAF = 90°. Hyp. \ // E 

.-. 2AEAC + 2 A CAF= 180°, \]/ 

or ABAC + A CAD = 180°. q.e.d. *> <* * 

Ex. 31. The bisector of one of two vertical angles bisects the other. 

Let ABAC, DAE, be two vertical A. Let AF bisect ABAC. Pro- 
duce F.A to G. ♦ 

To prove that ADAG = AEAG. 

Proof. A DAG = ABAF, § 93 

and AEAG = ACAF. 

But Z BAF = Z CM**. Hyp. 

.: ADAG = AEAG. Ax. 1 

Q. E. D. 

Ex. 32. 2%e bisectors o/ two vertical angles form one line. 
Let ABAC and IMF be vertical A ; let 4F bisect ABAC and AG 
bisect /.DAE. 
To prove that .AF and A G form one straight line. 
Proof. ABAC = A DAE. § 93 

.-. ACAF=ADAG. Ax. 7 

.-. Z CAF + ZDAG = Z BAC. 
Now Z JBAC + Z CAD = 2 rt. A. § 86 

.-. ZCMF+Z CAD + ADAG = 2 rt. A 
.-. AF and AG are in the same straight line. § 90 

q. e. r>. 

Ex. 33. The bisectors of the two pairs of vertical angles formed by 
two intersecting lines are perpendicular to each other. 

Let MN and PQ intersect at O, and let AB and CD be the bisectors 
of the A. 
To prove that AB is _L to CD. 

Proof. A DOQ = A MOC, Ax. 7 

and AAOQ = AAOM. Ax. 7 

.-. Z^40D = Z40C. Ax. 2 

But Z-AOi) + Z^10C = 180°. §86 

.-. AAOD = 90°. 
.-. AB is JL to CD. q. e. d. 
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Ex. 34. The bisector of the vertical angle of an isosceles triangle bisects 
the base, and is perpendicular to the base. 
In A ABC, let AC equal BC, and CD bisect Z C. 
To prove that AD = BD, and CD is JL to AB. 
Proof. The & ADC and BDC are equal. 
For AC = BC, 

ZACD = ZBCD, 
and CD is common. 

.-. AD = BD, and Z ^IDC = Z J5DC. § 128 

.-. A ADC and BDC are rt. zi. § 63 

.-. CD is _L to AB. q. e. d. 

Ex. 35. The 'perpendicular bisector of the base of an isosceles triangle 

passes through the vertex and bisects the angle at the vertex. 

In A ABC, let A C equal BC, and let DE be drawn J_ to A B through D, 
the middle point of AB. 
To prove that DE passes through C, and bisects ZACB. 
Proof. DE passes through C, because AC = BC. 
The &ACD and BCD are equal. 
For AC = BC, 

and Z CAD = Z CBD. 

.-.ZACD = ZBCD. 

Q. £. D. 

Ex. 36. If the perpendicular bisector of the base of a triangle passes 
through the vertex, the triangle is isosceles. 

Let DE, the ± bisector of the base AD of the A ABC, 
pass through C, the vertex of the triangle. 
To prove that the A ABC is isosceles. 
Proof. Since C lies in the ± bisector DE, 

AC = BC. §160 

.-. A ABC is isosceles. § 120 

Q. E. D. 

Ex. 37. Any point in the bisector of the vertical angle of an isosceles tri- 
angle is equidistant from the extremities of the base. 

Let AD be the bisector of the vertical Z. BAC of the 
isosceles A ABC. Let P be any point in AD % 

To prove that PB = PC. 

Proof. The bisector of the vertical Z of an isosceles A 
is the JL bisector of the base. Ex. 34 

Hence, any point P in this ± bisector is equidistant 
from the extremities of the base. § 160 

Q. E> d. 
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Ex. 38. If the bisector of an angle of a triangle is perpendicular to the 
opposite side, the triangle is isosceles. 
Let CD, the bisector of the Z C of the A ABC, be ± to AB. 
To prove that A A BC is isosceles. 
Proof. In the rt. & ABB and ADC, 
CD is common, 
and Z A CD = Z BCD. Hyp. 

.-.AADB = AADC. §142 

.:AC = BC. §128 

.\ A -4BC is isosceles. q. b. d. 

Ex.* 39. If two isosceles triangles are on the same base, a straight line 
passing through their vertices is perpendicular to the base and bisects 
the lyase. 

Let ABC and PBC be two isosceles & on the same 
base BC. Let AP produced meet BC at D. 

To prove that D is the middle point of BC. 

Proof. Since A is equidistant from B and C, and P is 
also equidistant from B and C, the line APD is ± to 
BC at its middle point. § 161 

.-. D is the middle point of BC. 

. Q. E. D. 

Ex. 40. Two isosceles triangles are equal when a side and an angle of 
the one are equal, respectively, to the homologous side and angle of the 
other. 

Let ABC and A'WC be two isosceles & having a side and an angle of 
the one equal to the homologous side and the homologous angle of the other. 

To prove that A ABC = A A'B?C. 

Proof. Since an angle of the one is A A 

equal to the homologous angle of the 

other, and in each A two A are equal, _ 

the three A of one A are equal, respec- B CM' 

tively, to the three A of the other. 

.-. A ABC = A A'KC. § 139 

Q. E. D. 

Ex. 41. The bisector of an exterior angle of an isosceles triangle, formed 
by producing one of the legs through the vertex, is parallel to the base. 

In A ABC let AB be equal to AC, and let AE bisect the A CAD 
formed by producing BA to D. 

To prove that AE is II to BC. 
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Proof. 


Z CAD = Z ABC + ZACB. 


§137 


But 


ZCAD = 2ZDAE, 


Hyp. 


and 


ZABC = ZACB. 
.\2ZDAE = 2ZABC. 


§146 




.-. Z DAE = Z ABC. 


Ax. 7 




/. AE is II to BC. 


§114 





Ex. 42. If the bisector of an exterior angle of a triangle is parallel to 
one side, the triangle is isosceles. 

In A ABC, let AE bisect Z CAD formed by producing BA to any 
point D, and let AE be II to BC. 
To prove that A AB C is isosceles. 
Proof. Z DAE = Z ABC, 

and ZCAE = ZACB. 

Now ZDAE = ZCAE. 

.\ZABC = ZACB. 

.-. AB = AC. 
.-. A ABC is isosceles. q. e. d. 

Ex. 43. If one of the legs of an isosceles triangle is produced through 
the vertex by its own length, the line joining the end of the leg produced to 
the nearer end of the base is perpendicular to the base. 

In A ABC, let A C be equal to BC. Produce A C, making CD equal A C, 
and draw DB. 
To prove that BD is _L to AB. 

Proof. In A BCD, CD = CB (since each = AC). 

.\ZCBD = ZCDB; §145 

also Z CBA = Z CAB. 

.-. by addition, Z ABD = Z CDB + Z CAB. Ax. 2 

But the sum of these A = 180°. § 129 

.-. Z ABD = 90°. • 

.-. BD is ± to AB. 




>i. 



Q. i*. u. 

-A 

Ex. 44. A line drawn from the vertex of the right angle of a right ti «- 
angle to the middle point of the hypotenuse divides the triangle into two 
isosceles triangles. 

Let ABD be a rt. A, with rt. Z at B. Draw BC from 
B to the middle point of the hypotenuse AD. 

To prove that &ACB and BCD are isosceles. 

Proof. From C draw CM ± to A B. 

Then CM is II to DB, 

CM bisects AB. 
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In rt. A AM C and BM C, AM = Mf, and CM is common. 

.-. A AM C = A JBif C. § 144 

.:AC = BC. §128 

.-. AC = BC = CD. 
.*. A ABC and BCD are isosceles. q. e. d. 

Ex. 45. If the equal sides of an isosceles triangle are produced through 
the vertex so that the external segments are equal, the extremities of these seg- 
ments wiU be equally distant from the extremities of the base, respectively. 

In the A ABC, let BA be equal to CA. Let BA and CA be produced 
to E and D, respectively, so tih&tAE = AD. 

To prove that DB = EC. 

Proof. The A BAD and CAE are equal. 

For BA = CA, 

AD = AE, 

and ZBAD = ZCAE. § 93 B C 

.-. DB = EC. § 128 

Q. E. D. 

Ex. 46. If through any point in the bisector of an angle a line is drawn 
parallel to either of the sides of the angle, the triangle thus formed is isosceles. 

Let BD bisect Z ABC. Through P, any point of BD, 
draw HK II to BC. f j> 

To prove that A BHP is isosceles. 9 ^p* * 

Proof. ZPBC = /1PBA. Hyp. Z^^ 

ZPBC = /1HPB. §110 f^ c 

.:ZPBA = ZHPB. Ax. 1 

.:BH=PH. §147 

.\ A BHP is isosceles. q. b. d. 

Ex. 47. Through any point C in the line AB an intersecting line is 
rawn, and from any two points in this line equidistant from C perpen- 
. , \\$ulars are dropped on A B or AB produced. Prove that these perpendicu- 
irs are equal. 

Let HK be a line through the point C in the 
line AB. Let CH be equal to CK, and let HE 
and KD be _L to AB. 
To prove that HE = KD. 
The rt. & ECH and DCK are equal 
For CH = CK, 

and ZECH = ZDCK. 

.-. HE = KD. 

Q. E. D. 
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Ex. 48. If the median drawn from the vertex of a triangle to the base is 

equal to half the base, the vertical angle is a right angle. 

Let AM be the median of the A BCA, and let AM be 

equal to ±BC. 

To prove that Z BA C is a rt. Z. 

Proof. In A BAM, AM = BM. Hyp. 

.-. Z MBA = Z MAB. § 145 

In A MAC, AM = CM. Hyp. 

..ZMCA = ZMAC. §145 

.-. ZMBA + ZMCA = Z MAB + ZMAC, Ax. 2 

or ZMBA + ZMCA = ZBAC. ..ZBAC is art. Z. §129 

Q. E. D. 

Ex. 49. The lines joining the middle points of the sides of a triangle 
divide the triangle into four equal triangles. 
In A ABC, let D, E, F be the middle points of the sides * 

AB, BC, CA, respectively. j^ 
To prove that & ADF, FED, DBE, FEC are equal. 
Proof. The & ADF and FED are equal. § 160 

For DF is common, 
AD = FE, and AF = DE. § 189 

Similarly, A DBE = A FED = A FEC. q.e.d. 

Ex. 50. The altitudes upon the legs of an isosceles triangle are equal. 
In A ABC, let AB be equal to AC, and let BD be ± to 

AC, CE ± to AB. 
To prove that BD = CE. 
Proof. The rt. & BCE and BCD are equal. 
For BC is common, 

and ZCBE = ZBCD. 

.-. J32) = CE. 

Ex. 51. i/ the altitudes upon two sides of a triangle are equal, the tri- 
angle is isosceles. 
In A ABC, let BD be ± to AC, CE X to AB, and J5D equal to CE. 
To prove that A ABC is isosceles. 

Proof. The rt. & BCD and £C# are equal. § 142 

For BC is common, 

and BD = CE. Hyp. 

..ZACB^ZABC. §128 

..AB=AC. §147 

.-. A .4UC is isosceles. q. e. d. 
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Ex. 52. The medians drawn to the legs of an isosceles triangle are equal 
In A ABC, let AB be equal to AC, and BD and CE be 
the medians to the equal sides. 
To prove that BB = CE. 

Proof. The & BCD and BCE are equal. § 143 

For BC is common, 

CD = BE, Ax. 7 

and Z A CB = Z ABC. § 145 

.-. BD = CE. § 128 q. b. d. 

Ex. 53. If the medians to two sides of a triangle are equal, the triangle 
is isosceles. 

In A ABC, let BD, CE be two medians meeting at O, and 

BD be equal to CE. 

To prove that AABCib isosceles. 

Proof. The A BOE and COD are equal. 

For BO = CO, and OE = OD, 

and ZBOE = ZCOD. § 93 B O 

.-. BE = CD. § 128 

..AB = AC. Ax. 6 

Q. £. D. 

Ex. 54. The bisectors of the base angles of an isosceles triangle are equal. 
In A ABC, let AB be equal to AC, and let BD bisect the 
Z ABC, and CE the Z A CB. 
To prove that BD = C^. 

Proof. The & CDS and M?C are equal. § 139 

For BC is common, 

Z BCD = Z CBE, § 146 

and Z CBD = Z 2JC.E. Ax. 7 

.-. 2*D = CE. § 128 

Q. E. D. 

Ex. 55. Opposite Theorem. If a triangle is not isosceles, the bisectors 
of the base angles are not equal. 

In the A ABC, let ZABC be greater than ZACB; let BE bisect 
Z ABC, and CD bisect Z ACB. 

To prove that CD > BE. 

Proof. Now KC>KB. §153 

Now CD>BE, if JTD> or = KE. 

But suppose £7) < KE. Lay off iTS" equal to KD 

and #<? equal to KB, draw HG, and draw GF II to #^. 

A KDB = A tftfG. § 143 

For KD = KH, and KB = KO, Const. 
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and ZDKB = ZHKG. 

..ZXHG = ZKDB. 
.-. Z EEC is greater than Z KHG. 
.-. GF>HE. 
But Z GFC is greater than Z FCG (±ACB). 
.-. CG>GF, and > HE. 
.-. KC-KG>KE-KH, 
or KC -\ KD>KB + KE, 

or CD > BE. q. b. d. 

Ex. 56. State the converse theorem of Ex. 54. Is the converse theorem 
true ? 

Converse Theorem. If the bisectors of two angles of a triangle are 
equal, the triangle is isosceles. (For proof, see page 219.) 

Ex. 57. The perpendiculars dropped from the middle point of the base 
upon the legs of an isosceles triangle are equal. 

In A ABC, let AB be equal to AC, D be the middle point of BC, 
BE ± to AB, DF JL to AC. 

To prove that BE = DF. 

Proof. The rt. A BDE and CDF are equal. 

For BD = CD, 

and Z EBD = Z FCD. 

.: DE = DF. 

Ex. 58. State and prove the converse. 

If the perpendiculars dropped from the middle point of one side of a 
triangle to the other two sides are equal, the triangle is isosceles. 

Let ABC be any A, D the middle point of BC, DE ± to AB, DF±U> 
AC, and DE equal to DF. 
To prove that A ABC is isosceles. ^ 

Proof. The rt. A BDE and CDF are equal. § 151 

For BD = DC, and DE = DF. Hyp. 

.-. Z ABC = Z ACB. § 128 *j/L 

..AB = AC. §147 

/. A ABC is isosceles. q. e, d. 

Ex. 59. The difference of the distances from any point in the base pro- 
duced of an isosceles triangle to the equal sides of the triangle is constant. 

Let A B C be an isosceles A, and let DE and DF be _fe drawn from any 
point D of the base produced. Also let DE be greater than DF. 

To prove that DE — DF is constant. 

Proof. Draw CH II to BA. 
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Now ZABC = ZACB, 

ZABC = ZHCB, 

and ZBCF = ZACB. 

,.ZBCG = ZBCF. 

The rt. & BGC and BFC are equal. 

For BC is common, and Z BCG = Z DCF. 

.-. DG = DF. § 128 

.-. DJ2 -BF = BE - BG = GE, the _L distance between #A and CH. 
.-. BE — BF is constant. q. e. d. 

Ex. 60. The sum of the perpendiculars dropped from any point in the 
base of an isosceles triangle to the legs is constant, and equal to the altitude 
upon one of the legs. 

Let ABC be an isosceles A, A B the base, P any point in A B, PB ± to 
BC, PE JL to AC, and draw BF _L to the leg AC. 
To prove that PB + PE = BF. 
Proof. Draw PG J_ to .BP. 

PJ0 is II to BF, and PG is II to -4C. 
.:ZBAC = ZBPG; 
also Z^1£C = Z£,4C. 

.-.ZABC = ZBPG. 
The rt. A PBB and 2*P<? are equal. 

For PB is common, and Z ABC = Z BPG. 

.-. Pi) = BG. § 128 

Now PE = GF. § 180 

.-. PB + PE = BG + GF = BF. Q. e. d. 

Ex. 61. The sum of the perpendiculars dropped from any point within 
an equilateral triangle to the three sides is constant, and equal to the alti- 
tude. 

Let ABC be an equilateral A, BC the base, AB the altitude, P any 
point within the A, PE, PF, PG Js dropped from P to the sides BC, AC, 
AB, respectively. 

To prove that PE + PF + PG = AB. 

Proof. Through P draw HK II to BC, meeting AB 
at M. Now the three altitudes of an equilateral tri- 




angle are equal. 



ZAHK=ZABC = G0°. 
ZAKB=ZACB = W>. 

.: A AHK is equiangular, 
and, therefore, equilateral. 
.-. PF+PG = AM. 



Ex. 50 
§112 

§131 
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Now PE = MD. §§ 104, 180 

..PE + AM = MD + AM = AD. Ax. 2 

That is, PE + PF+ PG = AD. q.b.i>. 

Ex. 62. ABC and ABD are two triangles on the same base AB, and on 

the same side of it, the vertex of each triangle being without the other. If 

AC equals AD, show that BC cannot equal BD. 
To prove that BC and BD are unequal. D 

Proof. Since AC and AD do not coincide, one of these 

lines must make with AB an angle greater than the other. 
If Z DAB is greater than Z CAB, then BD is greater than 

BC. § 154 

If Z CAB is greater than Z DAB, then BC is greater than BD. § 154 
That is, BD and BC are unequal. Q. e. r>. 

Ex. 63. The sum of the lines which join a point within a triangle to 
the three vertices is less than the perimeter, but greater than half the per- 
imeter. 

Let O be a point within the A ABC. 

To prove that 

OA+OB+ 0C<AB + BC+ CA, 
and OA + OB + OC>$(AB + BC + CA). 

Proof. OA + OB<AC + J5O(§100), but>^l£; §49 
OB+OC<AB + AC, but>BC; 

PC + OA<AB + BC, hut>AC. 

.-.2(OA + OB+OC)<2(AB+BC+AC),b\it>AB+BC+AC, Ax. 4 

or OA + OB+OB <AB+BC+AC, but >$(AB+BC+ AC). Ax. 7 

Q. E. D. 

Ex. 64. If from any point in the base of an isosceles triangle parallels to 
the legs are drawn, a parallelogram is formed whose perimeter is constant, 
being equal to the sim of the legs of the triangle. 

In A ABC, let AB be equal to AC, let D be any point in BC, DE 
be II to CM, DF \\ to B A. 
To prove that AEDFia a CD, and its perimeter is equal to AB + AC. 
Proof. AEDF is a O by definition. § 166 

Now ZEDB = ZC, §112 

and ZB = ZC. § 145 

.-. Z EDB = ZB. Ax. 1 

.-. ED = EB. § 147 

Similarly, FD = FC. 

.-. AE + ED + DF+AF = AB + AC. q. e. d. 
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Ex. 65. The bisector of the vertical angle A of a triangle ABC, and the 
bisectors of the exterior angles at the base formed by producing the sides 
AB and AC, meet in a point which is equidistant from the base and the 
sides produced. 

Let ABC be a A. Produce AB to any point M, AC to any point N. 
Let the bisectors BE, CF of the A MBC, NCB meet at the point D. 

To prove that bisector of Z A passes through D, and D 
is equidistant from A M, AN, and BC. 

Proof. Every point in BE is equidistant from BM and 
BC. § 162 

And every point in CF is equidistant from CN and 
BC. § 162 

.*. the point D, which is common to BE and CF, is 
equidistant from BM, BC, and CN. 

.*. the bisector of the Z A passes through D. 

Ex. 66. If the bisectors of the base angles of a triangle are drawn, and 
through their point of intersection a line is drawn parallel to the base, the 
length of this parallel between the sides is equal to the sum of the segments 
of the sides between the parallel and the base. 

Let ED be drawn II to the base BC of the A ABC through 0, the inter- 
section of the bisectors OB, OC of the A ABC, ACB. 




To prove that 


ED = EB + DC. 




A 


Proof. 


ZEBO = ZOBC, 


Hyp. 


A 




Z EOB = Z OBC. 


§no 


^PAd 




.-.ZEBO = ZEOB. 
.-. EO = EB. 


Ax.l % 


><$ 




§147 B 


C 


Similarly, 


OD = DC. 








.EO+OD = EB + DC. 




Ax. 2 


That is, 


ED = EB + DC. 




Q. E. D. 



Ex. 67. The bisector of the vertical angle of a triangle makes with the 
perpendicular from the vertex to the base an angle equal to half the differ- 
ence of the base angles. 

In the A ABC, let CD bisect Z C, and CE be J_ to AB, and let Z B 
be greater than Z A. 



To prove that 
Proof. 
Now 
and 



ZDCE = ±(ZB-ZA). 
ZDCE = ZACE -ZACD. 
ZACE = WP- ZA, §136 

ZACD = \ZACB. Hyp. 

.ZDCE = 90° - ZA-\ZACB. 




DEB 
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Also ZACB = 1MP-ZA - ZB. §131 

.\±ZACB = W>-±ZA -±ZB. Ax. 7 

.-. ZDCE = 90° - Z A - (90° - \ZA - \ZB) 

= W°-ZA-90° + tZA+tZB 

= \ZB-\ZA. Q.E.D. 




DEB 



Ex. 68. // Me diagonals of a quadrilateral bisect each other, the figure 
is a parallelogram. 

Let the diagonals AC, BD of the quadrilateral ABCD meet at 0, and 
let AO be equal to CO, BO to DO. 
To prove that figure ABCD is a parallelogram. 
Proof. The & -4 BO and D(70 are equal. § 143 

For AO=CO, Hyp. 

BO = DO, Hyp. 

and ZAOB-ZCOD. §93 

.-. 42* = DC, und ZBAO=Z DCO. 
.-. 4JB is II to DC. 
.-. figure ABCD is a parallelogram. 



D g 



§128 
§111 
§183 

Q. £. D. 




Ex. 69. The diagonals of a rectangle are equal. 
Let ABCD be a rectangle. 
To prove that AC = BD. 

Proof. The rt. A ABD and DC A are equal. § 144 
For AD is common, 

and AB = DC. §178 

..AC = BD. §128 

Q..E. D. 

Ex. 70. If the diagonals of a parallelogram are equal, the figure is a 
rectangle. 

Let ABCD be a parallelogram, and let AC he equal 
to BD. 
To prove that ABCD is a rectangle. 
Proof. The & ABD and DC A are equal. § 150 
For AD is common, 

AC = BD, Hyp. 

and AB = DC. § 178 

.-. ZBAD = ZADC. §128 

Now Z BAD + Z ADC = 180°. § 115 

.-. Z BAD = Z ADC = 90°. 
Similarly, Z ABC = Z DCB = 90° 

Therefore, ABCD is a rectangle. Q. e. d. 
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Ex. 71. The diagonals of a rhombus are perpendicular to each other, 
and bisect the angles of the rhombus. 
Let ABCD be a rhombus, and let AC meet BD at 0. 
To prove that AG is _L to BD, and that ZBAO = ZDAO, etc. 



Proof. 

For 



and 



The A OAB and OAD are equal. 
OA is common, 
AB = AD, 
OB = OD. 
.:ZBAO = ZDAO. 



§150 



Also 



ZAOB = ZAOD. 
.:ZAOB = W>. 
.-. AC'ib± to BD. 
Similarly, we may prove that Z ABO = Z CBO, etc. 




Q. E. D. 




§63 



Q. E. D. 



Ex. 72. The diagonals of a square are perpendicular to each other, and 
bisect the angles of the square. 

Let ABCD be a square, and AC meet BD at O. 

To prove that AC is ± to BD, and that Z BAO = Z DAO, etc. 

Proof. The & OAB and OAD are equal. § 160 & p 

For OA is common, 

AB = AD, § 168 

and OB = OD. § 184 

.\ZBAO = Z DAO, §128 

and ZAOB = ZAOD. 

.:ZAOB = 90°. 
.-. AC is _L to .BD. 
Similarly, we may prove that Z ABO = Z CBO, etc. 

Ex. 73. Lines from two opposite vertices of a parallelogram to the mid- 
dle points of the opposite sides trisect the diagonal. 

In the O ABCD, let E and F be the middle points of the opposite 
sides AD and BC. Let BE cut AC at M, and FD cut AC at N. 
To prove that AM = Jf JV = JVC. 

Proof. In the figure EBFD, 

ED is II to BF. 
AD = BC, 
ED=BF. 
.-. DF is II to EB. 
AM=MN. 
NC = MN. 
..AM = MN=NC. 



Also, since 



In the A ADN, 
In the A CM B, 




22 



BOOK I. PLANE GEOMETRY. 




Ex. 74. The lines joining the middle points of the sides of any quadri- 
lateral, taken in order, enclose a parallelogram. 

Let ABCD be a quadrilateral, E, F, G, H the middle points of the 
sides, taken in order. 

To prove that the figure EFGH is a O. 
Proof. Draw the diagonals AC, BD. 
EF and HG are II to AC, 
and EF=HG = \AC. 

.-. EF is II to HG. 
.-. figure EFGH is a O. 

Ex. 75. The lines joining the middle points of the sides of a rhombus, 
taken in order, enclose a rectangle. 

Let ABCD be a rhombus, E, F, G, H the middle points of its sides, 
taken in order. 
To prove that the figure EFGH is a rectangle. 
Proof. Draw the diagonals AC, BD, meeting at O. 
EF is II to AC and equal to £ AC, 
and HG is II to A C and equal to | A C. 

.-. EF is II to HG, 
and EF = HG. 

.-. figure EFGH is a O. 
The A formed at are rt. A. 
.-. the A of the O EFGH are rt. A. 
Also BD is not equal to AC. 
.-. EF is not equal to FG. 
.-. the figure EFGH must be a rectangle. § 167 

Q. £. D. 

Ex. 76. The lines joining the middle points of the sides of a rectangle 
(not a square), taken in order, enclose a rhombus. 

Let ABCD be a rectangle (not a square), axi&E, F, 
G, H be the middle points of its sides, taken in order. 

To prove that the figure EFGH is a rhombus. 

Proof. The rt. & AEH and BEF are equal. § 144 

For AE = BE, 

and AH = BF. 

.-. EH = EF. 

Similarly, EH = HG = GF. 

.\ EFGH is a square or a rhombus. 

Now the figure EFGH cannot be a square. 





E 



Hyp. 

§ 178, Ax. 7 

§128 

§§ 169, 170 
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For if it were a square, then Z HEF would be equal to 90°, 

and Z AEH + Z BEF would be equal to 90°. § 88 

But Z AEH = Z BEF. § 128 
.-. A AEH would be equal to 45°. 

.-. Z AUE would be equal to 45°. § 135 

/. AE would be equal to AH. § 147 

But this conclusion is contrary to the hypothesis that the rectangle 
A BCD is not a square. 

.-. the figure EFGH must be a rhombus. q. b. d. 

Ex. 77. The lines joining the middle points of the sides of a square, 
taken in order, enclose a square. 

Let A BCD be a square, and E, F, G, H the middle points of its sides, 
taken in order. 
To prove that the figure EFGH is a square. 
Proof. The rt. &AEH, BEF, CFG, DGH are isosceles 
because their legs are each half of a side of the square. 
And these four & are also equal. § 144 

.-. HE = EF=FG = GH. 
Also in each A the A at the base are equal. 

.-. each of the base A = 45°. 
.-. ZFEH = 180° - ZAEH - ZBEF = 90°. 
Similarly, the other A of EFGH are rt. A. 

.-. the figure EFGH is a square. 




§145 

§136 

§89 



§168 

Q. E. D. 

Ex. 78. The lines joining the middle points of the sides of an isosceles 
trapezoid, taken in order, enclose a rhombus or a square. 

Let ABCD be an isosceles trapezoid, and let EF, FG, GH, HE join 
the middle points of its sides, taken in order. 

To prove that the figure EFGH is a rhombus or a ff- P g R -9 
square. 

Proof. Through the middle points F, H of the legs H/! 
draw PQ, RS ± to the bases, PQ meeting AB at P and 




DC produced at Q, RS meeting AB at R and CD pro- J~r 
duced at S. Then PQ is II to RS. § 104 

Also RP is II to SQ. 

.-. figure PQSR is a O. 

And, by construction, PQSR is a rectangle or a square. 

.-. the. figure EFGH is a rhombus (Ex. 76) or a square (Ex. 77). 



P5 



Hyp. 
§166 



Q. E. D. 






24 BOOK I. PLANE GEOMETRY. 

Ex. 79. The bisectors of the angles of a rhomboid enclose a rectangle. 
Let the quadrilateral EFKL be formed by the bisectors of the angles 
of the rhomboid ABCD. 
To prove that EFKL is a rectangle. 
Proof. Since DC and AB are II, § 166 

ZCDA+ZBAD = 1W>. §115 

.-. Z EDA + Z EAD = 90°. Ax. 7 

.-. ZDEA is art. Z. §131 

.-. Z FEL is a rt. Z. § 93 

In like manner, the A ELK, LKF, KFE are rt. A. 

.-. EFKL is a rectangle. § 167 

Q. b. r>. 
Ex. 80. The bisectors of the angles of a rectangle enclose a square. 
Let the quadrilateral EFKL be formed by the bisectors of the A of the 
rectangle ABCD. 
To prove that EFKL is a square. ^ — £~ 

Proof. The quadrilateral EFKL is a rectangle by the 
same proof as in Ex. 79. 
The rt. A EDA and KBC are equal. § 141 

For DA = CB, §178 

and Z EDA = 45° = Z KBC. Hyp. 

/. ED = EA = KC = KB. § 128 

In like manner, & FDC and LAB are equal, 
and FD = FC = LA= LB. 

.-. FD-ED = FC -KC = LB-KB = LA- EA. Ax. 3 
That is, EF = FK=LK = EL. 

.-. EFKL is a square. § 168 

Q. E. D. 

Ex. 81. If two parallel lines are cut by a transversal, the bisectors of the 
interior angles form a rectangle. 

Let the quadrilateral ABCD be formed by the bisectors of the interior 
A of the II lines cut by the transversal BD. 
To prove that ABCD is a rectangle. 
Proof. A ADC and ABC are rt. A. 
Now Z EDB + ZDBH = 2 rt. A. 

.-. ZADB + ZABD = 1 rt. Z. 
.-. ZD^lBisart. Z. 
In like manner, Z DCB is a rt. Z. 

.-. ABCD is a rectangle. § 167 

Q. B. D. 
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Ex. 82. The median of a trapezoid passes through the middle points 
of the two diagonals. 

Let ABCD be a trapezoid, AB, DC the II sides, AC, Q- 
BD the diagonals, EF the median. 
To prove that EF bisects AC and BD. E\- 

Proof. Let G, H be the middle points of AC, BD. 

EF is II to AB and DC. § 190 

E is the middle point of AD. 
.-. EF passes through H. 
For a similar reason EF passes through G. 

.-. EF bisects the two diagonals. q. e. d. 

Ex. 83. The line joining the middle points of the diagonals of a trape- 
zoid is equal to half the difference of the bases. 

Let ABCD be a trapezoid, AB, DC the II sides, AC, BD its diagonals, 
E, F their middle points. 

To prove that EF = £ (AB - DC). 

Proof. Draw CF, and produce* it to meet AB at G. 

The & BFG and CFD are equal. § 139 



5276 



For 




BF = DF, 
Z BFG = Z CFD, 


Hyp. h 

§ 93 R 


\Sy\ 


and 




Z GBF = Z CDF. 


§no J/ 


/ \\ 
/ Nl 






.-. CF = FG, 


A 


G B 


and 




DC = BG. 
..AG = AB-BG = AB 


§128 
-DC. 




But 




EF=iAG. 
.:EF = ${AB-DC) A 




§189 

Q. E. D. 


Ex. 84. 


In an 


isosceles trapezoid each base 


makes equal angles with 


the legs. 










Let ABDC be a 


trapezoid with leg AC equal 


to leg BD. 




To prove that ZA = AB, and Z C = ZD. 






Proof. 


Draw 


CE II to DB. 
CE = DB. 


§180 /T" 
Ax. 1 / \ 


-i 






.-. CE = AC. 


V 






.:ZA=Z CEA. 


§ 145 A E 


B 


But 




ZCEA =ZB. 
..ZA=ZB. 


§112 


Ax. 1 


Now 


ZC 


is the supplement of Z A, 






and 


ZD 


1 is the supplement of Z B. 
.:ZC = ZD. 




§115 
§85 

Q. E. D. 
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Ex. 86. If the angles at the base of a trapezoid are equal, the other 
angles are equal, and the trapezoid is isosceles. 
Let ABDC be a trapezoid having AB II to CD and Z A equal to Z B. 
To prove that ZD = ZC, and AC = BD. 

Proof. The A D and C are equal, because they are the 
supplements of the equal A A and B, respectively. § 86 
Draw CE II to DB. 

Then ZCEA=ZB. §112 

But ZB = ZA. Hyp. 

.-. ZCEA=ZA. Ax. 1 

..AC=CE. §147 

But CE = BD. § 180 

.-. AC = BD. Ax. 1 

q. e. r>. 

Ex. 86. In an isosceles trapezoid the opposite angles are supplementary. 

Let A BCD be an isosceles trapezoid, having ABU to DC, and AI> 
equal to BC. . c 

To prove that ZA + Z C = 180° = ZB + ZD. D 

Proof. ZA + ZD=1S0°, §116 

and ZC = ZD. Ex. 84 

.-. ZA+ZC = 1S(P. * 

Similarly, ZB + ZD= 180°. q. e. d. 

Ex. 87. The diagonals of an isosceles trapezoid are equal. 

Let ABCD be an isosceles trapezoid, and AB, DC the II sides, AC, BD 
the diagonals. 

To prove that AC = BD. 

Proof. The A ADC and BCD are equal. § 143 

For DC is common, 

AD = BC, Hyp. A * 

and Z ADC = Z BCD. Ex. 84 

.:AC = BD. §128 q.e.d. 

Ex. 88. If the diagonals of a trapezoid are equal, the trapezoid is 
isosceles. 

Let ABCD be a trapezoid, AB, CD the II sides, and let the diagonals 
AD, BC be equal. 

To prove that AC - BD. 

Proof. From C, D drop the Js CE, DF to AB. 

CE is II to DF. § 104 

.-. CE = DF. § 180 

The rt. A ADF and BCE are equal. § 151 



o. 
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For 

The 
For 



and 



DF = CE, and AD = BC. 

r.ZDAF=ZCBA. 

& ABC and ABD are equal. 

AB is common, 

BC = AD, 

Z CBA = Z DAF. 

.:AC = BD. 



Ex. 89. If from the diagonal DB of a square A BCD, BE is cut 
to BC, and EF is draum perpendicular to BD meeting DC at F, 
is equal to EF, and also to FC. 
To prove that DE = EF= FC. 

Proof. In the A BCD, ZD = ZB. 
But ZD + ZB = 90°. .:ZD = 4b° 

InADEF, ZE + ZD = 90° + 4b° = 135°. 

.-. Z F = 180° - 136° = 45°. 
.-. A DEF is isosceles, and DE = EF. 
Draw BF. The rt. A BEF and BCF are equal. 
For BF is common, 

and BE = BC. 

.-. EF = FC. 
.-. DE = EF= FC. 



Hyp. 

. §128 
§143 

Hyp. 
§128 

Q. £. D. 

off equal 
thenDE 



§146 



§147. 
§151 




Hyp. 
§128 
Ax. 1 

Q. £. D. 

Ex. 90. Two angles whose sides are perpendicular, each to each, are 
either equal or supplementary. 
Let AB be perpendicular to FD, and AC to GI. 
To prove that Z BAC is equal to Z DFG, and supplementary to Z DFI. 
Proof. Draw AK ± to AB, and AH ± to AC. 
Then AK is II to FD, and AH to IG. § 104 __ <* 

.\ZDFG = ZKAH. §176 K 

The Z BAK is a right angle by construction. 

.\ Z BAH is the complement of Z KAH. 

The Z CAH is a right angle by construction. 

.•. Z BAH is the complement of Z BAC. 

..ZBAC = ZKAH. §84 

r.ZDFG = ZBAC. Ax. 1 

.*. Z DFI, the supplement of Z DFG, is also the supplement of Z BAC. 

Q. £. D. 
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Ex. 91. The perpendicular bisectors of the sides of an inscribed poly- 
gon are concurrent (pass through the same point). 

Let ABC BE be an inscribed polygon. 

To prove that the ± bisectors of AB, BC, CD, DE, 
EA are concurrent. 

Proof. The _L bisector of each side of the inscribed 
polygon passes through the centre of the circle. § 248 

.*. the ± bisectors of all the sides intersect at the centre of the circle. 

Q. £. D. 

Ex. 92. Describe the relative position of two circles if the line of 
centres : 

(1) is greater than the sum of the radii; 

(2) is equal to the sum of the radii ; 

(3) is less than the sum but greater than the difference of the radii; 

(4) is equal to the difference of the radii ; 

(5) is less than the difference of the radii. 
Illustrate each case by a figure. 

These five cases are illustrated by the following figures : 

(1) _ (2) 



(1) The two 

(2) The two 

(3) The two 

(4) The two 

(5) The two 




' are exterior to each other. 

> are tangent to each other externally. 

) intersect each other. 

) are tangent to each other internally. 

) lie one wholly within the other. 

Ex. 93. The straight line drawn from the middle point of a chord to the 
middle point of its subtended arc is perpendicular to the chord. 

28 
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Let C be the middle point of the chord AB, and let M 
be the middle point of the arc A B. 

To prove that CM is _L to the chord AB. 
Proof. Draw AM and BM. 

The chord AM = the chord BM. 
.*. M is equidistant from A and B. 
C is equidistant from A and B. 
.*. CM is the ± bisector of AM. 




But 



Hyp. 
§161 

Q. E. D. 

Ex. 94. The line which passes through the middle points of two parallel 
chords passes through the centre of the circle. 

Let the chords AB and CD be parallel, let H be the middle point of 
AB, and K be the middle point of CD. 

To prove that HK passes through the centre of the circle. 

Proof. Draw OH and OK. 

OH is ± to AB and OK is ± to CD. § 247 

.-. OH and OK coincide and form one straight line. 

.-. the line HK coincides with this line. § 47 

.\ HK passes through the centre of the circle. q. e. d. 

Ex. 95. Describe the relative position of two circles if they may have : 

(1) two common external and two common internal tangents ; 

(2) two common external tangents and one common internal tangent ; 

(3) two common external tangents and no common internal tangent ; 

(4) one common external and no common internal tangent ; 

(5) no common tangent. 
Illustrate each case by a figure. 

These five cases are illustrated by the following figures : 
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(1) The two © are exterior to each other. 

(2) The two © are tangent to each other externally. 

(3) The two © intersect each other. 

(4) The two © are tangent to each other internally. 

(5) The two © lie one wholly within the other. 

Ex. 96. The line drawn from the centre of a circle to the point of inter- 
section of two tangents is the perpendicular bisector of the chord joining the 
points of contact. 

Let TA and TB be tangents to the circle whose 

centre is O. 

To prove that OT is the _L bisector of the chord AB. 

Proof. TA = TB. § 261 

OA = OB. § 217 

.\ OT is the ± bisector of AB. § 161 

Q. E. D. 

Ex. 97. The opposite angles of an inscribed quadrilateral are supple- 
mentary. 

Let A BCD be an inscribed quadrilateral. 

To prove that ZA+ZC=ZB+ZD= 180°. 

Proof. Z A is measured by | arc DCB, 
and Z C is measured by £ arc DAB. 

.-. the sum, ZA + ZC, is measured by 

i (arc DCB + arc DAB), or £ the circumference. 
.-. ZA + Z C = i of 360° = 180°. 

Similarly, Z B + Z D = 180°. q. e. d. 

Ex. 98. If through a point within a circle two perpendicular ch^ds are 
drawn, the sum of either pair of the opposite arcs which they intercept is 
equal to a semicircumference. 

Let AB and CD be two perpendicular chords 
intersecting at P. 
To prove that 

arc AC -f arc BD = a semicircumference. 
Proof, i (arc AC + arc BD) measures ZAPC. 

§294 
But ZAPC = 90°. Hyp. 

.-. i (arc AC + arc BD) = 90°. 
.-. arc AC + arc BD = 180° 

= a semicircumference, Q. b. d. 
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Ex. 99. The line joining the centre of the square described upon the 
hypotenuse of a right triangle to the vertex of the right angle bisects the 
right angle. 

Let ABC be a rt. A, and Z C a rt. Z ; also let M be the centre of the 
square ABED constructed upon the hypotenuse AB\ in other words, 
let M be the intersection of the two diagonals. 
To prove that Z A CM = Z BCM. 

Proof. Describe a O upon AB as diameter. 
ZACB = 90°, 
and ZAMB = 90°. 

,\ the O will pass through C and M. 
Now AM=BM. 

.'. arc AM = arc BM. 
.:ZACM=ZBCM. 
.:ZACM=ZBCM=4:5 . 

Ex. 100. Two circles are tangent externally at A, and a common external 
tangent touches them at B and C, respectively. Show that angle BAC is a 
right angle. 

Let BC be a common external tangent to 
the circles whose centres are O and & and 
which are tangent externally at A. 
To prove that Z BAC is a rt. Z. 
Proof. Draw OB, CC, OCT. 

Now OB and WC are both ± to BC, § 254 
and are therefore parallel. § 104 

.-. Z O + Z V = 2 rt. A. 

ZOis measured by arc AB, 

and Z C is measured by arc AC. 

But Z BAC is measured by £ (arc AB 4- arc A C). 

.-. ZBACiasLTt. Z. 




§115 



|288 



Q. E. D. 



Ex. 101. An angle formed by a tangent and a chord is equal to 
inscribed in the opposite segment. 

Let the Z BAC be formed by the tangent AB and 
the chord AC; let ADC be any angle inscribed in the 
opposite segment. 
To prove that Z BA C = Z ADC. 
Proof. Z BA C is measured by i arc AC. § 295 
Z ADC is measured by £ arc AC. 
,:ZBAC = ZADC. 
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Ex. 102. Two chords drawn perpendicular to a third chord at its extrem- 
ities are equal. 

Let AC and BD be chords ± to the chord AB at its A ^ 
extremities A and B. 
To prove that AC - BD. 

Proof. Draw AD and CB. c \ 

The rt. A CAB and DBA are equal. § 142 

For AB = AB, Iden. 

and ZC = ZD. §293 

.:AC = BD. §128 

Q. K. D. 

Ex. 103. The sum of two opposite sides of a circumscribed quadrilateral 
is equal to the sum' of the other two sides. 

Let ABCD be a circumscribed quadrilateral, and let E, F, G, H be 
the points of contact. 
To prove that AB + DC = AD + BC. 
Proof. AE - AH, § 261 

BE = BF, 
CG = CF, 
DG = DH. 
.-. AE 4- BE + CG + DG = AH + Dff + BF + CF. 
That is, 4£ + DC = AD + BC. 

Ex. 104. V #te sum of two opposite angles of a quadrilateral is equal to 
two right angles, a circle may be circumscribed about the quadrilateral. 

In the quadrilateral ABCD, let ZDAB + ZBCD be 
equal to 2 rt. A. Let DAB be the circumference of a 
circle through D, A, and B. 
To prove that the circumference DAB passes through C. Jl 
Proof. Z DAB is measured by i arc DMB. § 289 
Since Z DAB + Z BCD = 2 rt. A, Hyp. 

Z BCD must be equal to an angle that is measured by | the whole cir- 
cumference — arc DMB; that is, by b arc DAB. 

In order that Z BCD may be measured by £ arc DAB, C must lie on 
the circumference. q. e. d. 

Ex. 105. The shortest line that can be drawn from a point within a circle 
to the circumference is the shorter segment of the diameter through that 
point. 
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Let CB be the diameter of the circle CBD through the point A, and 
let AD be any other line from A to the circumference. 



To prove that 


AB<AD. 




Proof. 


Draw OD. 




Now 


OD<OA+AD. 


§138 


But 


OD = OB. 
.:OB<OA+AD, 


§217 


OA+AB<OA + AD. ..AB<AD. 







Ax. 5 

Q. £. I). 

Ex. 106. The longest line that can be drawn from a point within a circle 
to the circumference is the longer segment of the diameter through that point. 

Let CB be the diameter of the circle CBD through the point A, and 
let AD be any other line from A to the circumference. 

To prove that A C > AD. 

Proof. Draw OD. j p A i 

Now AO+OD>AD. §138 

But OD s= OC. § 217 

.-.AO+OOAD. 

That is, A C > AD. q. k. d. 

Ex. 107. The shortest line that can be drawn from a point without a 
circle to the circumference will pass through the centre of the circle if 
produced. 

Let O be the centre of the given O, P the given point, PAB a secant 
passing through O, PCD any other secant. 

To prove that PA < PC. 

Proof. Draw OC, OD. 

Now PA + AO<PC+CO, 

and AO=CO. 

.:PA<PC. 

Ex. 108. The longest line that can be drawn from a point without a 
circle to the concave arc of the circumference passes through the centre of 
the circle. 

Let O be the centre of the given O, P the given point, PAB a secant 
passing through O, PCD any other secant. 

To prove that PB > PD. 

Proof. Draw OC, OD. 

Now PO+OD>PD, §138 




and 



That is, 



PO+ OD>PD, 
OD = OB. 
,:PO+ OB>PD. 
PB>PD. 



§217 




Q. E. D. 
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Ex. 109. The shortest chord that can be drawn through a point within 
a circle is perpendicular to the diameter at that point. 

Let P be the given point, O the centre, AB a, chord passing through 
P ± to OP, CD any other chord through P. 

To prove that AB < CD. 

Proof. Draw OQ ± to CD, meeting CD at Q. 

Now OP>OQ. 

r.AB<CD. 

Ex. 110. If two intersecting chords make equal angles with the diameter 
drawn through the point of intersection, the two chords are equal. 

Let the two intersecting chords AB and DE make the equal angles 
ACH and ECH with the diameter HK drawn through their point of 
intersection C. 
To prove that AB = DE. 

Proof. Draw from O, the centre of the O, OM ± to 
AB and ON±toDE. 
Rt. A OM C and ONC are equal. § 141 

For CO = CO, Iden. 

and ZMCO = ZNCO. Hyp. 

.-. OM= ON. § 128 

.-. AB = IXE. § 249 

Q. e. r>. 

Ex. 111. The angles subtended at the centre of a circle by any two oppo- 
site sides of a circumscribed quadrilateral are supplementary. 

Let A BCD be a circumscribed quadrilateral, and from the centre of 
the circle let OA, OB, OC, OD be drawn. 

To prove that ZAOD + Z BOC = 2 rt. A. 

Proof. Draw the radii OG, OH, OK, OL to the points of contact of • 
the sides. 

The A OGB and OHB are equal. 




For 



and 



§150 
Iden. 
§217 
§261 
§128 



and 



OB = OB, 

OG = OH, 

BG = BH. 

:. Z GOB = Z BOH. 

Z HOC = Z COK, 

Z KOD = Z DOL, 

ZLOA = ZAOG. 

. ZBOH+ZHOC + ZDOL + ZLOA 

= Z GOB -t Z COK +ZK0D + ZAOG 




Likewise 



Ax. 2 
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.-. /L BOC + ^ BOA = ZAOB + Z COB. 
.: Z AOB + Z BOC = 2 rt. A, 
and A AOB + Z COD = 2 rt. A. § 73 

Q. E. D. 

Ex. 112. TJte radius of a circle inscribed in an equilateral triangle is 
equal to one third the altitude of the triangle. 

Let the O BEF be inscribed in the equilateral A ABC. 

To prove that the radius of the O is equal to £ the 
altitude of the A. 

Proof. Since the O is inscribed in the A, the centre 
O is equidistant from the sides of the A. § 217 

Therefore, the centre is the point of intersection 
of the three bisectors of the A of the A. § 162 

Now the bisectors of the A of the A are ± to the 
opposite sides and bisect the opposite sides (Ex. 34), 
and are, therefore, the altitudes and the medians of the A. 

.-. OD=±AD. Ex.27 

Q. £. D. 

Ex. 113. The radius of a circle circumscribed about an equilateral 
triangle is equal to two thirds the altitude of the triangle. 

Let the equilateral A ABC be inscribed in the O ABC. 

To prove that the radius of the O is equal to $ the altitude of the A. 

Proof. Since the O is circumscribed about the A, the 
centre O is equidistant from the three vertices. § 217 

Therefore, the centre is the point of intersection of the 
± bisectors of the sides of the A. § 160 

Now the ± bisectors of the sides of the A pass through 
the opposite vertices (Ex. 36), and are, therefore, the alti- 
tudes and the medians of the A. 

.-. OC = f CD. 




Ex. 27 

Q. E. D. 



* Ex. 114. A parallelogram inscribed in a circle is a rectangle. 
Let ABCD be an inscribed parallelogram. 
To prove that A BCD is a rectangle. 
Proof. AB = BC and BC = AB. § 178 

.-. arc AB = arc BC and arc BC = arc AB. § 243 
.-. arc AB + arc AB - arc BC 4- arc BC. Ax. 2 
.-. arc BAB - arc BCB = arc ABC = arc ABC. 
.:ZA = ZB = ZC = ZB = 90°. 

.\ ABCB is a rectangle. § 167 



Q. E. D. 
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f Ex. 115. A trapezoid inscribed in a circle is an isosceles trapezoid. 
Let ABCDhe an inscribed trapezoid, having AB and DC II 
To prove that the trapezoid ABCD is isosceles. 
Proof. Now arc AD = arc BC. 

.-. AD = BC. 
.*. trapezoid ABCD is isosceles. 

Q. E. D. 

Ex. 116. All chords of a circle which touch an interior concentric circle 
are equal, and are bisected at the points of contact 

Let O be the common centre of the ©, AB, CD any two chords of the 
outer O, touching the inner circle at the points E, F. 
To prove that AB = CD, and AE - BE, CF = DF. 
Proof. Draw OE, OF. 

OJE is ± to AB, and OF is ± to CD. § 254 

.-. AB = CD. § 249 

■\ AE = BE, and CF = DF. § 245 

Q. E. D. 

Ex. 117. If the inscribed and circumscribed circles of a triangle are 
concentric, the triangle is equilateral. 

Let the inscribed and circumscribed circles of the C_ 

A ABC be concentric. 

To prove that the A ABC is equilateral. 

Proof. AB = AC=BC. 

,\ A ABC is equilateral. 

Ex. 118. If two circles are tangent to each other, the tangents to them 
from any point of the common internal tangent are equal. 

Let the two circles be tangent to each other at A, and let A T be their 
common internal tangent. 

From any point T of AT draw the T 

tangents TC and TD. 

To prove that TC = TD. 

Proof. TC = TA, 

and TD = TA. 

.-. TC = TD. 

Ex. 119. If two circles touch each other and a line is drawn through 
the point of contact terminated by the circumferences, the tangents at its 
ends are parallel. 
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Let AB be a line drawn through the point of contact of two circles 
tangent to each other at the point E. Let MN and HK be tangents to the 
circles at the points A and B. 
To prove that MN is II to HK. 
Proof. Draw the common internal tangent CD. 
Z HBE = Z CEB, § 295 

(each being measured by i arc EB). 

Z NAE = Z AED, § 295 

(each being measured by £ arc AE). 

But Z CEB = Z AED. § 93 

.-. ZHBE = ZNAE. 

.'. MN and HK are parallel. 

Ex. 120. If two circles touch each other, and two lines are drawn through 
the point of contact terminated by the circumferences, the chords joining 
the ends of these lines are parallel. 

Let the <D touch at P, and let AB, CD be lines ^ — ^ iVi 

through P terminated by the circumferences. -4 

To prove that AC is II to BB. 

Proof. Draw through P the common tangent MN. 

Then ZA = ZMPC, c 

and ZB = Z NPD. 

But ZMPC = ZNPD. 

..ZA = ZB. 
.-.ACteW toDB. 

Ex. 121. If two circles intersect and a line is drawn through each point 
of intersection terminated by the circumferences, the chords joining the ends 
of these lines are parallel. 

Let the ® intersect in the points A, B, and let CAB, EBF be any two 
lines through A, B terminated by the circumferences. 
To prove that CE is II to BF. 
Proof. Draw AB. 

ACEB, ABFB are inscribed quadrilaterals. 

.-. Z E = 180° - Z BAG, BAC, Ex. 97 

and ZF- 180° -Z BAD. 

But Z BA C = 180° - Z BAB. § 86 

.-. Z BAC = ZF,mdZE = 180° - Z F. 
.'.ZE + ZF= 180°, and CE is II to DF. § 116 

Q. E. D. 
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Ex. 122. Through one of the points of intersection of two circles a diam- 
eter of each circle is drawn. Prove that the line joining the ends of the 
diameters passes through the other point of intersection. 

Let O, (y be the centres of the <D, A and B the points of intersection, 
AC, AD the two diameters. 
To prove that the straight line CD passes through B. 
Proof. Draw AB, BC, BD. 

The A ABC, ABD are rt. A. § 200 

.-. CBD is a straight line. § 90 

.*. CD passes through B. § 47 

Q. £. D. 

Ex. 123. If two common external tangents or two common internal tan- 
gents are drawn to two circles, the segments intercepted between the points 
of contact are equal. 

Let AB and CD be the two common external tangents, and EF and 
GH the two common internal tangents to the two circles. 





z-^K 



To prove that . AB = CD, and EF = GH. 
Proof. Produce AB and CD to meet at K. 



Then 


KA = KC, and KB = KD. 


§261 




.-. KA-KB-KC- KD. 


Ax. 3 


That is, 


AB = CD. 




Again, 


LH = LF, and LG = LE. 


§261 




.:LH+LG = LF + LE. 


Ax. 2 


That is, 


HG = EF. 


Q. E. D. 



Ex. 124. The diameter of the circle inscribed in a right triangle is equal 
to the difference between the sum of the legs and the 
hypotenuse. G 

Let ABC be a rt. A, A B = 90°, O the centre of 
the inscribed O, D, E, F the points of contact. 

To prove that diameter of O = AB + BC — AC. s^ 1 o\~ . 

Proof. Draw the radii OD, OE. ^ ■ ^-i^ 

OD is JL to AB, and OE is ± to BC. § 264 
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.-. OB is II to CB, and OE is II to AB. 
.: OB = BE, and OE = BB. 
.-. OB+OE = BE + BB 

= (BG -EC) + (AB - AB) 
= BC-FC + AB-AF 
= AB + BC-(AF+FC). 
, diameter of = AB -f BC - AC. 



§104 
§180 
Ax. 2 

§261 

Q. E. D. 




Ex. 125. If one leg of a right triangle is the diameter of a circle, the 
tangent at the point where the circumference cuts the hypotenuse bisects the 
other leg. 

Let the diameter AB of the circle ABB be the leg AB of the rt. A ABC, 

and let the hypotenuse AC cut the circumference at B. Let BE be the 

tangent at B, cutting the leg BC at E. 

To prove that EB = EC. 

Proof. Draw OE and OB. 

Z BOE = Z BOE. § 261 

Z BOB = Z OAB + Z OBA. § 137 
Z OAB = Z OBA. § 146 

.-. Z BOE = Z OAD. 
.-. O.E and AC are II. 
Since OA = 05, #E = EC. 

Ex. 126. If, /rom any point in the circumference of a circle, a chord 
and a tangent are drawn, the perpendiculars dropped on them from the 
middle point of the subtended arc are equal. 

Let the tangent A C and the chord AB be drawn from the same point 
A, and let M be the middle point of the arc AB. 
To prove that the J_ M. K = ± MH. 
Proof. Draw AM, 

Z BAM is measured by | arc BM. § 289 
Z CAM is measured by i arc AM. § 296 
But arc BM = arc AM. Hyp. 

.-. ZBAM=ZCAM. 
Bt A AHM and -4Xif are equal. 

For Z MAH = Z 1L4 Jf, and -4 if is common. 
.-. MH=MK. 

Ex. 127. The median of a trapezoid circumscribed about a circle is equal 
to one fourth the perimeter of the trapezoid. 
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Let HK be the median of the circumscribed trape- 
zoid ABCD. 
To prove that HK = ± (AB + BC + CD + DA). 
Proof. AB + CD = BC + -D4. Ex. 103 

But JMT = i (4 J3 + CD). § 190 

.-. HK = i(AB + BC+CD + DA). 

Q. E. D. 

Ex. 128. Two fixed circles touch each other externally and a circle of 
variable radius touches both externally. Show that the difference of the 
distances from the centre of the variable circle to the centres of the fixed 
circles is constant. 

Let r and r* be the radii of two fixed circles 
that are tangent to each other externally. Let 
r" be the variable radius of a circle that touches 
both externally. Let r be greater than r*. 

To prove that the difference of the distances 
from the centre of the variable circle to the centres 
of the fixed circles is constant. 

Proof. Draw the two lines of centres. 

These lines of centres pass through the points of contact. 
.-. r -+- r" — (r' -+- r") is the required difference. 

Now r + r" — (r' + r" ) I = r + r" - r 7 - r" = r — r 7 , a constant. 

Q. E. D. 

Ex. 129. If two fixed circles intersect, and circles are drawn to touch 
both, show that either the sum or the difference of the distances of their 
centres from the centres of the fixed circles is constant, according as they 
touch (i) one internally and one 
externally, (ii) both internally or 
both externally. 

Let O and & be the centres and 
r and r 7 the radii of the two fixed 
<D. Let C be the centre and s the 
radius of the variable O tangent 
to one fixed O internally and to 
the other externally. Let C be 
the centre and s / the radius of the 
variable O tangent to both the 
fixed © internally. Let C" be 

the centre and 8" the radius of the variable O tangent to both the fixed ( 
externally. 
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Draw the lines of centres OC, OC, 00", CC, 0*0', CC". 
Let r be greater than r'. 

To prove that OC + O'C, 00' - O'C, 00" - / C // are constant. 

Proof. The lines of centres pass through the points of contact. § 265 

.-. OC + O'C =(r-8) + (r' + 8) = r-8 + r / + 8=r + r / , aconstant; 

O f C-O f C'= (r-s')-(r' -s / ) = r-s / -r / + s / = r- r', aconstant; 

and OC" - O'C" = (r + *") - (r' + «" ) = r + «" - r - «" = r - r 7 , a constant. 

Q. E. D. 

Ex. 130. If two straight lines are drawn through any point in a diagonal 
of a square parallel to the sides of the square, the points where these lines 
meet the sides lie on the circumference of a circle whose centre is the point 
of intersection of the diagonals. 

Let P be any point in the diagonal AC of the square ABCD, and let 
EE' and FF' be drawn through P II to BA and DA, respectively. 
To prove that OE = OK = OF = OF'. 

Proof. PE is X to BC and PF is ± to DC. 
Since P is in the bisector of Z DCB, 

PE = PF. 
Now Z CPE = Z CAB, 

and ZCPF=ZCAD. 

.-. Z CPE = Z CPF. 

PE = PF, PO = PO. 
.-. A OPE = A OPF. 
.-. OE = OF. 
In like manner, OE' = OF'. 

Since O is in the ± bisector of AB and EE / , 
OE = OE'. 
.-. OE= OE'=OF=OF'. 

Ex. 131. If ABC is an inscribed equilateral triangle and P is any point 
in the arc BC, then PA = PB + PC. 
Proof. Upon PA take PM equal to PB, and draw BM. 

Z BPM = 60°. § 289 

.-. A BPM is equilateral. Ex. 77 

In the &4£Jf, BCP, 

AB = BC, and BM=BP. 
Also Z ARM = Z^IBP -ZMBP = ZABP - 60°. 

Z PBC = Z ABP - Z ABC = Z ;1BP - 60°. 
.:ZABM = ZPBC. 
.-. A ABM = A J5CP (§ 150), and AM = PC. 

.-. PA = PJf + MA = P£ + PC. Q.E. D. 
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Ex. 132. The tangents drawn through the vertices of an inscribed rect- 
angle, which is not a square, enclose a rhombus. 

Let O be the centre, A BCD the inscribed rect- 
angle, and let the tangents drawn through A,B,C, 
and D meet in the points E, F, G, and H. 

To prove that the figure EFGH is a rhombus. 

Proof. The four & in the figure are isosceles. § 261 

Since ' AD = BC, § 178 

arc AD = arc BC. § 241 

And ZA=ZD = ZB = ZC. §295 

.-. A AHD = A BFC. § 139 

Q. E. I>. 

Ex. 133. The bisectors of the angles included by the opposite sides (pro- 
duced) of an inscribed quadrilateral intersect at right angles. 

Let ABCD be the inscribed quadrilateral, 
and let AB and DC meet at E, and AD 
and BC meet at G. Also let the bisectors 
EF, GH of the A E and G meet at I. 
To prove that EF is X to GH. 
Proof. Let the bisector of Z E cut the O 
at M and F, and the bisector of the Z G 
cut the O at .Wand H. 
Then, since Z AEF = Z DEF, Hyp. 

i(arc AF - arc BM ) = *(arc DF - arc CM). 
.-. arc A F — arc BM = arc DF — arc CM. 
Similarly, arc AH — arc DN = arc BH — arc CN. 
.-. arc FH - arc 2?2lf - arc DN = arc DF + arc J577 - arc M N. 
That is, arc FH + arc JOT = arc HM + arc FN. 
Hence, the measure of the A FIH, HIM is the same. 
..ZFIH=Z HIM =90°. 
.-. EF is ± to GH. 




Ax. 2 



§294 
§63 

Q. E. D. 

Discussion. This problem is impossible, if any two sides of the quadri- 
lateral are parallel. 
Ex. 134. To construct an angle of 46° 

(1) Construct a rt. Z BAC. 
Draw AD bisecting the Z BAC. 

Then Z DAC is the Z required. 
Proof. ZBAD = ZDAC = 4&°. 

(2) Draw AE ± to AD. § 301 Nj^; c 

Then ZCAE is the Z required. -^ 

Proof. Z (M# = 90° + 45° = 135°. Q. a. f. 



o/ 136°. 
§301 
§304 
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Ex. 135. To construct an equilateral triangle, having given one side. 
Let AB be the given side. q 

With centres A and B and radius AB, describe /\ 

arcs intersecting in C. / \ 

Draw^lC, BC. 

Then A ABC is the triangle required, as is obvious / 
from the construction. Q. e. f. ^ / \ g 

Ex. 136. To construct an angle of 60° ; of 160°. 

Draw a straight line ABC, and with two points in it, B, C, as centres, 
and BC for radius, describe arcs intersecting at D. 

With centres D and C, and the same radius, 
describe arcs intersecting at E. Draw BE. 
Z DBC = 60°, and Z ABE = 150°. 
Proof. Draw BD, CD. 

A BCD is equilateral. Const. 

.-. Z DBC = 60°. 
.-. Z ABD = 180° - 60° = 120°. 
ZDBE=1ZDBC =30°. 
.-. Z ABE = 120° + 30° = 160°. 
Ex. 137. To trisect a right angle. 
Let Z AOB be a right angle. 

With centre O and any radius, describe an arc cutting OA at C, and 
OB at D. 

With centres C and D, and the same radius as 
before, cut arc DC at E and F, respectively. 
Then Z COF = Z FOE = Z EOD = 30°. 
Proof. A OCE, OFD are equilateral by con- 
struction. 




§146 

§86 

§304 

Q. E. F. 



Similarly, 



Z COE = 60°, 

Z COF =30°. 

. Z EOD = 90° - 



§146 



.Jk 



^ 



>>-' 



^1 



Z COE = 30°. 
.-. Z FOE = 90° - 60° = 30°. q. e. f. 
To construct an equilateral triangle, having given the perim- 



A 



Ex. 138. 

eter. 

Let AB be the given perimeter. 

Trisect AB at the points C, D. § 307 

With centres C and D, and radius A C, describe 

arcs intersecting at E. A C D B 

Proof. Draw CE, DE. A CDE is the equilateral A required, as is 
obvious from the construction. q. e. f. 



/ 
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To divide a line into four 



equal parts by two 
A P Q 

•^r- 1 * 



different 
R B 




Ex. 139. 

methods. 

Let AB be the given line. 

First Method. Draw A F and apply § 307. 

Second Method. Bisect the line at Q, § 302, 
and then bisect AQ at P, BQa.tR. q. e. f. jp 

Ex. 140. Through a given point to draw a line which shall make equal 
angles with the two sides of a given angle. 

Let P be the point, BAC the angle. 

Draw AD bisecting the ABAC. § 304 

Through P draw EF JL to AB, meeting AB 
?XE,AC2XF, AD at G. 

EF is the line required. 

Proof. A AEG = A AFG 

For A G is common, 

and Z EAG = ZFAG. Const. 

..Z AEG -AFG. §128 

Q. E. F. 

Ex. 141. To draw a line through a given point, so that it shall form 
with the sides of a given angle an isosceles triangle. 
Let P be the point, BAC the angle. 
Draw AD bisecting the Z BAC. 
Through P draw EF JL to AD, meeting AB Kt 
E, ACut F. 

EF is the line required. 
Proof. ZAEF = Z AFE. Ex. 140 

.-. AF = AE. §147 q.e. f. 

Ex. 142. To construct an equilateral triangle, having given the altitude. 

Construct an Z BAC equal to 60°. Ex. 136 

Erect at A a ± AD equal to the given altitude. 

Draw DE II to AB, meeting AC at F. 

With centre F and radius FA cut AB at G. 

Draw FG. kAFGia the A required. 

Proof. The altitude is equal to the given 

altitude. Const. 

The A AFG is isosceles, Const. 

and has one Z A equal to 60° ; Const 

.-. A AFG is equiangular. Ex. 9 

.-. A AFG is equilateral. § 148 

Q. E. F. 
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Ex. 143. To construct an isosceles triangle, having given the base and 

the altitude. 

C 
Take AB equal to the given base. ^ 

At D, the middle point of the base, erect a perpen- / i \ 

dicular DC equal to the given altitude. / j \ 

Draw CA and CB. A ABC is the A required. / ; \ 

Proof. AB is equal to the given base, Const. /. J \ 

CD is equal to the given altitude, Const. A D B 

and CA = CB. § 160 

Q. E. F. 

Ex. 144. To construct an isosceles triangle, having given the altitude 
and one of the legs. 

At any point A in the line XY erect a ^ 

perpendicular AB equal to the given /\\ 

altitude. / j ^ 

With B as a centre and a radius equal / j \ 

to the given leg, describe arcs intersect- ' i \ __y 

ing XY at C and D. (T A ~ D~" 
Draw BC and BD. 

A BCD is the A required, as is obvious from the construction, q. e. p. 

Ex. 145. To construct an isosceles triangle, having given the angle at 
the vertex and the altitude. 

Construct /. BAG equal to the given Z. A 

Draw AD bisecting ABAC. § 304 A 

Take AD equal to the given altitude, and erect at D / x 

a J. meeting the sides of the /. at B and C. § 301 / 

A A BC is the A required. ./ 



\ 
\ 

\ 



Proof. The A ABC has the given parts by the con- L ! X 

struction ; also, AACD-A BCD. § 142 B D C 

..AC = BC. §128 q.e.f. 

Ex. 146. To draw a tangent to a given circle, so that it shall be parallel 
to a given straight line. j^ 

Let be the centre of the given O, AB the given 
line. 

Draw OC ± AB, meeting the O at D. 

Through D draw EF JL to OC. 
Then EF is the tangent required. 
Proof. EF is a tangent to the O. § 253 

EF is II to AB § 104 q. e. f. 
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Ex. 147. To construct a circle that shall pass through a given point and 
cut chords of a given length from two parallels. 

Analysis. Suppose the problem solved. Let A be the given point, BC 
and DE the given parallels, MN the given 
length, and O the centre of the required circle. . /> ! 

Since the circle cuts equal chords from two j 

parallels, its centre must be equidistant from F .j.-- 

them. Therefore, one locus for O is FG II to / i 

BC and equidistant from BC and DE. $ M ' — 

Draw the ± bisector of MN, cutting FG in 
P. PM is the radius of the circle required. 
With A as centre and radius PM describe an arc cutting FG at O. 

Then O is the centre of the required circle. Q. e. f. 

Discussion. The problem is impossible if the distance from A to FG is 
greater than PM. 

Ex. 148. To construct a triangle, having given the perimeter, one angle, 
and the altitude from the vertex of the given angle. 

Analysis. Suppose the problem solved, and let ABC be the A required, 
ACB the given Z, and CD 
the given altitude. C 

Produce AB both ways, 
and take AE equal to AC, 
and BF equal to BC. 

Then EF = the given per- 
imeter. 

Draw CE and CF, forming 
the isosceles A CAE and CBF. 

Inthe AECF, ZE + ZF + ZECF=IW>. §129 

But ZECF=ZECA + ZFCB + ZACB. Ax. 9 

Since ZE = Z EC A and Z F = Z FCB, § 145 

we have ZECF = ZE + ZF + ZACB. 

.:2ZE + 2ZF+ZACB = 1W>. 
..ZE + ZF+tZACB = 90°, 
and ZE + ZF = 90° - \ZACB. 

By substitution, Z ECF =90° + \Z ACB. 
.\ Z ECF is known. 

Construction. To find the point C, construct on EF a segment that 
will contain the ZECF. § 318 

Draw a parallel to EF at the distance CD, the given altitude. 

To find the points A and B, draw the ± bisectors of the lines CE and 
CF, and the points A and B will be vertices of the required A. q. b. f. 
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Ex. 149. Find the locus of a point at a given distance from a given 
circumference. 

Let r denote the radius of the given circumference, its centre, d the. 
given distance. Then the locus consists of the two circumferences, hav- 
ing for centre the point 0, and for radii r -f d and r — d, respectively. 

Q. £. F. 

Discussion. If d = r, the second of these circumferences becomes the 
point O ; if d > r, the second circumference does not exist. 

Ex. 150. Find the locus of the centre of a circle which has a given 
radius r and passes through a given point P. 

The required locus is the circumference of a O having P for centre 
and r for radius. q. e. f. 

Ex. 151. Find the locus of the centre of a circle which has a given 
radius r and touches a given line AB. 

The required locus consists of the two straight lines drawn II to AB, 
one on one side of AB, the other on the other side, at the distance r 
from AB. q. b. f. 

Ex. 152. Find the locus of the centre of a circle which passes through 
two given points P and Q. 

The locus is the JL bisector of the line joining the given points. § 248 

Q. E. F. 

Ex. 153. Find the locus of the centre of a circle which touches a given 
straight line AB at a given point P. 

The required locus is the JL to AB erected at P. § 256 

Q. E. F. 

Ex. 154. Find the locus of the centre of a circle which touches each of 
two given parallels. 

This locus is the straight line parallel to the given parallels and mid- 
way between them. q. b . f. 

Ex. 155. Find the locus of the centre of a circle which touches each of 
two given intersecting lines. 

The locus consists of the two bisectors of the A formed by the given 
lines. • § 102 

Q. E. F. 
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Ex. 156. To find in a given line a point X which is equidistant from 
two given points. 

. Let ABbe the given line, P, Q the given points. 
Draw PQ, and erect its perpendicular bisector, cut- 
ting AB at X. § 302 

Then X is tlje point required. 

Proof. PX = QX. § 160 

q. e. f. r SI 

Ex. 157. To find a point X equidistant from three given points. 

Let A, B, C be the given points. 

Draw AB, AC, and erect upon each line its per- /O 

pendicular bisector. / 

Let these perpendicular bisectors meet at X. v *v v ! 

Then X is the point required. / ^ \x 

Proof. X is equidistant from the three given / j *** 
points A, B, C. . §160 A "*"' B 

Q. £. F. 

Discussion. The problem is impossible if the points A, B, C are in a 
straight line. 

Ex. 158. To find a point X equidistant from two given points and at a 
given distance from a third given point. 

Let P, Q be the given points, d the given distance, R the third point. 

Draw PQ, and erect its perpendicular bisector MN. j? ^ 

With centre R and radius d, describe an arc cutting MN &> 

atX £-£* 

Then X is the point required. .__-^. 

Proof. X is equidistant from P and Q, § 160 

and at the distance d from R. Const. q. b. f. 

Discussion. Let a* denote the distance from R to MN. Then the num- 
ber of solutions is 2, 1, or 0, according as d >, =, or < d'. 

In the figure there are two solutions, X and X'. 

Ex. 159. To construct a circle which has a given radius and passes 
through two given points. 

Let P, Q be the given points, r the given radius. ' J 

Draw PQ, and erect its perpendicular bisector MN. /' jy: x \ 

With centre P and radius r, cut MN at O. / j 

With centre O and radius r, describe a 0. i .-''T % v x / 

This is the O required. 

Proof. The O has r for radius, Const, 

and passes through P and Q. § 160 

Q. £. F. 
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Discussion. The arc described with centre P and radius r will also cut 
MN in a point below PQ ; hence two (D answering the conditions may be 
described. These (D, however, are equal, and differ merely in position. 
This problem is impossible if r < i PQ. 

Ex. 160. To find a point X at given distances from two given points. 

Let P, Q be the given points, and let a, b be 
the given distances. 

With centre P and radius a, describe an arc. 

With centre Q and radius 6, describe another 
arc cutting the first arc at X. 

Then X is the point required. 

Proof. X is, by construction, at the distance a 
from P, and at the distance b from Q. 

Discussion. If PQ = a -f 6, there is one solution ; namely, a point in 
the line PQ where the two arcs touch each other. If PQ > a + 6, or 
< a — 6, the problem is impossible ; for the arcs cannot cut each other and 
cannot touch each other. (See Ex. 92.) If PQ has any value between 
a + b and a — 6, there are two solutions (as in the figure). 

Ex. 161. To construct a circle which has its centre in a given line and 
passes through two given points. 

Let AB be the given line, P and Q the given 
points. 

Draw PQ, and erect its perpendicular bisec- 
tor MN. Let MN meet AB at O. 

With centre O and radius OP, describe a O. 
This O is the O required. 

Proof. The O passes through P and Q. 




i 160 



Q. E. F. . 

Ex. 162. To find a point X equidistant from two given points and also 
equidistant from two given intersecting lines. 

Let P, Q be the given points, and let AB, 
CD be the given lines intersecting at E. 

Draw PQ, and erect its perpendicular bi- 
sector MN. 

Draw EF bisecting Z DEB, meeting MN 
atX. 

Then X is the point required. 

Proof. X is equidistant from P and Q, 
and also equidistant from AB and CD. 
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Discussion. By bisecting the Z. BEC, another solution Y may be ob- 
tained. Therefore, in general there are two solutions. If, however, 
EF coincides with PQ, or is II to PQ, the other bisector EY is II to MN 
(§§ 104, 107), and there is only one solution ; namely, the point M. If 
EF coincides with MN, every point in MN is a solution. 

Ex. 163. To find a point X equidistant from two given points and also 
equidistant from two given parallel lines. 
Let P, Q be the points, AB and CD the parallels. 
Draw PQ, and erect its perpendicular bisector MN 
Draw EF JL to AB. 
Bisect EF at 6?. 
Draw GH II to AB, 
meeting MN at X. 
Then X is the point required. 
Proof. Every point in MN is equidistant 
from P and Q (§ 160), and every point in 
GH is equidistant from AB and CD. § 181 

.♦. X, the point common to MN and GH, is equidistant from P and Q, 

and also equidistant from AB and CD. q. e. f. 

Discussion. In general, there is one solution. If AB is J_ to PQ, there 

is no solution, unless GH coincides with MN; and then every point in 

MN is a solution. 

Ex. 164. To find a point X equidistant from two given intersecting lines, 
and also equidistant from two given parallels. 

Let AB, CD be the intersecting lines, P the point of intersection, EF 
and GH the two parallel lines. 

Draw MN II to EF and GH, and mid- 
way between them. 

Also draw the bisectors of the angles 
formed at P. 

Let these bisectors meet MN at X 
and Y. 

Then JJTand Fare the points required. 

Proof. X and Y are equidistant from 
EF and GH because they are in MN, and equidistant from AB and CD 
because they are in the bisectors of the angles at P. § 162 

Q. E. F. 

Discussion. If MN passes through P, there is only one solution; namely, 
the point P. If MN is II to one of the bisectors, there is but one solution. 
If MN coincides with one of the bisectors, every point in MN is a solution. 
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Ex. 165. To find a point X equidistant from two given intersecting lines 
and at a given distance from a given point. 

Let AB, CD be the given lines, intersecting at E, d the given distance, 
P the given point. 

Draw the bisectors XY, TZ of the angles formed by 
the two lines AB, CD. 

With centre P and radius d, describe an arc cutting 
the bisectors in X t Y, Z, T. 

Then each of the points X, F, Z, T satisfies the con- 
ditions. 

Proof. Each of the points is equidistant from the given lines, § 162 
and at the distance d from P by construction. q. e. f. 

Discussion. If (as in the figure) d is greater than the distance from P to 
each bisector, there are four solutions. If d is less than the distance 
from P to each bisector, there is no solution. Between these extremes 
there may be one, two, or three solutions. 

Ex. 166. To find a point X which lies in one side of a given triangle 
and is equidistant from the other two sides. ^ 

Let ABC be the given triangle. 

Bisect the A A, and let the bisector meet BC 
at X. ' r>/ 

Then X is the point required. 

Proof. Draw XD ± to AB and XE ± to AC. 

XD = XE. § 162 

Q. E. F. 

Ex. 167. A straight railway passes two miles from a town. A place is 
four miles from the town and one mile from the railway. To find by con- 
struction how many places answer this description. 

Let A represent the town. With centre A and any convenient radius 
describe a circle. 

Draw a radius AB ; and take this length to repre- 
sent 4 miles. 

Construct the perpendicular bisector DE to the line 
AB, bisecting it at C. 

Then DE represents the railroad. 

Draw parallels to DE on either side, at a distance from DE equal to 
tAC(l mile). 

Let these parallels cut the circle in the points X, Y, Z, T. 

Then any one of these four points satisfies the conditions. 

Therefore, there are four solutions. q. e. f. 
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Ex. 168. In a triangle ABC, to draw DE parallel to the base BC, cut- 
ting the sides of the triangle in D and E, so that DE shall equal DB + J£C. 
Bisect A B and C, and let the bisectors meet at F. 
Draw through F a line II to BC, meeting AB at D, and 
ACbXE. 
Then DE= BD + EC. 

Proof. Z DFB = Z FBC. § 110 

Also ZDBF=ZFBC. 

.:ZDBF = ZDFB. 
..DF=DB. 
Similarly, FE = EC. 

.-. DF+FE = DB + EC. 
That is, DE = DB + EC. 

Ex. 169. To draw through two sides of a triangle a line parallel to tTie 
third side so that the part intercepted between the sides shall have a given 
length. 
Let ABC be the given A, d the given length. 
Upon BC take BD equal to d. 
Draw DE II to BA, meeting AC at E. 
Draw EF II to CB, meeting AB at F. 
Then EF is the line required. 
EF is II to CB. 
The figure BDEF is a O. 
.:EF=BD. 

BD = d. 
.:EF=d. 



Const. 
Ax. 1 
§147 

Ax. 2 

Q. E. F. 



7^C 



Proof. 



But 



Const. 
§ 166 
§ 178 

Const. 
Ax. 1 

Q. E. F. 

Ex. 170. Prove that the locus of the vertex of a right triangle, having a 
given hypotenuse as base, is the circumference described upon the given 
hypotenuse as diameter. 

Let AB be the given hypotenuse. ^ * x 

With AB as diameter, describe a O. / \ 

Proof. 1. Join any point C of the circum- 
ference to A and B. 

ThenZ^CJ5 = 90°. §290 

2. Join any point Din AC to B. 

Then Z ADB >ZACB, or 90°. § 137 

Produce AC to any point E, and join EB. 

Then Z AEB <ZACB, or 90°. § 137 

Therefore, the circumference with AB for diameter is the locus of the 
vertex of a rt. A having AB for hypotenuse. q. b. f. 
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Ex. 171. Prove that the locus of the vertex of a triangle, having a given 
base and a given angle at the vertex, is the arc which forms with the base a 
segment capable of containing the given angle. 

Let AB be the given base. Upon AB construct a segment capable of 
containing the given angle. § 318 

Proof. 1. Join any point C in the arc of this segment 
to A and B. 

Then ZACB = the given angle. 

2. Join any point D in A C to B. 

Then Z ABB >ZACB. § 137 

Produce AC to any point E, and join EB. 

Then ^ AEB <ZACB. § 137 

Therefore, the arc of a segment constructed upon AB as base and 
capable of containing the given angle is the locus of a vertex of a A 
having AB for base, and the given angle for the Z at the vertex, q. e. f. 

Ex. 172. Find the locus of the middle point of a chord of a given length 
that can be drawn in a given circle. 

Let be the centre of the given O, AB, CD two 
chords of the given length. 

Proof. Draw OE ± to AB, OF ± to CD. 

Then AE = BE, CF = DF. § 245 

Also OE = OF. § 249 

Similarly, the middle points of all chords of the 
given length are equidistant from 0. 

Therefore, the required locus is the circumference of a O concentric 
with the given O, having for radius the distance from the centre of the 
given O to any one of the chords. q. e. f. 

Ex. 173. Find the locus of the middle point of a chord drawn from a 
given point in a given circumference. 

Let be the centre of the given O, A any point 
in its circumference, AB any chord drawn through 
A, C its middle point. 

Proof. Draw OC. 

Then , ZACO = W°. §247 

/. C is in the circumference described upon AO 
as diameter. Ex. 170 

Similarly, the middle point of every chord drawn from A lies in this 
circumference. 

Therefore, this circumference is the required locus. q. e. f. 
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Ex. 174. Find the locus of the middle point of a straight line drawn from 
a given exterior point to a given circumference. 

Let be the centre of the given O, AB any one of the straight lines, 
C its middle point. 

Proof. Draw OA, OB, bisect AO at M, 
and draw CM. 

MC is II to OB, and equals I OB. § 189 

Similarly, the middle point E of any other 
line AD may be proved to be at a distance 
from M equal to I OB. 

Therefore, the required locus is the cir- 
cumference of a O having the middle point of A for centre, and £ OB 
for radius. Q. e. f. 




Ex. 175. A straight line moves so that it remains parallel to a given 
line, and touches at one end a given circumference. Find the locus of the 
other end. 

Let be the centre of the given 0, AB the A B 

given line, CD the moving line that touches the 
given O at C and is II to AB. 
Proof. Draw OM II to AB and equal to CD. 
Draw OC, MD. 
The figure OCDM is a O. § 183 

.-. MD = OC. 

Therefore, the distance of D from M is constant, and the locus of D is 
a circumference equal to the given circumference and having the point 
M for centre. q. e. f. 
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Ex. 176. A straight rod moves so that its ends constantly touch two fixed 
rods which are perpendicular to each other. Find the locus of its middle 
point. 

Let OA, OB be two fixed rods _L to each other, AB the 
moving rod, M its middle point. 

Proof. Draw OM. 

Since ZAOB = 90°, the point M is the centre of a O 
which passes through 0, A, and B. Ex. 21 

.-. 0M=±AB. 

That is to say, OM is constant in length, and the locus is the circum- 
ference of a O having O for centre and £ AB for radius. Q. e. f. 
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Ex. 177. In a given circle let A OB be a diameter, OC any radius, CD 
the perpendicular from C to AB. Upon OC take OM equal to CD. Find 
the locus of the point M as OC turns about 0. 

Proof. Draw the radius OE ± to AB, and draw 
EM. 

The & OEM and OCD are equal. 
For OE = OC, 

OM=CD, 
and ZEOM=ZOCD. 

.-. Z OME = Z OCD = 90°. 
Therefore, the locus of the point M is the circum- 
ference of a O described upon the radius OE as a diameter. Ex. 170 

Q. E. F. 

Ex. 178. To construct an equilateral triangle, having given the radius 
of the circumscribed circle. 

Describe a O with the given radius. 

Draw any diameter A OB. 

With centre B and the given radius cut the O at C and D. 

Draw AC, AD, CD. ^ c 

A A CD is the A required. /'%'/fc\ 

Proof. Draw OC, OD, BC, BD. AC' <}\ I l g 

A OBC is equilateral by construction. \ Xx ^\!// 

/. Z BOC = 60°. § 146 ^---^ 

.-. Z COD = 120°. 
Now Z AOC = Z AOD = 120°, § 86 

(being supplements of the A BOC and BOD). 

.\ arc AC = arc AD = arc DC. § 236 

.-. AC = AD = DC. § 241 

Q. E. F. 

Ex. 179. To construct an isosceles triangle, having given the angle at the 
vertex and the base. 



Draw a line AB equal to the given base. 



c 



Construct upon AB a, segment capable of containing the / / j\ \ 
given angle. § 318 \ j jo\ / 

Draw the ± bisector of AB, and let it cut the arc a~~d~~b 
at C. Draw AC, BC. 

A A BC is the A required, as is obvious from the construction, q. e. f. 
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Ex. 180. To construct an isosceles triangle, having given the base and 
the radius of the circumscribed circle. 

Describe a O with the given radius. 
Draw a chord AB equal to the given base. / 

Draw the ± bisector of AB, and let it meet the circle (/ \° \ > 
at C and C". ~^X<? B 

Draw AC, AC, BC, BC. V 

A ABC, ABC' answer the given conditions, as is obvious 
from the construction and § 160. q. e. f. 

Discussion. If the given base is greater than twice the given radius, 
the problem is impossible. 

Ex. 181. To construct an isosceles triangle, having given the base and 
the radius of the inscribed circle. 

Draw a line AB equal to the given base. 

Erect the _L bisector BE. 
On BE take DO equal to the given radius. 
With centre O and radius DO describe a O. 
Draw tangents to the O from A and B, and let them 
intersect at C. § 317 

A ABC is the A required. 

Proof. Let A C meet the O at F, and BC meet it at G. 
Then AF = AD, and BG = BD. § 261 

But AD = BD. Const 

.:AF=BG. Ax. 1 

Also FC = GC . 

Adding, we have AC = BC. q. e. f. 

Ex. 182. To construct an isosceles triangle, having given the perimeter 
and the altitude. 
Draw EF equal to the given perimeter. c 

Bisect EF at D, and erect a _L DC equal to the /^\ 

given altitude. /< / i \ ^>v^ 

Draw EC, FC, and draw their _L bisectors. k"~ ~ a~d~b~ — ""> 

Let these bisectors cut EF at A and B. 

Draw AC, BC. A ABC is the A required. 

Proof. CE = CF, CA = EA, CB = FB. . §160 

.-. CA+ AB + BC = EA + AB + BF= EF. Ax. 2 

Also ZE = ZF=ZACE = ZBCF. §145 

.\AACE = ABCF. §139 

.:AC = BC. § 128 

Q.E. F. 
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Ex. 183. To construct a right triangle, having given the hypotenuse and 
one leg. B 

Construct a rt. ZBA C. j\ 

Take AB equal to the given leg, and with centre ^ 



\y 



^ 



B and radius equal to the given hypotenuse cut 

AG at C. 

A ABC is the A required. q. e. f. ^ ~~ 7c 

Ex. 184. To construct a right triangle, having given one leg and the 
altitude upon the hypotenuse. 

Construct first a rt. A ABB, having for hypot- 
enuse the length AB equal to the given leg, and / 
for one leg a length AD equal to the given / \^ 
altitude. Ex. 183 L * ^^ p 

Draw AC ± to AB, and produce AC to meet B & ° 

BD produced at C. 

A ABC is the A required. q. e. f. 

Ex. 185. To construct a right triangle, having given the median and 
the altitude drawn from the vertex of the right angle. 

Analysis. Let ABC be the A required. We know the altitude AD, 
and the median AE. Also we know that BE = AE = CE. Ex. 21 

Construction. Construct the rt. AADE, in which 
are given the leg AD and the hypotenuse AE. Ex. 183 A 

Produce DE to C, making EC = AE. / 

Draw AC, and construct at A a rt. Z. whose side /_ 



AB meets CD produced at B. B D m ^b 

' A ABC is the A required. q. e. f. 

Ex. 186. To construct a right triangle, having given the hypotenuse 
and the altitude upon the hypotenuse. 

Upon a line AB equal to the given hypotenuse construct a semicircle. 
Erect at A a ± A C equal to the given altitude. 
Through C draw a line II to AB, cutting the 

semicircle at D and E. 9~v^- -5^* 

Draw DA, DB, EA, EB. !/ /><^ V 

The & ADB, AEB are the & required. \^^ ^^"^J 

Proof. The A D and E are rt. A (§ 290), and A. B 

the altitudes of the A are equal each to AC. § 181 

q. e. f. 
Discussion. Since the A ADB, AEB are equal, there is really only 
one solution. If AC = \AB, CE will be a tangent and the A will be 
isosceles ; if AC>^AB, the problem is impossible. 
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Ex. 187. To construct a right triangle, having given the radius of the 
inscribed circle and one leg. 

Analysis. Let ABC be the A required, with the rt. Z at A, and O the 
centre of the inscribed O. We have given AB and OX). 

We know that lies in the bisector of Z A (§ 316), 
that A D and E are rt. A (§ 254), and hence we infer 
that the figure A DOE is a square. 

Construction. Construct a rt. Z BA C, and upon one side 
lay off a length AB equal to the given leg. 

Draw the bisector AO of the ZA. 

Upon AB take AD equal to the given radius, and at D a"~E*~ C 
erect a ± cutting A O at 0. 

With centre O and radius OD describe a O. 

Draw from B to this O a tangent meeting AC at C. 

A ABC is the A required. q. e. f. 

Ex. 188. To construct a right triangle, having given the radius of the 
inscribed circle and an acute angle. 

Analysis. Suppose the problem solved, ABC the required A, ZA the 
rt. Z, and O the centre of the inscribed 0. 

The given parts are Z B and the radius OD. We know that lies in 
the bisector of Z B (§ 815), and also in a line EO drawn 
II to BA and at the distance OD from BA. We also / 

know that if EO is produced it will pass through the / 

point of contact of the side AC. § 256 / 



A. 



Z. Draw the bisector BO of the ZB. Erect at B a E-t-y\- 



Construction. Construct an Z ABC equal to the given , /""""N 



± 2?J0 equal to the given radius. Draw through E a line j£lV_L-'J 
II to BA, meeting BO at 0. With centre O and radius 
BE describe a O. Produce EO to meet the O at F. Draw through F a 
tangent to the O, meeting the sides of the Z B at A and C. 
A ABC is the A required. Q. e. f. 

Ex. 189. To construct a right triangle, having given an acute angle and 
the sum of the legs. 

Analysis. Let A BC be the required A, and Z A the rt. Z. The given 
parts are the Z B and the length AB + AC. Produce BA 
to D, making AD equal to AC, and draw DC. /\ 

Since A A CD is a rt. isosceles A, ZD = 45°. jyL.-\g 

We can construct A BDC, since we know BD and the / \ '• 
A B and D (§ 310) ; then a JL erected at the middle point of £ c 

DC will pass through A. Ex. 35 
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Construction. Construct a A BDC from the known parte. § 310 

Draw the JL bisector of DC, meeting BD at A, and draw AC. 

A ABC is the A required. q. b. p. 

Ex. 190. To construct a right triangle, having given an acute angle and 
the difference of the legs. 

Analysis. Let ABC be the A required, AC the hypotenuse. Upon 
the greater leg AB lay off a length AD equal to the given n 

difference of the legs. We know the Z A and AD. 

Since BC = BD, Z BDC = Z DCB = 45°. § 145 /? 

Hence, by constructing at D an Z BDC equal to 45°, /_/_ 

the point C will be determined. A D B 

Construction. Construct an Z BAG equal to the given angle. 

Upon AB take AD equal to the given difference of the legs. 

Construct the Z BDC equal to 46°, and drop from C the ± CB. 

A A BC is the A required. q. e. f. 

Ex. 191. To construct an equilateral triangle, having given the radius 
of the inscribed circle. 

With the given radius and centre O describe a O; then describe a 

larger concentric O, and in this last circle inscribe an A 

equilateral A ABC. Ex. 178 /'"'.^T^x 

Drop from to the sides AB, AC, BC the Js OD, /'^d/£>\f^\ 

OF, OE, respectively. / ^]ftf4J>S$' s \ 

Through the points where these Js cut the smaller \ ^Z\.j-ZA^ / 

draw tangents intersecting in P, Q, R. sf\ Tjs yb 

Then A PQR is the A required. ^-J—-^ 

Proof. The tangent PQ is ± to OD, § 254 

and therefore II to AB. § 104 

Similarly, PR is II to AC, and QR II to BC. 

.-. Z qPR = ZBAC = 60°. § 176 

Similarly, Z PQR = Z PRQ = 60°. .-. A PQR is equilateral. § 148 

Q. E. F. 

Ex. 192. To construct a triangle, having given the base, the altitude, and 

an angle at the base. 

Draw a line AB equal to the given base. . ^ . 

At A construct an Z BA E equal to the given angle. *=-= „ ^ 

Erect at£al BD equal to the given altitude. / ~/T I 

Draw through D a line DF II to BA. M / y \ j 

Let this parallel cut AE at C, and draw BC. / \j 

A ABC is the triangle required. A ~B 

Proof. A ABC has the parts AB and ABAC by direct construction, 

and its altitude equals the given altitude by construction and § 181. q. e. f. 



60 BOOK IL PLANE GEOMETRY. 

Ex. 193. To construct a triangle, having given the base, the altitude, 
and the angle at the vertex. 

Analysis. If AB is the given base, one locos for the vertex is an arc 
forming with AB a segment capable of containing the given angle (§ 293). 
Another locus for the vertex is a parallel to AB, 
drawn at a distance from AB equal to the given EGgZ^ZlZl^J*-- 

altitude. // \ /IX 



Construction. Upon a line AB equal to the given ' / / 

\\ / ^ - . 



base, construct a segment capable of containing the \if/ ^\\/ 

given Z at the vertex. § 318 

Erect a JL AE equal to the given altitude. 

Draw through E a line II to AB, cutting the arc at C and D. 
Draw AC, BC, AD, BD. 

The A ABC, ABD both satisfy the given conditions, as is evident from 
the construction and from § 1)31. q. e. f. 

Discussion. Since the &ABC, ABD axe evidently equal, it AE equals 
the height of the segment there is but one A, and the A is isosceles. If 
AE is greater than the height of the segment, the problem is impossible. 

Ex. 194. To construct a triangle, having given the base, the correspond- 
ing median, and the angle at the vertex. 

Analysis. If AB is the given base, one locus for the vertex is an arc 
forming with AB a segment capable of containing the 
given Z. §293 /^p^ 

Another locus for the vertex is a circumference qu' ~~~\ ^\p 
described with the middle point of AB for centre, /tl^L-^^/jN 
and the given length of the median for radius. / \.<^JL-^>Jf \ 

Construction. Upon AB construct a segment capable 
of containing the given Z at the vertex. Bisect AB at M. 

With centre M and radius equal to the length of the given median, 
describe a O cutting the arc of the segment at C and D. 
Draw AC, BC, AD, BD. 

The A ABC, ABD satisfy the given conditions. q. b. f. 

Discussion. The two A ABC, ABD are equal and form but one solu- 
tion. In order that the problem may be possible, the given median must 
have a value between half the given base and the height M$ of the 
segment constructed upon the base. 

Ex. 195. To construct a triangle, having given the perimeter and the 
angles. 
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Analysis. Let ABC be the A required. Upon AB produced take 
AD equal to AG, and BE equal to BC. 

Then DE is equal to the given perimeter. 

Since & ACD, BCE are isosceles, and A A and B of A ABC are ex- 
terior A, it is easily seen that Z ADC = £ Z BAG, and 
Z BEG = \ Z ^IBC. §§ 145, 137 ^ 

Construction. Draw DE equal to the given perimeter. ^r^'ut'Sllu 

Construct at D an Z equal to \ A A, and at jB an Z ^ A B E * 
equal to £ Z 2? ; this determines the point C. 

Draw through C a line CM, making Z A CD equal to i Z-4, and a 
line C2?, making Z JBC2? equal to £ Z 2?. 

A u4BC is the A required. Q. e. f. 

Ex. 196. To construct a triangle, having given one side, an adjacent 
angle, and the sum of the other sides. 

Analysis. Suppose the problem solved, and ABC to be the A required. 
We know BC, the Z B, and the sum BA + AC. Produce 
BA, making AD equal to AC, and draw DC. A ADC is % 

isosceles. We now see that A BDC is determined ; forZB A / j 
and BC are given, and we can make BD = B A + AC. /\ \ 

After A BDC has been constructed, the points, may be £- -j 

found by erecting a _L at the middle point of DC. 

Construction. Construct A BDC. § 309 

Draw the _L bisector of DC, cutting BD at A, and draw AC. 

A ABC is the A required. q. e. f. 

Ex. 197. To construct a triangle, having given one side, an adjacent 
angle, and the difference of the other sides. 

Analysis. Suppose the problem solved, and let ABC be the A required. 
We know BC, the Z B, and the difference AB — AC. 
If, then, we take upon BA a length BD equal to •£ 

AB — AC, we obtain a A BDC, which we can con- /'!\ 

struct from the given parts ; then a JL erected at the / j \ 

middle point of DC will meet BD produced, and D / I _^j 

determine the point A. /^-^' 

Construction. Construct A BDC. § 309 g~" 

Draw the JL bisector of DC, meeting BD produced 

9XA. 

Draw 4C. 
A ABC is the A required. q. e. f. 

Ex. 198. To construct a triangle, having given the sum of two sides 
and the angles. 
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Analysis. Suppose the problem solved and let ABC be the A required. 
We know the A and the sum AB + AC. Produce BA, 

making AD equal to AC. The A ADC is isosceles. ;? 

.:ZD = IZBAC. §§ 137, U5 A /\ E 

Since also Z B and BD are known, A BDC is determined. /\' % '"] 

Construction. Construct A BDC. § 310 /- --* 

Draw the ± bisector of DC, meeting BD at A, and 
draw A C. 

A ABC is the A required. Q. b. f. 

Ex. 199. To construct a triangle, Jiaving given one side, an adjacent 
angle, and the radius of the circumscribed circle. 

With the given radius describe a O. 9f^T* % \ 

In this O draw a chord AB equal to the given side. ;' \ ? />. 

Through A draw another chord AC, making the Z BAC \^\[/y 

equal to the given Z, and draw BC. Dae 

A ABC is the A required. Q. e. f. 

Ex. 200. To construct a triangle, having given the angles and the radius 
of the circumscribed circle. 

With the given radius describe a O. 

Through any point A of the circumference draw a tangent DE. 

Through A draw the chords AB, AC, making the 

A DAB, EAC equal, respectively, to two of the given A. /f^O % a 

Draw£C. ( \?*/J 

A ABC is the A required. _ X -Ql/.<1_ 

Proof. ZABC — ZEAC, because each Z is measured D A E 

by half the arc AC. §§ 289, 295 

Similarly, Z A CB = Z DAB. q. e. f. 

Ex. 201. To construct a triangle, having given the angles and the radius 
of the inscribed circle. 

Analysis. Let ABC be the A required, OD the radius of the inscribed 
O, meeting AB at D. We know the A A, B, C, and the length OD. 
We also know that O is the intersection of the bisectors 
of the A A, B, C ; also that its distance from AB is equal /\ 

to OD. Finally, we see that if GH is a line drawn through f^'~'^\e 
O II to AB, then Z BOH = Z OBD = \Z ABC. —fi^jy* 

Construction. Construct the Z A and its bisector. a~~~^d~~^ 

Draw GH II to AB at the given distance OD from AB, 
and let Gil meet the bisector at 0. 
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Draw OB, meeting AB at B, and making Z BOH equal to one half the 
given Z B. 

Draw BC, meeting AC at C, and making 2 OBC equal to one half the 
given Z 5. 

A ABC is the A required. q. b. f. 

Ex. 202. To construct a triangle, having given an angle, and the bisector 
and the attitude drawn from the vertex of the given angle. 

Analysis. Let ABC be the A required. There are given Z C, the alti- 
tude CD, and the bisector CE. Therefore, the rt. A CDE 
is determined, and also the A EC A, ECB, each being o 

one half of the given Z C. /?\\ 

Construction. Construct A CDE. Ex. 183 /_j_\__ _J^ 

Produce BE in both ways. A DE B 

Draw CA and CB, meeting DE produced at A and B, respectively, 
and making the A EC A and ECB each equal to one half the given Z C. 
A ABC is the A required. q. b. f. 

Ex. 203. To construct a triangle, having given two sides and the median 
corresponding to the third side. 

Analysis. Let ABC be the A required. We know AC, BC, and the 
median CM. Produce CM, making MD equal to CM, and 
draw DA, DB. The &AMD, BMC are equal (§ 143); q 

hence AD=BC. Therefore, the A A CD is determined, /Yx 
because its sides are all known ; and when it has been con- J?c~^"?B 
structed, the point B is found by producing AM so that \ \ / 
MB = AM. li 

Construction. Construct A A CD (§ 312), draw the median AM, and 
produce it to B, making MB equal to AM. Draw BC. 

A ABC is the A required. q. b. f. 

Ex. 204. To construct a triangle, having given the three medians. 

Analysis. Let ABC be the A required, AD, BE, CF the medians, 
their common point of intersection. Ex. 27 

We know that the distance from O to each vertex is two thirds the 
length of the corresponding median. Therefore, 
the A BOC is determined, since we know OB, OC, ^ A 

and OD. Ex. 203 f/V'I 

By producing BO by a length OE equal to £ BO, ^^J.B 

and CO by a length OF equal to £ OC, we obtain ^'''/®\l 
the points E and F. Finally, the lines JBF, CE B~~ D O 
produced will meet at the point 4, 
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Construction. Construct the A BOC. Ex. 203 

Produce BO, making OE equal to \BO, and *rf 

produce CO, making OF equal to | OC. F/'/ j 

Draw BF and CE, and produce them to meet / ^""! E 

A ABC is the A required. q. b. f. B D O 

Ex. 205. To construct a square, having given the diagonal. 

Analysis. Suppose the problem solved, A BCD the square, AC the 

diagonal. We know AC. We also know that the 

A B and D are rt. A. Therefore, B and D must lie 

in the circumference of a O having AC for diameter. 

Also, since B and D are each equidistant from A 

and C, B and D lie in the _L bisector of AC. § 160 
Construction. Bisect AC at 0. \ • / \ ; / 

With centre O and radius OA describe a O, inter- j\^ ~S^B 

secting the _L bisector of A C at B and D. " " 

Draw 4JB, £C, CD, DA. 
A BCD is the required square. q. b. f. 

Ex. 206. To construct a square, having given the sum of the diagonal 
and one side. 

Analysis. Let A BCD be the square required, AC the diagonal. Pro- 
duce CA to E, making AE equal to AB, and draw BE. ^ 
A ABC and ABE are isosceles, and y\ 

Z ACB = Z CAB = 45° ; ^....^ J^ 

whence we can find ZAEB (§ 137); this determines '*"---*./ 

AEBC; then D can be found as in Ex. 205. B 

Construction. Draw a line EC equal to the given sum of AB and AC. 
Draw CB, making Z BCE equal to 45°, and EB, making Z BEC equal to 
22*°, meeting CB at 5. 

Erect BA ± to BC. 
With centres A and C, and radius AB, describe arcs intersecting at D. 
Draw DA, DC. 
ABCD is the square required. q. e. f. 

Ex. 207. Given two perpendiculars, AB and CD, intersecting in O, and 
a straight line intersecting these perpendiculars in E and F; to construct 
a square, one of whose angles shall coincide with one of the right angles at 
O, and the vertex of the opposite angle of the square shall lie in EF. (Two 
solutions.) 
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Bisect the A at 0, and let one bisector meet EF 
at G, and the other meet FE produced at H. 
Through G draw GM II to CD, and GN II to BA. 
Through H draw HP II to DC, and HQ II to BA. 
The figures OMGN, OPHQ are squares satisfying 
the given conditions. 

Proof. In the figure OMGN, 

Z0 = 90°, ' Hyp. 

ZM = ZN=90°, §107 

ZMGN=ZMON. §176 

.-. ZMGN= 90°. 
GN=GM, 
GN=0M. 
GM= ON. 
.-. the figure OMGN is a square. 
Similarly, the figure OPHQ is a square. 
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Q. E. F. 

Ex. 208. To construct a rectangle, having given one side and the angle 
between the diagonals. 

Analysis. Let ABCD be the rectangle required, AB the given side, 
ZAOB the given Z. Since the diagonals of a rectangle 

are equal (Ex. 69), and bisect each other (§ 184), we know D- <f 

that AO = BO ; hence, the isosceles AAOB is determined, j 
and may be constructed. The points C and D are then found 
by properly producing A O and BO. 

Construction. Construct the A A OB. Ex. 179 

Produce A 0, making OC equal to A O, and BO, making OD equal to BO. 

Draw BC, CD, DA. ABCD is the rectangle required. Ex. 68 

Q. E. F. 

Ex. 209. To construct a rectangle, having given the perimeter and the 
diagonal. 

Analysis. Let ABCD be the rectangle required. In the rt. A ABC we 
know AC and AB + BC. To construct this A, prolong 
AB to E, making BE equal to BC. At E make an Z of rx~o7xT\ 
45°, and let its side meet at C the O described from A 
as centre with AC as radius. From C drop the ± CB. 
Construction. Construct the rt. A ABC. 

Bisect AC at O. 
Draw BO, and produce it to D, making OD equal to BO. 
Draw DC and D4. 
ABCD is the rectangle required. Ex. 68 

Q. E. F. 
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Ex. 210. To construct a rectangle, having given the perimeter and the 
angle between the diagonals. 

Analysis. Let ABCD be the rectangle required, ZAOB the given Z. 
Since A OAB is isosceles, the Z OAB may be easily found, 

and then its complement, the ZACB. Hence, in the D o 

rt. A ABC, we know the A and the sum AB + BG (which | ~ : 9r'' j 
is equal to half the given perimeter). Therefore, we con- L^I_--iJ 
struct the A ABC, and then proceed as in Ex. 209. 

Construction. Make Z OAB equal to ± (180° - ZAOB). 

Construct the A ABC. Ex. 198 

Bisect AC at O. 

Draw BO and produce it to D, making OB equal to OB. 

Draw DC, DA. ABCD is the rectangle required. Ex. 68 

Q. E. F. 

Ex. 211. To construct a rectangle, having given the difference of two 
adjacent sides and the angle between the diagonals. 

Analysis. Let ABCD be the rectangle required, and E a point in AB, 
such that AE = AD. We know EB, the ZAOB, and we 
know that ZB = ± (180° -ZAOB). 
In A ADE, AE = AD. 

..ZAED = ZADE; , /; , x , 

and since the A is a rt. A, j*- *J 

Z AED = 45°, and Z BED = 180° - 46° = 135°. 
Therefore, in A BDE, a side and the adjacent A are known. After 
this A has been constructed, drop a JL from D to meet BE produced, etc. 
Construction. Construct the A BDE. § 310 

From D draw DA ± to BE, meeting BE produced at A. 

Bisect BD at O. 
Draw AO, and produce it, making OC equal to AO. Draw CB, CD. 
ABCD is the rectangle required. Ex. 68 

Q. E. F. 

Ex. 212. To construct a rhombus, having given the two diagonals. 

Analysis. The diagonals of a rhombus bisect each other 

(§ 184), and are ± to each other (Ex. 71) ; hence, the con- 5 

struction is obvious. / ! \ 

Construction. Draw A C equal to one diagonal. a£ — l---->C7 

Draw the ± bisector of AC, cutting AC at O; upon it \ i /' 

lay off in opposite directions from C the lengths OB, OD, ^' 
each equal to half the other diagonal. 

ABCD is the rhombus required. Q. e. f. 
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Ex. 213. To construct a rhombus, having given one side and the radius 
of the inscribed circle. 

Analysis. Since the diagonals of a rhombus bisect each other (Ex. 71), 
their intersection O is a point equidistant from the sides B 

(§ 162), and therefore the centre of the inscribed O. Hence, /j\ 

if we draw OE ± to A B, OE will be equal to the radius of E A^ \ \ 
the inscribed O. Now in the rt. A ABO we know the hy- ^ST~1 / 
potenuse AB and the altitude OE. This A once constructed, \| / 

the rest is obvious. D 

Construction. Construct the AAOB. Ex. 186 

Produce A 0, making OC equal to A O, and BO, making OB equal to BO. 

Draw AD, DC, CB. A BCD is the rhombus required. q. e. f. 

Ex. 214. To construct a rhombus, having given one angle and the radius 
of the inscribed circle. 

Analysis. Let ABCD be the rhombus required, Z ABC the given Z, 
O the centre of the inscribed O. Draw radii to the points of 
contact E, F, G, H. /\ 

The Z FOG = 180° - Z GCF, §§206,254 %o}f 

and ZABC = 1S0°-ZGCF. §116 D ^yf 

.-. Z FOG = Z ABC. Ax. 1 V/ 

Since also Z EOF = 180° - Z ABC, A 

GOEisa straight line. § 90 

Similarly, FOH is a straight line. 

Construction. With centre O and the given radius, describe a O. 

Draw through two diameters GOE, FOH, making with each other the 
Z G OF equal to the given Z. 

Through the points E, F, G, Hdraw tangents intersecting inA,B, C, D. 
ABCD is the required rhombus. q. e. f. 

Ex. 215. To construct a rhombus, having given one angle and one of the 
diagonals. 

Analysis. Let ABCD be the rhombus required, ZABC B 

the given Z, AC the given diagonal. The Z BAD = 180° /'i\ 

— Z ABC (§ 115), and is therefore known. Also the diag- A t \9~.\c 

onals of a rhombus bisect each other at rt. A, and bisect \ j / 
the A of the rhombus. Ex. 71 V 

Construction. Draw AC. 

Through A draw AB and AD, each making an Z with AC equal to 
J (180° -ZABC). 

Draw the JL bisector of AC, meeting AB at B and AD at D. 

Draw CB, CD. The figure ABCD is the rhombus required, q. e. f. 
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Ex. 216. To construct a rhomboid, having given one side and the two 
diagonals. 

Analysis. Let ABCD be the rhomboid required, AB the given side, 
O the intersection of the diagonals. Since the 
diagonals bisect each other (§ 184) we know the D c 

three sides of the AAOB; then C and D are / //r< ^Z^~7 

found by producing AO and BO. /'^ ~ '^^/ 

Construction. Construct the A A OB. § 312 A B 

Produce AO, making OC equal to AO, and BO, 
making 01) equal to BO. Draw BC, AD, DC. 

A BCD is the rhomboid required. q. e. f. 

Ex. 217. To construct a rhomboid, having given the diagonals and the 
angle between them. 

Analysis. Let ABCD be the rhomboid required, 

Z A OB the given Z, the intersection of the *Z^ -:^r 

diagonals. In the A A OB we know two sides /^.V'' / 
OA, OB, and the included Z. § 184 j£— -£ 

Construction. Construct the A A OB, and then 
proceed as in Ex. 216. q. e. f. 

Ex. 218. To construct a rhomboid, having given one side, one angle, 
and one diagonal. 

Analysis. Let ABCD be the rhomboid required, 

Z A the given Z, AB the given side, A C the given / £- — ^ 

diagonal. The Z ABC = 180° - Z BAD. Hence, //^-^C/ 
the A ABC is determined. .4^"" ^B 

Construction. Construct the A ABC. § 311 

Through A draw AD II to BC, and through C draw CD II to BA. 
ABCD is the rhomboid required. q. e. f. 

Ex. 219. To construct a rhomboid, having given the base, the altitude, 

and one angle. 

Analysis. Let ABCD be the rhomboid required. We know AB, the 

ZA, and the altitude DE. Therefore, the ^ 

D P 

Z ADE is known, and the rt. A ADE is de- / t f 



/ 

/ 
/ 



termined. / 

Construction. Construct the rt. A ADE. §310 / 

Produce AE, making AB equal to the given / j / 

base. Through B draw BC II to AD, and A ~E 1* 

through D draw DC II to AB. 

The figure ABCD is the rhomboid required. q. e. f. 
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Ex. 220. To construct an isosceles trapezoid, having given the bases and 
one angle. 

Analysis. Let ABCD be the trapezoid required, Z A the given Z. 
Draw DE II to CB. 



D 

^ § 180 

But BO = AD. 



DE = BC. ^ §180 /f\""\ 



-A ^ 

.-. DE = AD. Ax. 1 A F * B 

.:ZDEA = ZA. §146 

Also, since AE = AB - EB and EB = DC, AE = AB - DC, and is 
therefore known. .-. the A ADE is determined. This A constructed, 
the rest of the construction is obvious. 

Construction. Construct the A ADE. § 310 

Produce AE, making AB equal to the longer base. 

Draw DC equal to the shorter base and II to AB, and draw BC. 

The figure ABCD is the isosceles trapezoid required. q. e. f. 

Ex. 221. To construct an isosceles trapezoid, having given the bases and 
the altitude. 

Analysis. Let ABCD be the trapezoid required, DF D 

the altitude. Draw DE II to CB. The A ADE is isos- /[\ \ 

celes (see last Analysis), and AE = AB - DC. Also DF / j__\ ^ 

bisects AE. §149 A F E B 

Construction. Draw AB equal to the longer base. 

Upon AB lay off AE equal to AB - DC. 

Draw the J. bisector to AE and lay off upon it a length FD equal to 
the given altitude. Draw AD. 

Through B draw BC II to ED, and through D draw DC II to AB. 

The figure ABCD is the isosceles trapezoid required. q. e. p. 

Ex. 222. To construct an isosceles trapezoid, having given the bases and 
the diagonal. 

Analysis. Let ABCD be the trapezoid required, AC the given diag- 
onal. Draw the altitude CE, and also draw CF II to DA. 

Then AF=DC, §180 £___? 

and FB = AB- DC. V''''' i N 

Also, since the A BCF is isosceles (see Analysis to Ex. X'^f'^'b 
220), FE = | FB. § 14Q 

.-. AE = DC + $ (AB - DC), and is known. .-. the rt. A ACE can 
be constructed. When this has been done, the rest is obvious. 
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Construction. Construct the rt. A A CE. Ex. 183 

Produce AE, making AB equal to the longer base. /""£ 

Draw DC II to AB and equal to the shorter base. i[y y f \ \ 

Draw BC and AD. 1"~F~e"b 

The figure A BCD is the isosceles trapezoid required. q.e. f. 

Ex. 223. To construct an isosceles trapezoid, having given the bases and 
the radius of the circumscribed circle. 

Analysis. Let A BCD be the trapezoid required. O the centre of the 
circumscribed O. A diameter ± to AB is ± to CD (§ 107), 
and bisects both AB and CD. § 245 ?f~pY~?f. 

Let this diameter meet AB at E, CD at F. Draw CG II [I oV' jYj 
to FE, meeting AB at G ; then EG = FC = IDC. J\~~^~a^B 

Hence, we have the following construction : **-—** 

Construction. With any centre O and the given radius describe a O. 
Draw in this O a chord AB equal to the longer base. 
Draw a diameter JL to AB, meeting AB at E. 
Upon AB lay off EG equal to half the shorter base. 
Draw GC II to EO, meeting the O at C. 
Draw CD W to BA, meeting the O again at D. 

Draw BC, AD. 
A BCD is the isosceles trapezoid required. q. e. p. 

Ex. 224. To construct a trapezoid, having given the four sides. 

Analysis. Let ABCD be the trapezoid required. Draw CE II to DA. 
A CBE is determined, because BC is given, CE = AD D 
(§ 180), and EB = AB - CD. f — n\ 

Construction. Construct A BCE. § 312 / / \ 

Produce BE to A, making AB equal to the longer base. L -£ A 

Draw AD II to EC and equal to EC, and draw DC. B 

ABCD is the required trapezoid. q. e. f. 

Ex. 225. To construct a trapezoid, having given the two bases and the 
two diagonals. 

Analysis. Let ABCD be the trapezoid required. Draw CE II to the 
diagonal DB, and produce AB to meet CE at E. A AEC 
is determined, since AC is given, CE = BD (which is £.__£ 
given), and AE = AB + DC. /X'^\ 

Construction. Construct A A EC. §312 £-_-Nl.-_"\\ 

Through B draw BD II and equal to EC. ABE 

Draw AD, DC, BC. 
ABCD is the required trapezoid. q. k. p. 
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Ex. 226. To construct a trapezoid, having given the bases, one diagonal, 
and the angle between the diagonals. 

Analysis. Let AB, DC be the given bases, AC the given diagonal. 
The A ACE equals the angle of the diagonals. If this angle is acute, 
and AE is greater than, or equal to, AC, the A ACE is 
determined. §311 £.__£ 

Construction. Construct A AEC. /Xl\ 

Upon AE take AB equal to one of the bases. 

Draw CD II to EA and equal to the other base. 
Draw BC and AD. 
The figure ABCD is the trapezoid required. q. e. f. 

Discussion. For other cases, see the discussion of the problem in § 311. 

Ex. 227. To construct a circle which has the radius r and which also 
touches each of two intersecting lines AB and CD. 

Analysis. One locus of the centre consists of the bisectors of the A 
formed by the lines AB and CD. Ex. 155 

Another locus consists of the two parallels to 
either AB or CD, drawn at a distance from it 
equal to the given radius. 

Construction. Draw the bisectors EF, GH of 
the A formed by the given lines AB, CD. 

Draw IK and MN II to AB, and at a distance 
from AB equal to the given radius r. 

Let the parallels cut the bisectors at the points 
O, P, R, S. 

With these points as centres and r as radius, describe <D. 

Each O will satisfy the given conditions. q. b. f. 

Ex. 228. To construct a circle which has the radius r and which also 
touches a given line AB and a given circle K. 

Analysis. Let O be the centre of the given O, R its radius. One locus 
of the centre of the required O consists of the parallels to AB drawn at 
the distance r from AB. Another locus con- 
sists of the circumferences described about 
as centre with the radii R + r and R — r. The 
points in which the two parallels intersect the 
two circumferences are the centres of (D which 
will satisfy the given conditions. 

The construction of two of these (D is suffi- 
ciently evident from the figure. q. e. f. 
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Discussion. Let d denote the distance OM from O to AB. 

(1) If d < R + 2 r, the problem is impossible. 

(2) If d = R + 2 r, there is one solution, and the centre of the O lies in 
the line OM. 

(3) If d has any value between R + 2 r and -B, there are two solutions, 
as shown in the figure. 

(4) If d = R, CD will pass through the point 
L and determine three centres, one at £, the 
others on the O OG. But the other parallel 
EF will now be tangent to the OG and 
determine by the point of contact a fourth ^^jV^^t^ 

centre. Therefore, in this case there are four A \ ~\ ^ 

solutions. JB F 

(5) If d < R but > R - 2 r, the parallel CD 

will cut both auxiliary (D and determine four centres ; and the parallel 
EF will cut the O OG and determine two centres. Therefore, there will 
be six solutions. 

(6) If d = R — 2 r (R being supposed > 2 r), EF will pass through X 
and determine three centres ; CD will determine four more. Therefore, 
there will be seven solutions. 

(7) If d < R — 2 r, CD and EF will cut each auxiliary O twice ; hence, 
we shall have eight solutions. 

Ex. 229. To construct a circle which has the radius r, and which also 
passes through a given point P and touches a given line AB. 

Analysis. The centre of the required O must lie in the circumference 
described from P as centre with r as radius. 

It must also lie in a parallel to AB drawn f ^ 

at the distance r from AB on the same side ^"/"^ N P^"^\"^ N 

of AB as the point P. The points common q / \e /j\_ Jf \ p 
to this circumference and this parallel are \ jV u/^ A 
the centres of © which if described with the V- I -''\^~AS 

radius r will satisfy the given conditions. 

Q. E. F. 

Discussion. It is obvious that the parallel to AB at the distance r on 
the other side of A Bis not in general a locus for the centre of the required 
0. Let d denote the distance PG from P to AB. If d > 2 r, the prob- 
lem is impossible. If d = 2 r, CD is tangent to the auxiliary 0, and 
there is one solution. If d < 2 r, there are two solutions, as shown in 
the figure. If d = 0, P lies in AB, and there are two (D, each touching 
AB at P, the centre of one lying in the parallel CD, the centre of the 
other lying in the corresponding parallel on the other side of AB. 
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Ex. 230. To construct a circle which has the radius r, and which also 
passes through a given point P and touches a given circle K. 

Analysis. Let R denote the radius of the given O, and denote its 
centre. One locus of the required centre is a circumference described 
from P as centre with radius r. Further, since 
the required O must touch the given O, and the 
distance between the centres of two (D which 
touch each other is equal to the sum or the differ- 
ence of their radii (Ex. 92), it follows that a sec- 
ond locus of the required centre is a circumference 
described from O as centre with a radius equal to 
R + r or R — r. The points common to these 
loci are the centres of the circles which satisfy 
the given conditions. q. b. f. 

Discussion. Let d denote the distance from P to O. In order that the 
O with radius R -f r may cut the auxiliary described about P, it is 
necessary that 

d<(R + r) + r, ord<B + 2r, 
and d > (R + r) - r, or d > R. 

The second condition requires that P should lie without the given 0. 
Then if d < R + 2 r, there are two solutions ; if d = R + 2 r, one solution ; 
if d > R + 2 r, no solution. 

In order that the O with radius R — r may cut the auxiliary O described 
about P, it is necessary that 

d<(R-r) + r, OTd<R, 
and d>(R-r)-r, oid>R-2r. 

The first condition requires P to be within the given O. Then, if 
d > R — 2 r, there are two- solutions ; if d = R — 2 r, one solution ; if 
d < R — 2 r, no solution. 

If d = .R, P lies in the given circumference, and two (D can be described 
with radius r, both touching the given O at P, one externally, the other 
internally. 

Ex. 231. To construct a circle which shall touch two given parallels and 
pass through a given point P. 

Analysis. Let AB and CD be the given parallels. One locus of the 
required centre is the parallel drawn midway be- A B 

tween AB and CD. Ex. 154 

The radius of the required O is equal to half 



the distance between AB and CD. Therefore, \ V / 



another locus for the centre is a circumference 
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described from P as centre with half the distance 

between AB and CD for radius. q. e. f. A ^ B 

Discussion. If P lies between AB and CD, f' ^T ^\ 

there are two solutions. If P is on AB or CD, \~~~o~\~)"o r ")" 

there is one solution. If P is outside the paral- s ^» •*< — ^ — 

C D 

lels, the problem is impossible. 

Ex. 232. To construct a circle which shall touch three given lines, two of 
which are parallel. 

Analysis. Let AB and CD be the parallel lines, and let the third line 
cut AB at E, and CD at P. The centres of <D 
that will satisfy the conditions are the intersec- 
tions of the bisectors of the A formed at the 
points E and P (Ex. 155), and must also be situ- 
ated between AB and CD. Ex. 154 

Q. E. F. 

Discussion. There are two solutions, one on each side of EF. 

Ex. 233. To construct a circle which shrill touch a given line AB at P, 
and pass through a given point Q. 

Analysis. One locus for the centre is a _L to AB erected /~~ "X 
at P (Ex. 153), and another locus is the _L bisector of the Q' K ? } 
line joining P and Q. Ex. 162 V £\J y 

Q. E. F. * P B 

Discussion. If Q is in AB, the problem is impossible. 

Ex. 234. To construct a circle which shall touch a given circle at P and 
pass through a given point Q. 

Analysis. One locus for the centre is the ± bisector of the /^T\ 

line joining P and Q. Ex. 152 f t J 

Another locus is the straight line passing through P and ~"vM^~-" 

the centre of the given O. §§ 221, 265 Q('\& } 

Q. E.F. ^J.^' 

Discussion. Since two straight lines intersect in only one 
point, there cannot be more than one solution. Let ST be the tangent 
to the given O drawn through the point P. If Q and the given O lie on 
opposite sides of ST, the required O touches the given O externally. 
If Q and the given circle lie on the same side of ST, there is internal 
contact ; and the required contains the given O, or the given © con- 
tains the required O, according as Q lies without or within the given 0. 
If Q lies on ST, the problem is impossible. 
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Ex. 235. To construct a circle which shall touch two given lines and 
touch one of them at a given point P. 

Analysis. Let AB, CD be the given lines, and let P be 
a point in AB. The centre of the required O must lie in 
one of the bisectors of the A formed by AB and CD ; and 
also in a ± to A B erected at P. q. e. f. 

Discussion. There are in general two (D satisfying the 
given conditions. If P coincides with the intersection of 
AB and CD, the problem is impossible. If AB is II to CD, there is only 
one O, and its radius is equal to half the distance between AB and CD. 

Ex. 236. To construct a circle which shall touch a given line and touch 
a given circle at a point P. 

Analysis. Draw a tangent to the given O at the point P ; then the 
required O must touch this tangent at 
P (§ 221). This reduces the problem to 
Ex. 235. 

Construction. Let A B be the given line, 
O the centre of the given O. Draw a 
straight line through O and P. At P 
erect a ± to this line, meeting AB at C ; 
then this JL is a tangent to the given O 
(§ 253). Draw the bisectors of the A ACP, BCP, and let them meet the 
line OP at the points D and E. With centre D and radius DP describe 
a O ; with centre E and radius EP describe a O ; these (D satisfy the 
given conditions. q. e. f. 

Discussion. If AB is tangent to the given O, one of the two solutions 
is a O coinciding with the given O ; if AB is tangent at P, there is an 
indefinite number of solutions ; if AB cuts the given O, one solution will 
be a O touching the given O internally; if AB cuts the given 0, and 
also passes through P, the problem is impossible. 

Ex. 237. To construct a circle which shall touch a given line AB at P 
and also touch a given circle. 

Analysis. Suppose the problem solved, and 
let O be the centre of the given O, X the centre 
of the required O. One locus for X is the ± 
to AB erected at P. Produce this _L, making 
PC equal to the radius of the given O ; then 
OX = CX. Therefore, another locus for X is 
the ± bisector of the line joining and C. The 
intersection of the two loci determines X. q. e . f. 
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Discussion. Another solution is obtained by laying off PC equal to 
the given radius upon the _L to AB and on the same aide of AB as the 
given O, drawing OC, and erecting the ± bi- 
sector of OC. The O obtained by using C as the 
auxiliary point touches the given O externally ; 
while the O obtained by using C is touched by 
the given internally. If AB is supposed to 
move II to itself towards the given O, then the 
O obtained by the use of C becomes larger 
and larger ; at the limit when AB touches the 
given O, the problem is impossible. If AB cuts 
the given circumference, the O obtained by use of C lies on the other 
side of AB, and touches the given O externally. If AB cuts the given 
O, and P lies within the given O, then both the © touch the given O 
internally. 

Ex. 238. To inscribe a circle in a given sector. 

Analysis. Let A OB be the given sector, and let the bisector of the 
ZAOB meet the arc AB at C. We know that the 
centre of the O required must lie in OC. § 162 

Draw a tangent to the given arc through C, and 
let it meet OA produced at D and OB produced at 
E; then we also know that the required O will 
touch this tangent. § 221 

Construction. Draw OC, the bisector of the Z 
A OB. 

Through C draw a tangent meeting OA produced at D and OB pro- 
duced at E. § 317 

Bisect the Z ODE, and let the bisector meet OC at F. 

With centre F and radius FC describe a 0. 

This O is the O required. q.e. f. 

Ex. 239. To construct within a given circle three equal circles, so that 
each shall touch the other two and also the given circle 

Analysis. Suppose the problem solved, and 
let O be the centre of the given O, and P, Q, R 
the centres of the required <D. From the equal- 
ity of the circles it is clear that their centres 
must be symmetrically arranged around O ; and 
hence we see that the A at O formed by OP, 
OQ, OR are each 120°. We also see that these 
A are bisected by the radii OA, OB, OC, drawn 




§304 
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tangent to the three <D (§ 261) ; and therefore that OA, OB, OC also 
form at O A each equal to 120°. The problem is now reduced to inscrib- 
ing (D in sectors of 120°. Ex. 238 
Construction. Draw a diameter AD. With centre D and radius DO 
equal to i AD, cut the circumference at B and C. Draw the diameters 
BOE, COF. Draw a tangent at D (§ 317), and produce OB to meet it 
at G. Bisect Z OGD (§ 304), and let the bisector meet OD at P. With 
centre O and radius OP, cut BE at Q, CF at R. With P, Q, B as cen- 
tres, and radius PO, describe (D. These <D are the (D required. q. e. f. 

Ex. 240. To describe circles about the vertices of a given triangle as 
centres, so that each shall touch the two others. 

Analysis. Suppose the problem solved, ABC the required A, and let 
the (D touch one another at M, N, P. Since A M = 
AN, and CN = CP (§ 217), we infer that the three 
points M, N, P are the points of contact of the O in- 
scribed in the A ABC (§ 261), whence the construction 
is obvious. 

Construction. Inscribe a in the A ABC (§ 315), 
and mark the points of contact M, N, P. 

With centre A and radius AM describe a O ; 

with centre B and radius BM describe a O ; 

with centre C and radius CN describe a O. 

These (D are the <D required. q. b. f. 

Ex. 241. To bisect the angle formed by two lines, without producing the 
lines to their point of intersection. 

Construction. Let AB, CD be the given lines. 

Through any point E of CD draw EF II to BA. § 306 

Upon the sides of the Z FEC take equal lengths EH, 
EG, and produce GH to meet AB2XI. * 
Draw the ± bisector of GL 

This line bisects the A between the lines AB, CD. 

Proof. The ZEGH-Z EHG. 

Also ZEHG = ZBIG. 

.-. Z EGH = Z BIG. 

.•. A formed by the two given lines and the line GI is isosceles. 

.•. the ± bisector of GI bisects the Z between AB and CD. 

Ex. 242. To draw through a given point P between the sides of an angle 
BAG a line terminated by the sides of the angle and bisected at P. 
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Analysis. Suppose the problem solved, and EF 
the required line. Draw PD II to BA, meeting 
A C at D. Then AD = DE. § 188 

Hence, the point E may be determined. 
Construction. Draw PD II to BA. 

Upon AC take DE equal to AD. 
Draw EP, and produce it to meet AB at F. 
EF is the line required. 
Proof. PE = PF. § 188 

Q. E. F. 

Ex. 243. Given two points P, Q, and a line AB; to draw lines from P 
and Q which shall meet on AB and make equal angles with AB. 

Analysis. Let PE, QE be the lines required. Draw PC ± to AB, and 
let QE produced meet PC produced at D. 

Since A QEB = A DEC, §93 ^ 

we have A DEC = A PEC. Ax. 1 

.-. A PCE = A DCE. § 142 

.-. PC = CD. § 128 

Hence, the point E may be determined. 
Construction. Draw PC ± to AB, and produce 
it to D, making CD equal to PC. 

Draw QD, cutting AB at E, and draw PE. 
PE and QE are the required lines. 
Proof. The rt. A PCE and DCE are equal. 

For CE = CE, 

and PC = CD. 

.: A PEC = A DEC. 

But A DEC = A QEB. 

.:APEC = AQEB. 



P 

\ 



r- c 1 



/ 



^ 



E 



§144 
Iden. 
Const. 
§128 
§93 
Ax. 1 

Q. E. F. 

Discussion. If the line AB passes between P and Q, the solution is 
evidently the line joining P and Q. 

Ex. 244. To find the shortest path from P to Q which shall touch a 
line AB. 

Construction. Find the point in AB, such that 
PE and QE make equal A with AB. Ex. 243 

Let F be any other point in AB. 

Draw PC ± to AB, and produce it to D, making 
CD equal to PC. 

Draw PF, QF, DE, DF. 



P 



' F B 
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Then PE + EQ<PF+FQ. 

Proof. APCE = ADCE, 

and A PCF = A DCF. § 144 

.-. PE - DE, 
and PF = DF. § 128 

.-. PE + EQ = DE + EQ = DQ, 
and PF+FQ = DF+FQ. Ax. 2 

But DQ<DF+FQ. §49 

.-. PE + EQ<PF+ FQ. 
That is, the shortest path from P to Q which can be drawn so as to 
touch the line AB is the broken line whose two parts form equal A 
with AB. q. e. p. 

Ex. 245. To draw a common tangent to two given circles. 

Analysis. Suppose the problem solved, and let 0, (7 be the centres 
of the (D, AB one of the common tangents ; also let r and r* denote the 
radii of the d>. Draw OA,(TB; then OA and &B are ± to ^LjB (§ 254), 
and, therefore, are II to each other. § 104 

From A lay off upon iOa length AM equal to (XB, and draw M(X ; 
then the figure ABCTM is a O (§ 183), and a rectangle. And since (TM 
is ± to OA, and OM = r — if, therefore, C/M will touch a O having O 
for centre and r — r' for radius. This O can be described and C/M drawn ; 
after which the remainder of the construction is obvious. 



Construction. With centre O and radius r — r* describe a 0. 
Draw to this O from (7 the tangents (TM, O'N'. § 317 

Draw OM, ON, and produce them to meet the given circumference at 
A and C. 

Draw the radii WB II to OA, and (72) II to 00. 
Draw straight lines through A and B, and through C and D. 
These lines are tangents to the given CD. 

Proof. MA is equal and II to 07*. Const. 

.-. AB is II to MO". § 183 

Now Z OMO* = 90°. § 254 
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.-. Z OAB = 90°. § 107 

.-. A (TBA = 90°. §115 

.*. AB touches each O. § 253 

Similarly, CD may be shown to be a tangent. q. e. f. 

Discussion. Let d denote the distance OCX between the centres. If (as 

in the figure) d>r- r r / , two more common tangents EF, GH may be 

drawn by the use of an auxiliary O having for radius r + r* instead of 



r — r'. The figure shows the details of their construction. AB and CD 
are called external tangents, EF and GH internal tangents. The external 
tangents meet at a point P which lies in the line of centres 0(f produced. 
The internal tangents meet at a point Q which lies in the line of centres 
between O and C P is called the direct centre of similitude ; Q is called 
the inverse centre of similitude. 

If d = r + r', the © touch externally, and three common tangents can 
be drawn. Ex. 95 

If d<r + r* but >r — r", the (D intersect, and two common tangents 
can be drawn. Ex. 95 

If d = r — r 7 , the © touch internally, and one common tangent can be 
drawn. Ex. 95 

If d < r — r', one O lies within the other without touching it, and the 
solution of the problem is impossible. Ex. 95 
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Ex. 246. Find tJie fourth proportional to 91, 65, and 133. 

Let x = the fourth proportional required. 

Then 91 : 65 = 133 : x. § 325 

a = 65X133 = <> 6 . §327 

yi 

Ex. 247. Find the mean proportional between 39 and 351. 
Let x = the mean proportional required. 

Then 39:x = x:351. §326 

x 2 = 39 x 361 = 32 x 392. § 327 

x = 3 x 39 = 117. 

Ex. 248. Find the third proportional to 54 and 3. 

Let x = the third proportional required. 

Then 64 : 3 = 3 : x. § 326 

* = ^ = i- §327 

Ex. 249. In a triangle ABC, AB=\2,AC = 14, BO = 13. Find the 
segments of BC made by the bisector of the angle A. 

Let M be the point in which the bisector of the Z. A intersects BC. 

Then MC : MB = AC :AB= 14 : 12 = 7 :6. §348 

.-. M C = & of 13 = 7 ; 
and MB = & of 13 = 6. 

Ex. 250. In a triangle CAB, CA =6, CB = 12, AB = 15. Find the 
segments of AB made by the bisector of the angle C. 

Let M be the point in which the bisector of the Z C intersects AB. 

Then MA : MB = CA : CB = 6 : 12 = 1 : 2. § 348 

.-. MA = i of 15 = 6 ; 
and MB = * of 15 = 10. 

Ex. 251. The base and altitude of a triangle are 7 feet 6 inches and 5 
feet 6 inches, respectively. If the homologous base of a similar triangle is 
6 feet 6 inches, find Us homologous altitude. 
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Let x = the length of the homologous altitude of the similar triangle. 
Then 7 ft. 6 in. : 5 ft. 6 in. = 5 ft. 6 in. : x. § 361 

7± : 5* = 6i : x. 
15:ll = ll:2x. 
30x = 121. 

x = 4^. 4 f V*t.=4ft. fin. Ans. 

Ex. 252. If the line joining the middle points of the bases of a trapezoid 
is produced, and the two legs are also produced, the three lines will meet in 
the same point. 

Let ABCD be a trapezoid, having the sides AB and DC II. Let E be 
the middle point of AB and F the middle point of DC. 
To prove that AD, EF, and BC, when produced, 
are concurrent. 
Proof. AE = EB, and DF = FC. Hyp. 

.-. AE : DF = EB : FC. 
The lines AD, EF, and BC are not parallel. § 165 
.-. the three lines are concurrent. § 363 

Q. e. d. 

Ex. 253. AB and AC are chords drawn from any point A in the cir- 
cumference of a circle, and AD is a diameter. The tangent to the circle at 
D intersects AB and AC atE and F, respectively. Show that the triangles 
ABC and AEF are similar. 

Let AB and AC be two chords drawn from the same point A of the 
circumference. Let AD be a diameter, and let EF, the tangent at D, 
intersect AB and AC produced at E and F, respectively. 
To prove that the & ABC and AEF are similar. E 

Proof. Z E is measured by \ (arc A CD — arc BD). 

§296 
Since AD is a diameter, arc A CD = arc ABD. & 

.\ZE is measured by i(arc ABD — arc BD), that F 
is, by i arc AB. 

But Z BCA is measured by £ arc AB. 
.-. Z. BCA =ZE. 
In the A ABC and AEF, 

ZA is common, and Z BCA = ZE. 
.-. the & ABC and AEF are similar. 




Ex. 254. AD and BE are two altitudes of the triangle CAB. 
the triangles CED and CAB are similar. 



§355 

Q. E. D. 

Show that 
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Let AD and BE be altitudes of the A CAB. 
To prove that the & CED and CAB are similar. 
Proof. The rt. & CEB and ADC are similar. 
For the Z C is common. 
.-. CE:CD=CB: CA. 
.-.the A CED and (Ml? are similar. 




§367 



Q. B. D. 




Ex. 255. If two circles are tangent to each other, the chords formed by a 
straight line drawn through the point of contact have the same ratio as the 
diameters of the circles. 

Let CE and ED be the diameters of the two circles which are tangent 
at E. Let AB be a line drawn through E and terminated by the cir- 
cumferences. 

To prove that AE :EB=CE: ED. 
Proof. Draw AC b.tl& DB. 

CE and ED form one straight line. § 265 

^!Cisllto2)B. Ex.120 

..ZCAE = ZEBD, 

and ZACE = ZEDB. §110 

.-. the & CAE and DBE are similar. § 355 

.-. AE:EB=CE: ED. § 351 

Q. B. D. 

Ex. 256. If two circles are tangent to each other externally, the corre- 
sponding segments of two lines drawn through the point of contact and 
terminated by the circumferences are proportional. 

Let AB and CD be two lines drawn through 
E, the point of contact of the two circles which 
are tangent externally. 
To prove that AE : EB = CE : ED. 
Proof. Draw AC md DB. 

AC is II to DB. Ex. 120 

/. ZCAE = ZEBD, 
and ZACE = Z EDB. § 110 

/. the & CAE and DBE are similar. § 355 

.-. AE :EB=CE: ED. § 351 

Q. E. D. 

Ex. 257. In a parallelogram ABCD a line DE is drawn, meeting the 
diagonal AC in F, the side BC in G, and the side AB produced in E. 
Prove that DF 2 = FG x FE. 
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Let ABCB be a CD, and BE be drawn, meet- 
ing the diagonal AC in F, the side BC in G, 
and the side AB produced in E. 
To prove that BF 2 = FG x FE. 

Proof. The A A^F and BFC are similar. 
For ZAEF=ZFBC, 

and Z F4.E = Z FCD. 

.-. BFiFE-FC : AF. 
The & -4FD and GFC are similar. 
For ZAFB = ZGFC, 

and ZBAF=ZFCG. 

.:FG:BF=FC:AF. 
.\ BF :FE = F6? : DF. 
.-. BF 2 = FG x FE. 




§355 

§110 
§351 
§355 
§93 
§110 
§351 
Ax. 1 
§327 

Q. E. D. 

Ex. 258. Two attitudes of a triangle are inversely proportional to the 
corresponding bases. 

In the A ABC, let AE and CB be the altitudes 
drawn to BC and AB, respectively. 
To prove that AE : CB = AB : BC. 
Proof. The rt. & AEB and CBB have the common 
acute Z B. 

.-. & AEB and CBB are similar. § 356 

.-. AE:CB = AB: BC. § 351 

Q. E. D. 

Ex. 259. Two circles touch at P. Through P three lines are drawn, 
meeting one circle in A, B, C, and the other in A', R, C", respectively. 
Prove that the triangles ABC, A'B'C are similar. 

In the © whose centres are O and / , let 
AA', BR, and C& be drawn through P, the 
point of contact, and let AC, BC, AB, A'C, 
RC, and A'R be drawn. 

To prove that the & ABC and A'RC are 
similar. 

Proof. AC, BC, AB are II to C'A', C'R, RA', respectively. 
.-. A ABC and A'RC are similar. 





Ex. 



120 
j 359 

Q. E. D. 

Ex. 260. Two chords AB, CB intersect at M, and A is the miMU point 
of the arc CB. Prove that the product AB x AM is constant if the chord 
AB is made to turn about the fixed point A. 
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Let AB and CD be two chords intersecting at M, and 
let A be the middle point of the arc CD. 
To prove that AB x AM is constant. 
Proof. Draw the diameter AE and draw BE. 

AF is -L to CD. §246 

A ABE is a rt. A. § 290 

The rt. & AFM and 4.BJ0 have the common Z 3T4F. 
.-. & AFM and J.#i£ are similar. 

.. AF : AB = AM : AE. 
s.'AF x AE = ^1B x Alf. 
But itP x .422 is constant. 

.\ AB x -43f is constant. 




§356 
§351 
§327 

Q. E. D. 



Ex. 261. If two circles touch each other, their common external tangent 
is the mean proportional between their diameters. 

Let O and & be the centres of two <D that touch at P, and AC and BD 
their diameters. Let AB be their common 
external tangent. 

To prove that AC : AB = AB : BD. 

Proof. Draw AP, CP, BP, DP. 

AC and BD are ± to AB. § 254 

Now Z APB = a rt. Z. Ex. 100 

Also ZAPC = &rt.Z. §290 

.-. CP£ is a straight line. § 90 

In like manner, DP A is a straight line. 

Now the rt. &ACB and BAD are similar. 

For ZC = ZDAB. 

..AC:AB = AB:BD. 




§356 

§§ 289, 295 

§351 

Q. E. D. 



Ex. 262. If two circles are tangent internally, all chords of the greater 
circle drawn from the point of contact are divided proportionally by the 
circumference of the smaller circle. 

Let the CD whose centres are O and & be tangent 
internally at P, and chords PA and PB be drawn, 
cutting the circumference of the smaller O at C 
and D. jr\ 

To prove that PC:PA = PD: PB. 

Proof. Draw the tangent MN at the point P. 
Draw PF JL to MN. 
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§290 
ZEPC 




Then PF passes through O and (/. 

Draw EC, ED, FA, and FB. 
A PCE and PAF are rt. A. 
The rt. & PCE and PAF have the 
common. 

.-. A POE and PAF are similar. 

.-. PC : PA - PE : PF. 

Similarly, PD : PB = PE : PF. 

..PC:PA = PD:PB. 



Ex. 263. In an inscribed quadrilateral, the product of the diagonals is 
equal to the sum of the products of the opposite sides. 
Let A BCD be an inscribed quadrilateral, and AC and DB its diagonals. 
To prove that AC x DB = DC x AB + AD x BC. 
Proof. Draw DE, making Z CDE equal to Z ADB. T>£ \ r? 

Add to each the Z BDE. 
Then the A ADE and BDC are similar. 
Por ZADE = ZBDC, 

arid ZDAC-ZDBC. 

.-. AD *DB = AE : BC. § 361 

.-. AD x BC = DB x AE. § 327 

The A DEC and DAB are similar. § 356 

Por Z CDE = Z ADB, Const. 

and Z DCE = Z ABD. § 293 

.-. DC:DB = EC: AB. § 351 

.\ DC x AB = DBx EC. § 327 

Add the two resulting equations. 

.-. DC x AB + AD x BC = DB (AE + EC) = DB x AC. Ax. 2 

Q. E. D. 

Ex. 264. Two isosceles triangles with equal vertical angles are similar. 

In the A ABC and A'&C, let AB be equal to AC, A'B? to A'C, and 
ZAX&ZA'. 

To prove that the A u45C and A'&C * 4 

are similar. 

Proof. AB = AC, 




and 
Also 



A'Bf^A'C. Hyp. 

r.AB.A'R = AC:A / C\ 
ZA = ZA'. 
.-. A ABC and .A'JS'C" are similar. 



B' 



Hyp. 
§357 

Q. E. D. 
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Ex. 265. The bisector of the vertical angle A of the triangle ABC inter- 
sects the base at D and the circumference of the circumscribed circle at E. 
Show that ABxAC = ADx AE. 

Let A ABC be inscribed in a circle, and let AE, the bisector of the 
Z. A, intersect BC at D and the circumference at E. 

To prove that AB x AC = AD x AE. 

Proof. Draw CE. 

The A BAD and EAC are similar. 

For ZBAD = ZEAC, 

and ZABD = ZAEC. 

.:AB:AE = AD:AC. 
..ABx AC = AD x AE, 

Ex. 266. If OE, OF, OG are the perpendiculars from any point 
within the triangle ABC upon the sides AB, BC, CA, respectively, show 
that AE* + BF 2 + CG 2 = W? + FC 2 + GA 2 . 

Let OE, OF, OG be the perpendiculars from any point O within the 
A ABC upon the sides AB, BC, CA, respectively. 
To prove that 

AE 2 + BF* + CG 2 ^Eff + FC 2 -^ GA 2 . 
Proof. Draw OA, OB, OC. 
Now OA 2 = AE 2 +OE 2 , 

and OA 2 = OG 2 + GA 2 . 

.: AE 2 + OE 2 = OG 2 + GA 2 . 
In like manner, BF 2 + OF 2 = EB 2 4- OF?, 
and CG 2 +OG 2 = FC 2 + OF 2 . 

Add these three equations. 
Then AE 2 4- OE 2 4- BF 2 4- OF 2 + CG 2 + ~OG 2 

= OG 2 4- &2 2 4- HP 4- OE* 4- FC 2 4- OF* Ax. 2 
... XE7 2 4- BF 2 + CG 2 = ^B 2 + FC 2 + GA 2 . q. e. d. 

Ex. 267. The sum of the squares of the segments of two perpendicular 
chords is equal to the square of the diameter of the circle. 

Let the _L chords A B and CD intersect at P. Draw ^ 

the diameter BE. 

To prove that FA 2 4- PC 2 4- PB* 4- PD 2 = SS 1 . 

Proof. Draw AC, ED, and JBD. 

Then arc AC + axe BD = arc BDE. Ex. ! 

Subtract arc BD from both sides. 
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Then 



Now 



arc A C — arc ED. 
.-^chord AC = chord ED. 
ED 2 + RD 2 = BE 2 . 
. AC* + BD 2 = BE*. 

AX? = PA 2 + PC*, 
BD 2 = PI? + PD 2 . 



PA 2 + PC* + Pi? + PD 2 = BE 2 . 





But 
and 

Substituting, 

Ex. 268. The tangents to two intersecting circles drawn from any point 
in their common chord produced are equal. 

Let and (7 be two intersecting ®, AB be their common chord, 
and CD and C-E be tangents to O and O' from 
any point C of AB produced. 

To prove that CD = CE. 

Proof. CI?=CAx CB, 

and CF 2 = (M x CB. § 381 

.-. CD 2 = CE 2 . Ax. 1 

...CD=CE. Q. B. D. 

Ex. 269. The common chord of two intersecting circles, if produced, 
will bisect their common tangents. 

Let and / be two intersecting ©, DC their common chord produced, 
and EF and GH their common tangents. 

To prove that DC bisects EF and GIT. 

Proof. E(?=CBx CA, 

and FC 2 = C£ x CA. 

.-. JSC 2 = FC 2 . 
.-. FC = FC. 

In like manner, DG = DH. q. e. d. 

Ex. 270. If three circles intersect one another, the common chords all 
pass through the same point. 

Let the © ABC, ABE, and CDE intersect one another, and AB and 
CD meet at 0. Draw EO. Suppose that EO produced 
meets ABE at P and CDE at Q. 

To prove that P and Q coincide. 

Proof. In O ABC, OA x OB = OC X OD. 

In ABE, OAx OB= OEx OP. 

In O CDE, OCx OD = OE x OQ. 

.-. OEx OP -OEx OQ. 
/. OP = OQ. 

Therefore, ^P is the common chord of © ABE and CDF, and passes 
through the point O. Q. k. d. 
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Ex. 271. If two circles are tangent to each other, the common internal 
tangent bisects the two common external tangents. 

Let EF, the common internal tangent to the two tangent circles, inter- 
sect AB and GF, the common external tangents, 
in the points E and F. 

To prove that EA = EB, and FC = FD. 

Proof. EA = ET, 

and EB = ET. % §261 

/. EA = EB. *" Ax. 1 

In like manner, FG = FD. q. e: d. 

Ex. 272. If the perpendiculars from the vertices of the triangle ABC 
upon the opposite sides intersect at D, show t hat 

AB* - AC 2 = W- ~Cff. 
Let AE, BF, CG be the _fc from the vertices of the A ABC upon the 
opposite sides, and let D be their poin t of i ntersection. 
To prove that A& - AC 2 = BI? - 7TJ? . 
Proof. Now AB? = AE 2 4- BE 2 , 

and A(f = AJS 2 +CF?. 

.-. AI? - AC 2 = BE?- CE 2 . 
Again, BI? = DF? + BF? , 

and CD 2 = DE 2 -hCE i . 

.-. BD 2 - CD 2 = BF? - CE 2 . 
.-. AB* - AC 2 = BD 2 - CD 2 . 




Ex. 273. In an isosceles triangle, the square of a leg is equal to the 
square of any line drawn from the vertex to the base, increased by the prod- 
uct of the segments of the base. 

In the A ABC, let AB equal AC, AE be any line drawn from A to BC. 

To prove that AC 2 = AJ? + BE x EC. a 

Proof. Draw the altitude AD. 

Since AE is any line drawn to BC, in general, 
the A AEB and AEC are supplementary unequal A. 

Suppose the Z AEC is obtuse. 

AC 2 = AE 2 + EC 2 + 2EC x DE. 



Then 
That is, 
Now 
That is, 

That is, 




AC= AE A + EC (EG + 2 DE). 
BD = DC. 
BD = EC + DE. 
BD + DE = EC + 2 DE. 
BE = EC + 2 DE. 
.-. AC 2 = AE 2 + BE X EC. 



§149 



Ax. 2 



Q. E. D. 
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Ex. 274. The squares of two chords drawn from the same point in a 
circumference have the same ratio as the projections of the chords on the 
diameter drawn from the same point. 

Let AB and AC be two chords of the O ABC drawn from the same 
point A in the circumference. Let AE and AF be the 
projections of AB and AC on the diameter drawn 
from A. 

To prove that Al? : AC* = AE : AF. 

Proof. Al? = ADx AE, 



and 



AC = ADxAF. 



§370 





.-. AB* :AC 2 = ADxAE:ADx AF. 
.-. Al? : AC* = AE : AF. Q. e. d. 

Ex. 275. The difference of the squares of two sides of a triangle is 
equal to the difference of the squares of the segments of the third side, 
made by the perpendicular on the third side from the opposite vertex. 

Let AD be the perpendicular from A to the base BC of the A ABC. 
Let AC be greater tha n AB. 
To prove that AC 2 - AB* = DC* - BD*. 
Proof. AC* = AJ? + DC 2 , 

and A^ = A^ + B^. §371 

.-. A C* - A B 2 = DC 2 - BD 2 . Ax. 8 

Q. £. D. 

Ex. 276. E is the middle point of BC, one of the parallel sides of the 
trapezoid ABCD; AE and DE produced meet DC and AB produced 'at 
F and G, respectively. Show that FG is parallel to DA. 

Let E be the middle point of BC, one of the II sides of the trapezoid 
ABCD. Let AE and DE produced meet DC and AB 
at F and G, respectively. 
To prove that FG is II to DA. 
Proof. The &AGD and BGE are similar. 
For A GAD = Z GBE, 

and Z GDA = A GEB. 

.-. DG:EG = AD: BE. 
The &AFD and EFC are similar. 
For Z FAD = Z FEC, and Z FDA = Z FCE. 

.-. A F : EF = AD : CE. 
Now BE = CE. 

.-. AD : BE = AD: CE. 
.: DG:EG = AF: EF. 
.-. DG - EG : EG = AF - EF : EF. 
That is, ED : EG = EA : EF. 
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The & AED and FEG are similar. § 357 

For Z AED = Z FEG. § 95 

..ZEGF = ZEDA. §351 

.-. FG is II to DA. §111 

Q. E. D. 

Ex. 277. If two tangents are drawn to a circle at the extremities of a 
diameter, the portion of a third tangent intercepted between them is divided 
at its point of contact into segments whose product is equal to the square of 
the radius. 

Let A C and BD be tangent to the circle whose centre is O at the extrem- 
ities of a diameter AB. Let CD be a third tangent to the circle at the 
point E, and OE be a radius of the circle. 

To. prove that EC x ED = OE 2 : 
. Proof. A C and BD are ± to AB. 
.-. AC &n& BD ore \\. 
.-. Z ACE + Z BDE = 2 rt. A. 
Draw OC and OD. 
Then ZACO = ZECO, 

and ZBDO = ZEDO. 

.-. Z ECO + Z EDO = 1 rt. Z. 

.-. Z COD is a rt. Z. 

Now OE is _L to CD. 

.-. CE:OE= OE : ED. 

.-. CExED= (XE 2 . 




§261 



Ax. 7 
§131 
§254 
§367 
§327 

Q. E. D. 

Ex. 278. If two exterior angles of a triangle are bisected, the line drawn 
from the point of intersection of the bisectors to the opposite angle of the 
triangle bisects that angle. 

Let AH bisect the exterior Z BAD of the A ABC, 
and BH bisect the exterior Z ABE. 

To prove that HC bisects the Z ACB. 

Proof. Since H lies in the bisector of the Z BAD, 
H is equidistant from CA and AB. § 162 

Since H lies in the bisector of the Z ABE, H is 
equidistant from AB and CB. § 162 

.-. H is equidistant from CA, AB, and CB. 

Now the locus of points equidistant from CA and CB is the bisector of 
the Z ACB. §162 

.-. HC, having the two points C and H in common with this bisector, 

coincides with this bisector. § 47 

That is, HC bisects the Z ACB. Q. e. d. 
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Ex. 279. The sum of the squares of the diagonals of a quadrilateral is 
equal to twice the sum of the squares of the lines that join the middle points 
of the opposite sides. 

Let ABCD be a quadrilateral, AC and BD its 
diagonals, and let EF and GH intersecting at 
join the middle points of the opposite sides. 

To prove that AC 2 + BD* = 2 (EF* + GH 2 ). 

Proof. Draw EG, GF, FH, HE. 




Now 



AC = 2 EG. 



§189 



In like manner, BD = 4 GF*. 

.: AC* + BD* = ±(EG 2 + GF*). Ax. 2 

But EGFH is a O. Ex. 74 

.-. OG = OH, and OE = OF. § 184 

Now EG*+ GF* = 20E i + 2 0G 2 . §377 

r.AC* + BD 2 = 4(2 OE 2 + 2 OG 2 ) 

= 2(4 02S 2 + 4 0G 2 ). 

.\AC* + BD 2 = 2(EF* + GH 2 ). q. b. d. 

Ex. 280. The sum of the squares of the four sides of any quadrilateral is 

equal to the sum of the squares of the diagonals increased 

by four times the square of the line joining the middle Ac^-^B 

points of the diagonals. 

Let ABCD be a quadrilateral, and EF the line join- 
ing the middle points of the diagonals AC and BD. 
To prove that Al? + BC 2 + CD 2 + DA 2 




AC*+BD 2 + ±EF*, 



Proof. 



Draw BE and DE. 
Aff+BC 2 = 2(—y+2BE i , 



■•(?)'♦•» 



and CD 2 + DA 2 : 

Adding these equalities, 

AB> +BC i +CD i + DA 2 = 4 (— )% 2 (M* + DE 2 ). 

(BD\* 



But 



Bl 2 + DE 2 = 2(— ) + 2EF 2 . 



§377 
§377 

Ax. 2 

§377 



...ZB 2 + BC 2 + C5 2 + £Z* = 4(^) +4(^) + 45F 1 
= ZC 2 +B5 2 + 4^F 2 . 



Q. £. D. 
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Ex. 281. The square of the bisector of an exterior angle of a triangle is 
equal to the product of the external segments determined by the bisector upon 
one of the sides diminished by the product of the 
other two sides. 

Let ABC be a A, and CD be the bisector of 
the exterior Z BCH, meeting AB produced at D. 
To prove that CD 2 = AD x BD - AC x BC. 
Proof. Circumscribe a O about the A ABC, 
produce DC to meet the circumference in F, and draw BF. 
In&ACDaji&FCB, 

ZBAC = ZBFC, 
Z FCA = Z HCD. 
ZHCD=ZBCD. 
.-. Z FCA = Z BCD. 
Add to each the Z A CB. 
ZFCB = ZACD. 
: &ACD and FCB are similar. 
.-. CD:BC = AC:FC. 
.-.FCx CD = ACx BC. 
ADx BD = FDx CD 

= (FC + CD) CD 
= FCxCD+ CD*. 
FCx CD = ACx BC. 
.-. AD x'BD = AC x BC+ CD 2 . 

CD* = ADxBD-ACx BC. 



But 



Then 



Now 



But 



§93 
Hyp. 
Ax. 1 

Ax. 2 
§355 
§351 
§327 



Transposing, 



Q. E. D. 



Ex. 282. If a point is joined to the vertices of a triangle ABC ; 
through any point A' in OA a line parallel to AB is drawn, meeting OB 
at B* ; through B* a line parallel to BC, meeting 
OC at C ; and C / is joined to A' ; the triangle 
A / B / C / is similar to the triangle ABC. 

Let ABC be a A, any point; let OA,' OB 
and OC be drawn ;. from A', any point in OA, . - , y 
let A'& be drawn II to AB; let B'C be drawn a L^* \/^ 
II to .BC; join C and A'. 

To prove that the A ABC and A'I?d' are similar. 

Proof. In the A ABC and A'BfC, 

ZABC = ZA'irC'. §176 

In the & A OB and A'VW, 

Z OB f A / = Z OBA, and Z OA'W = Z OAB. § 112 
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.\ & A OB and A' OR are similar. § 366 
.-. OR:OB = A'R : AB. § 361 

In the same way, & ORC / and OBC may be 
proved similar. 

.-. OR:OB = RC : BC. § 351 

.-. A'& : AB = &C : BC. Ax. 1 

.-. A ABC and A'fl'C" are similar. 



Ex. 283. If the line of centres of two circles meets Vie circumferences at 
the consecutive points A, B, C, D, and meets the common external tangent 
at P, then PAxPD = PBx PC. 

In the <D whose centres are O and / , let the line of centres meet the 
common external tangent PXY at P and cut the circumferences at A, 
B, C, D. 

To prove that PA xPD = PB x PC. 





Proof. Draw the radii OX and CY. 

A PXO and PYC are rt. A. § 254 

The rt. & PXO and PYC are similar. § 356 

For the A YPC is common. 
/. PO:OX = PCX : OT. § 351 

By composition and division, 

PO+ OX:PO- OX = PC+ VY-.PV - VY. § 334 
But PO+OX = PB, PO -OX = PA, PC + VY = PD, 
and PC-0 / Y = PC. 

.-. PB:PA = PD: PC. 
.-. PA x PD = PB x PC. § 327 

Q. E. D. 

Ex. 284. The line of centres of two circles meets the common external 
tangent at P, and a secant is drawn from P, cutting the circles at the con- 
secutive points E, F, G, H. Prove that PE x PH - PF x PG. 
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In the CD whose centres are and Cf, let the line of centres meet the 
common external tangent PXY at P, and cut the circumferences at 
A, B, C, D; let the secant PH be drawn, cutting the circumferences 
at E, F, G, H 

To prove that PE x PH = PF x PG. 

r 




Proof. Draw the radii OX, OE, OF, OT, CG, and CH; and draw 
OM and 0>N ± to PH. 

The rt. & POM and PCN are similar. § 366 

For the Z &PN is common. 
.-. PO:P&=OM: CN. § 351 

But PO:PC=OX:0'Y=OF.O'H. Ex.283 

.-. OM : VN = OF : WH Ax. 1 

Draw VH' II to OF. 
Then rt. A OlfF and (Xi^fiT are similar. § 366 

For Z OFM = Z CH'N. § 176 

.-. OM : VN = OF : VW. § 361 

.-. WH = VH' and coincides with it. .-. &H is II to OF. 

.\PO:PO' = PF:PH. §342 

In the same way it may be proved that 

PO:Pa = PE: PG. 
.-. PE:PG = PF: PH. Ax. 1 

.-. PE x PH=PF x PG. § 327 

Q. E. D. 

Ex. 285. If a line drawn from a vertex of a triangle divides the opposite 
side into segments proportional to the adjacent sides, the line bisects the 
angle at the vertex. 

Let CM be a line from the vertex of the A ABC to the base AB, drawn 
so that AM :MB = AC:CB. 

To prove that CM bisects Z ACB. 

Proof. The bisector of the Z A CB must pass through 
M. § 348 

Therefore, CM, having two points in common with 
the bisector of the Z ACB, must coincide with that bisector. § 47 

.•; CM bisects the Z A CB. Q. e. d. 
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Ex. 286. Divide a line 12 inches long into three parts proportional to the 
numbers 3, 5, 7. 

3 + 5 + 7 = 16. 
^ of 12 inches = J of 12 inches = 2{ inches. 
^ of 12 inches = J of 12 inches = 4 inches. 
^ of 12 inches = 5 j inches. 

2{ inches, 4 inches, 5} inches. Ans. 

Ex. 287. The square of the attitude of an equilateral triangle is equal to 
three fourths of the square of one side of the triangle. 
Let AD be the altitude of the equilateral A ABC. 
To prove that Aff = f AC 2 . 

Proof. AD 2 = AC 2 - DC*. 

But DC=\BC=\AC. 

.\5C 2 = JZC 2 . 

.:A& = AC*-\A&. 



§372 
§149 




,:AD*=\A(f. 



Q. E. D. 



Ex. 288. Construct x, tf (1) x = — » (2) x = — - 

SpecioZ Cflwes ; (1) a = 2, 6 = 3, c = 4 ; (2) a = 3, 6 = 7, c = 11 ; (3) 
a = 2, c = 3 ; (4) a = 3, c = 5 ; (5) a = 2 c. 

(1) x = -- 



ex = a6. 
/. c : a = 6 : x. 
Hence, find x, the fourth proportional to c, a, and 6. 

(2) « = ?• 

cx = a 2 . 
.*. c : a = a : 3. 
Hence, find x, the third proportional to c and a. 
Special Cases : (1) a = 2, 6 = 3, c = 4. 

4 : 2 = 3 : X. 
.-. x = 1J. 

(2) a = 3, 6 = 7, c = ll. 

ll:3 = 7:x. 
.-.x=lif 

(3) a = 2, c = 3. 
3:2 = 2:x. 



§329 
§386 



§329 
§387 
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(4) a = 3, c = 5. 

5 : 3 = 3 : X. 
.-.x=lf. 
(6) a = 2c. 

c:2c = 2c:x. 
.'. x = 4 c. Q. b. P. 

Ex. 289. Construct x,ifx = Vdb. 

Special Cases: (1) a = 2, 6 = 3 ; (2) a = 1, b = 5 ; (3) a = 3, b = 7. 
Find x, the mean proportional between a and b. § 388 

Special Cases : (1) a = 2, 6 = 3. 

Using a convenient unit, find x, the mean proportional between 2 and 3. 

§388 
x = V6. 
' (2) Like (1). x = VE. 

(3) Like (1). x = V5I. Q . E . p. 

Ex. 290. To divide one side of a given triangle into segments propor- 
tional to the adjacent sides. 

Let ABC be the given A. 

To divide AB into segments proportional to A C and / \ 
BC. 

Construction. Draw CM bisecting the Z A CB. 

Then M is the division point required. 

Proof. AM:MB=;AC:BC. §348 

Q. E. P. 

Ex. 291. To find in one side of a given triangle a point whose distances 
from the other sides shall be to each other in the given ratio m : n. 

Let ABC be a A. 

To find a point in AB whose distances from AC and BC shall be in 
the given ratio m : n. 

Construction. Draw AG equal to m 1 to 
AC, GR equal to n ± to BC, and HO II to BC. 

Draw 06?. From C draw CD II to OG; A< 
draw DE ± to AC, and DF ± to BC. 
D is the point required. 

Proof. The rt. A GHO and DFC are similar. 

For /. GOH = A BCF. 

.-. GH:DF= OG: CD. 
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In like manner, the &AGO and EDC are 
similar. 

r.AG:DE = OG : CD. §351 

.-. AG:DE = GH: DF. Ax. 1 

By alternation, AG : GH = DE : DF. § 330 

But. AG = m, and GH = n. Const. 

.-. DE : DF = w : n. Q. e. f. 

Ex. 292. Given an obtuse triangle; to draw a line from the vertex of the 
obtuse angle to the opposite side which shall be the mean proportional 
between the segments of that side. n 

Let ABC be a A with obtuse Z at C. 

To draw a line from C to AB which shall be the mean 
proportional between the segments of AB. - N 

Construction. Circumscribe a O about ABC y and draw 
the radius OC ; upon OC as a diameter describe a semicircle intersect- 
ing AB at P. 

Draw CP, and prolong it to meet the circumference at 2). Draw OP. 
CP is the line required. 

Proof. Z OPC is a rt. Z. § 290 

.-. CP = PD. § 245 

Now AP : CP = PD : PB. § 378 

.-. AP:CP=CP: PB. Q. E. f. 

Ex. 293. Through a given point P within a given circle to draw 
AB so that AP : BP shall equal the given ratio m:n. ^ 

Let P be the given point. 

To draw a chord AB through P so that AP : BP 
shall equal m : n. 

Construction- Draw OP and prolong it to C, so that 

OP : PC = mm. 
Find x, the fourth proportional to n, m, and the radius of the O, 
With C as centre and x as radius, cut the circumference at A. 
Draw CA, and draw BO II to CA. Draw AP and BP. 
APB is a straight line, and the chord required. 
Proof. OP:PC = n:m= OB: CA. 

.-. OP : OB = PC: CA. 
ZBOP = ZPCA. 
.: A BOP and ACP are similar. 
.-. ZBP0 = ZCPA. 
Since OPC is a straight line, APB is a straight line. 
Also AP : BP = PC:OP = m : n. 



a chord 




Const. 
§330 
§110 
§357 
§351 

Q. E. F. 
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Ex. 294. To draw through a given point P in the arc subtended by a 
chord AB a chord which shall be bisected by AB. 

Let P be a point in the arc AB. 
To draw a chord through P which shall be bisected 
by the chord AB. 

Construction. Draw the radius OP intersecting AB -*V 
at C; take CD equal to CP. 

Draw DE II to BA, and draw EP. 

EP is the chord required. 
Proof. CP = CD. Const. 

.-. PF = FE. § 188 

Q. E. F. 

Ex. 295. To draw through a given external point P a secant PAB to a 
given circle so that the ratio PA : AB shall equal the given ratio m : n. 
Let P be a point exterior to the O ABC. 
To draw through P a secant PAB so that 
PA :AB = m:n. 

Construction. Draw the tangent PC. 
Divide PC so that PD :DC = m:n. § 386 

Find x, the mean proportional between PD 
and PC. § 388 

With P as a centre with a radius equal to x, cut the circumference at 
A. Draw PAB. 

PAB is the secant required. 
Proof. Draw AD and BC. 

PD:PA=PA: PC. Const. 

But PA : PC = PC : PB. § 381 

.-. PD:PA=PC: PB. Ax. 1 

.-. AD is II to BC. § 345 

.-. PA:AB = PD:DC = m:n. § 342 

Q. E. F. 

Discussion. The problem is impossible when the distance from P to 

the nearest point of the circumference is greater than — of the diameter 
of the O. n 

Ex. 296. To draw through a given external point P a secant PAB to a 
given circle so that AB* = PA x PB. 

Let P be a point exterior to the O ABD. 

To draw a secant PAB so that AB 2 = PA x PB. 
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Construction. Draw the tangent PD. 
Divide PD so that 

PC : CD = CD: PD. § 390 

With P as centre and radius equal to CD, cut 
the circumference at A. Draw PAB, A C, and BD. 
PAB is the secant required. 
Proof. PC : PA = PA: PD. Const. 

But PA:PD = PD: PB. § 381 

.-. PC:PA = PD: PB. 
.-. AC ta\\ to BD. 
.-. PC:PA = CD:AB = PA: AB. 
But PC : PA = PA: PD. 

.-. AB = PD. 
.: PA :AB = AB : PB. 
.♦. AB* = PAx PB. 
Discussion. The problem is impossible when PD is greater 
diameter of the O. 



Ax. 1 

§345 
§342 



Q. E. F. 

than the 



Ex. 297. To find a point P in the arc subtended by a given chord AB 
so that the ratio PA : PB shall equal the given ratio m.: n. 
Let AB be a chord of the O ABC. 
To find a point P in the arc AB so that 

PA:PB=m:n. 
Construction. Through the centre O draw EC ± to 
AB. Take D on AB so that AD :DB = m-.n. Draw 
CDP, PA, and PB. 

P is the point required. 
Proof. arc A C = arc BC. 

y.ZAPC = ZBPC. 
r.AP:PB = AD:DB 




§245 



.m:n. 



§293 
§348 

Q. E. F. 



Ex. 298. To draw through one' of the points of intersection of two circles 
a secant so that the two chords that are formed shall be in the given ratio 
m :n. 

Let O and / be the centres of two © intersect- 
ing at P. A> 

To draw through P a secant so that the two 
chords formed shall be to each other in the ratio 
m:n. 

Construction. Draw the line of centres OCT, 
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Divide OCT so that 

OA:A(T = m:n. §385 

Draw AP, and draw GPF JL to AP. 
Then GPF is the secant required. 
Proof. Draw OD and VE _L to GPF. 

OA:A(T = DP:PE = m:n. §344 

But DP = i GP, 

and PE = iPF. §245 

.-. GP:PF = m: n. q. e. f. 

Ex. 299. Having given the greater segment of a line divided in extreme 
and mean ratio, to construct the line. 

Let AB be the greater segment of a line divided in extreme and mean 
ratio. 

To construct the line. A * o 

Construction. Draw AE at a convenient angle ^^^^ \ I 

with AB. Divide AE so that " jK^. \ 

AE:AD = AD:DE. §390 "** 

Find BC, the fourth proportional to AD, AB, and BE. 
AC is the line required. 
Proof. AC:AB = AE:AD. §343 

But AE : AD = AD : DJ5. Const. 

Also, AD :DE = AB: BC. Const. 

.-. AC:AB = AB : BC. Ax. 1 

Q. £. F. 

Ex. 300. To contfrwc* a circle which shall pass through two given points 
and touch a given straight line. 

Let P and P / be the two points, and AB the given straight line. 

To construct a O which shall pass through P and P / and touch AB. 

Construction. Draw P*P cutting AB 
at C. 

Find the mean proportional between 
P'C and PC. § 388 

Cut off CD equal to this mean pro- 
portional. 

Erect OD JL to AB, and draw (TO 
bisecting P*P at right angles. 

At O, the point of intersection of (70 and OD, describe a circumference 
with a radius OP. 

This circumference passes through P and P / , and is tangent to AB at D. 
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Proof. Since O is equally distant from 
P and P', the circumference passes 
through P / . 

Also, P / C:CD=CD:PC. Const. 

.-. CD is tangent to the at D. §381 

Q. B. F. 

Discussion. By taking CE equal to 
CD, a second solution may be found. 

Ex. 301. To construct a circle which shall pass through a given point 
and touch two given straight lines. 

Let AB and AG be two straight lines intersecting at A, and P be the 
given point. 

To pass a circumference through P touching AB and AG. 





E F 

Construction. Draw AD bisecting the Z. BAG. 
Draw IPC ± to AD, and prolong it to P / , making CP / equal to PC, 
Construct a O passing through P and P / and tangent to AB. Ex. 300 

This O is the O required. 
Proof. Since AD is the ± bisector of PP", the centre must lie in AD. 

§160 
Since AD is the bisector of Z BAG, the must touch AG. § 162 

Q. E. F. 

Discussion. As in Ex. 300, two solutions are possible. 
Special Case : when AB and AG are II. 

Ex. 302. To inscribe a square in a semicircle. 

Let EDCF be a semicircle. 

To inscribe a square in EDCF. • 

Construction. At E draw the tangent EH equal to twice the radius EO. 

Draw HO, cutting the circumference at D. & K 

Draw DA JL to EF, DC II to EF, and CB _L to EF. 

ABCD is the square required. 
Proof. ABCD is a' rectangle by construction. 

Draw OC. 
The rt. & OAD and OBC are equal. § 151 Jsr u 
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For OD = OC (§ 217), and AD = BC. 

.-. OA = OB. 
In the A OEH t AD is II to EH. 

.-. OA:AD=OE: EH. 
But OE = iEH. 

.-. 0A = ±AD. 
.-. OA + OB = AD. 
.-. ABCD is the square required. 



§180 
§128 
§104 

Const. 



Q. E. F. 




Ex. 303. To inscribe a square in a given triangle. 
Let ABC be the given A. 
To inscribe a square in the A ABC. 
Construction. Draw the altitude CH. 

On HB produced construct a square HNMC with CH as one side. 
Draw AM, cutting BC at F. 
Construct the rectangle DEFG. 
DEFG is the square required. 
Proof. The rt. A AEF and ANM are similar. 

§366 
.-. EF: NM= AF:AM. § 351 

The &AGF and A CM are similar. § 354 
.-. GF : CM=AF: AM. § 351 

..EF:NM= GF.CM. 
But NM=CM. 

.-. EF = GF. 
.: DEFG is the square required. q. e. f. 

Ex. 304. To inscribe in a given triangle a rectangle similar to a given 
rectangle. 

Let EFG be the given A, and R the given rectangle. 

To inscribe in EFG a rect- 
angle similar to R. 

Construction. Draw the alti- 
tude GH. 

On HF produced construct 
a rectangle similar to R with 
GH as one side. 



Axl. 
Const. 




HBF 



Proof. 



Draw EM, cutting FG at C. 

Construct the rectangle ABCD. 

Then ABCD is the rectangle required. 

The rt. &ABC and ANM are similar. 

.\BC:NM=EC:EM. 



§366 
§351 
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The &EDC and EGM are 
similar. § 354 

.-. DC :GM=EC :EM. § 351 

.-. BC:NM = DC: GM. Ax. 1 

.-. ABCDteaimilartoHNMG, 
and also to B. q. e. f. 

Ex. 305. To inscribe in a circle a triangle similar to a given triangle. 
Let A'&C be the given O, and ABC the given A. 
To inscribe in O a A similar to ABC. 

Construction. At any point in the circumference draw the tangent CD. 
At C draw a chord, making Z B'C'D 
equal to Z A. 
At R make the Z A'BTC equal to Z B. 
Draw A'C. 




A A'BTC is the A required. c 

Proof. ZA / = Z BfC'D (being measured by \ the same arc). 

..ZA' = ZA. 
Now ZR = ZB. 

.-. A ABC and A'BTC are similar. 



Ax. 1 

Const. 
§355 

Q. E. F. 

To inscribe in a given semicircle a rectangle similar to a given 




Ex. 306. 

rectangle. 
Let B be the given rectangle, and FDCG the given semicircle. 
To inscribe in FDCG a rectangle 
similar to B. 

Construction. Find x, the fourth pro- 
portional to £a, h, and the radius 
OF. § 386 

At F draw the tangent FE equal to se. 
Draw OE y cutting the circumference at D, 
Construct the rectangle ABCD. 
Then ABCD is the rectangle required. 
Proof. Draw OC. OD = OC. 

AD = BC. 
.-. A OAD = A OBC. 
.-. OA = OB. 
The rt. A OAD and OFE are similar. 

.-. OA:AD= OF:FE. 
But \aih= OF.FE. 

.-. 0A.AD = \a:h. 
But OA = ±AB. .:iAB:AD = taih. 

.-. ABCD is similar to U. 



§217 
Const. 
§151 
§128 
§366 
§351 
Const. 



Q. E. F. 
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Ex. 307. To circumscribe about a circle a triangle similar to a given 
triangle. 

Let ABC be the given A, and the centre of the given O. 

To .circumscribe a A about the O similar to the A ABC. 

Construction. Inscribe in the O a A DEF similar to A ABC. Ex. 305 





Draw radii ± to the sides of the A DEF. 

At the extremities of these radii, draw the tangents OH, HM, and M G. 
Then the A GHM is the A required. 

Proof. GH, HM, MG are II to DE,.EF, FD, respectively. §§ 254, 104 
.-. the A GHM and DEF are similar. § 359 

.•. the A GHM and ABC are similar. q. b. f. 

— _ oao m * ** . 2 abc .. . . 2 ab c 
Ex. 308. To construct the expression, x = ; that is, x - • 

A " } d e 



Given the lines a, b, c, d, 


ae 


and e. 


aa z 


To construct the expres- 
sion, 

_2a6c 

de 




Construction. Find z, the ^_ 
fourth proportional to d, 
2 a, and b. § 386 

Find x, the fourth pro- 


ar x 

_ 


portional to e, z, and c. 
Then x is the line required. 




Proof. d 


: 2 a = 6 : z. 
2 of) 




e : z = c : x. 


« ^ ^ A . * .. ,2o6 


cz 
.•.» = —■ 
e 



Substitute for z its equal 



Then 



2a6c 
~de" 



Const. 



Const. 



Q. E. F. 
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Ex. 309. To construct two straight lines, having given their sum and 
their ratio. 

Let AB be the sum of two lines, and m : n their a^ c g 

ratio. 

To find the lines. 

Construction. Divide AB into segments propor- 
tional to m and n. § 385 

Then AC and CB are the lines required. 

Proof. By construction AC + CB = AB, 
and AC : CB = m : n. q. b. f. 

Ex. 310. To construct two straight lines, having given their difference 
and their ratio. 
Let a equal the difference of two straight lines, and m : n their ratio. 
To construct the lines. 



Construction. Take AB equal to m — n, AB A^ 

equal to n, and BE equal to a. ^ 


B 

T 


,C 


! 
1 


Find BC, the fourth proportional to AD, AB, 


D^ 


^ 1 


and BE. § 386 




-JJP 


Take C27 equal to BC + a. 




H 


Then BC and GH are the lines required. 






Proof. By construction AB : AB = BE : BC. 






Also, AB = m — n, 






AB = n, 






and BE=GH-BC. 












71 J5C 




m - CB" , 






or 1 = — - — 1. 






n BC 






.-. GH:BC = m:n. 




Q. E. F. 



Ex. 311. Given two circles, with centres and C, and a point A in 
their plane, to draw through the point A a straigM line, meeting the circumr 
ferences at B and C, bo that AB : AC =m:n. 

Let and C be the centres of the 
given <D, and A the given point. 

To draw a line through A, meeting 
the circumferences at B and C, so 
that AB : AC = m:n. 

Construction. Draw OA, and pro- 
long it to B, so that 

OA : AB = m:n. § 386 
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Find x, the fourth proportional to m, n, and the radius of the circle O. 
With D as centre, and radius x, cut the circumference of C at C, 
and draw DC. 
Draw OB II to CD, and draw AB and -4C. 

Then BAC is a straight line and AB:AC = m:n. 
Proof. In the A ABO and -4 CD, 

ZD = ZO, § 110 

and QA : ^.D = m : n = OB : DC. Const. 

.-. the A JJ30 and .4 CD are similar. § 367 

.. Z OAB = Z DAC. §361 

Since OAD is a straight line, BAC is a straight line. 

Also, AB:AC= OA:AD = m:n. §361 

Q. E. F. 



Ex. 312. To compute the attitudes of a triangle in terms of its sides. 

O 




At least one of the angles A or B is acute. Suppose B is acute. 
In the A CDB, h? = q 2 - B&. 

In the A ABC, b* = a 2 + c 2 - 2 c x BD. 

a a + C 2 _ & 



§372 
§375 



Whence 
Hence, 



h* = a* - 



BD= ft 
2c 

(a* + c 2 - ft 2 ) 2 



4a 2 c 2 -(a 2 + c 2 -6 2 ) 2 



4c 2 ~ 4c 2 

_ (2 ac + a 2 + c 2 - 6 2 ) (2 ac - a 2 - c 2 + I 



■c) 2 } 



Let 
Then 

and 
Hence, 



4 c 2 
_ {(a + c) 2 - ft 2 } {ft 2 - (a ■ 

4c 2 
_ (a + & + c) (q + c - 6) (b + a - c) (b - a + c) 
4c 2 
q + 6 + c = 28. 
a + c - b = 2 (s - &), 
6 + q — c = 2 (8 — c), 
& — q + c = 2 (s — q). 
^ a _ 2 8 x 2 (8 - q) x 2 (8 - 6) x 2 (8 - c) 
* - 4^ 
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By simplifying, and extracting the square root, 



2. 



h = - Vs(* - a) (s - b) (8 - c). 
If A' is the altitude on the side a, and A" is the altitude on the side 6, 

O 




then 
and 



A' = - Vs (s — a) (8 - b) (8 — c), 

A" =r |V*(s-a)(8-0)(*-C). 




Ex. 313. To compute the medians of a triangle in terms of Us sides. 



Whence 



a 2 + o 2 = 2ro 2 + 2QV §377 
4m 2 = 2(a 2 + & 2 )-c 2 . 



.-. m = i V2(a 2 + 6 2 )-c 2 . 
If m' is the median to the side a, and m" is the median 
to the side o, then 
and 




/ m i 



C f d 



m' = iV2(6 2 + c 2 )-a 2 , 



m" = iV2(a 2 + c 2 )-&2. 
Ex. 314. To compute Me bisectors of a triangle in terms of its sides. 



t* = db-ADx BD. 
AD _ BD AD + BD 
b ~ a ~ 



a + & 



Whence 



a + 6 
< 2 = ao - 



» and J5D = 




(a + 6) 2 

_ ab{(a + 6) 2 - c 2 } 

(a + 6) 2 
_ a6(a + 6-fc) (a + 6 - c) 

(a + o) 2 
_ aox28x2(8 — c) 
(a + &) 3 
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2 



a + b v ' 

If J' is the bisector to the side a, and if' is the bisector to the side 6, 



2 



then ^ = Vbcs (s - a), 

o -f c 



and r = — —^acs (s - b). 

Ex. 315. To compute the radius of the circle circumscribed about a tri- 
angle in terms of the sides of the triangle. 

AC x AB = AE x AD, § 384 
or, bc = 2RxAD. 



But AD = - y/s(s-a)(s-b)(s-c). Ex. 312 i a 

■-■*= , a6c V/- 

4 Vs (s - a) (s -b)(s- c) %r^ *>' 




Ex. 316. If the sides of a triangle are 3, 4, and 5, is the angle opposite 
6 right, acute, or obtuse 1 

A right angle. For 3 2 + 4 2 = 6 a . § 371 

Ex. 317. If the sides of a triangle are 7, 9, and 12, is the angle opposite 
12 right, acute, or obtuse ? 

An obtuse angle. For 12 2 > 7 2 -f 9 2 . § 376 

Ex. 318. If the sides of a triangle are 7, 9, and 11, is the angle opposite 
11 right, acute, or obtuse? 

An acute angle. For ll 2 < 7 2 + 9 s . § 375 

Ex. 319. The legs of a right triangle are 8 incites and 12 incites; find 
the lengths of the projections of these legs upon the hypotenuse, and the 
distance of the vertex of the right angle from the hypotenuse. 

In A ABC, AC = 8, and BC = 12. 

To find AD, DB, and DC. 

AB = y/AC 2 +~BC* = V8 2 + 12 2 ai 

= 14.422. § 371 D 

AB:AC = AC:AD, §367 

14.422 : 8 = 8 : AD, 
AD = 4.438. 
DB = AB - Ab = 9.984. 

DC = y/AD x DB = V4.438 x 9.984 = 6.656. § 367 
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Ex. 320. If the sides of a triangle are 6 inches, 9 inches, and 12 inches, 
find the lengths (1) of the attitudes ; (2) of the medians ; (3) of the bisectors ; 
(4) of the radius of the circumscribed circle. 

In A ABC, a = 9, b = 6, c = 12. 

(1) Let h, h', and h" be altitudes drawn to c, a, 
and b, respectively. 

To find the lengths of h, h', and h'\ 

2 / 

h = -v« (s — a) (8 — b) (a — c) 




= ^ Vy- (v - 9) (¥ - 6 ) (V - 12 ) Ex - 312 

= 4.357. 



A 7 = -Va(a-a)(a-&)(8-c) = }V¥(¥ _ 9)(y _ 6)(¥ - 12) = 5.809. 
a 



h" = -Vs(s - a)(s - b)(s - c) = J V-y (¥ - 9)(¥ - 6)(¥ - 12) = 8.714. 
b 

(2) Let m, mf, and m" be medians drawn to c, 
a, and b, respectively. 

To find t he lengths of m, m', and m". ^ 

w = i V2 (a 2 + ^) - c 2 = i V2 x (92 + 6 2 ) _ 12 2 = 4.743.. Ex.313 
m' = i V2 (ft 2 + c 2 ) - a 2 = i V2 x (6 2 + 12 2 ) - 9 2 = 8.351. 
ro" = iV2(a 2 + c 2 )~6 2 = \ V2 x (9 2 + 12 2 ) - 6 2 = 10. 173. 

(3) Let £, f , and if' be the bisectors of AC, A, and C 
J3, respectively. 

To find the lengths of t, V, if\ 

t = -?—\/ab8{8 - c) = — ?—V9 x 6 x ¥ x(¥ - 12) = 4.409. Ex.314 

a -f o 9 + 6 

r = -?—^bc8(s-a) = —?— V6 x 12 x ¥ x (¥ - 9) = 7.348. 
6 + c ' 6 + 12 i- \ * / 



^, 



2 



t" = — =— Vacs(«-6) = - — — V9x 12 x^xff-6) = 9.959. 
a + c v '9 + 12 * V2 ' 

(4) Let 12 be the radius of the circumscribed O. 
To find the length of R. 

abc 
B = Ex. 315 

4V8(8 — a) (s — b) (s — c) 

9x6x12 -mi* 

4 Vy (¥ - ») (¥ - 6 ) (V - 12 ) 
Ex. 321. A line is drawn parallel to a side AB of a triangle ABC, 
cutting AC in D, BC in E. If AD : DC= 2 : 3, and AB = 20 inches, 
find DE, 
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AD : DC = 2 : 3. 
By composition, AD + DC : DC = 2 + 3 : 3. 
Or .40: DC = 5:3. 

But AC:DC = AB:DE. 

.-. -4J3 : DE = 5 : 3. 
Or 20 : DE = 6 : 3. 

.-. DJ£ = 12 inches. 
Ex. 322. The sides of a triangle are 9, 12, 15. 
the sides made by bisecting the angles. 

In the A ABC, let t, if, if' be the bisectors of 
A C, A, and B, respectively. 

AB = 15, BC= 12, AC = 9. 
To find the lengths of AE, EB, BE, EC, CG, and GA 
AE : EB = AC : BC = 9:12. 
:.AE=z^oi 16 = 6J, 
^B = Jfof 15 = 8f. 
J5F=JJof 12 = 7i, 
FC=^ofl2 = 4i, 
CG = ifof 9 = 4, 
GM = ^of 9 = 5. 
Ex. 323. A tree casts a shadow 90 feet long, when a post 6 feet high 
casts a shadow 4 feet long. How high is the tree f 
Let x = the height of the tree. 

Then 4 : 90 = 6 : x. .-. x = 136 feet. 

Ex. 324. The lower and upper bases of a trapezoid are a, b, respec- 
tively ; and the altitude is h. Find the altitudes of the two triangles formed 
by producing the legs until they meet. 

Let ABC be a A formed by producing the legs of the trapezoid A BDE, 
h and 'h' be the altitudes of A BDE and ABC, re- 
spectively, and a and b be the bases of the trapezoid. 

To find the altitudes of the &ABC and EDC in 
terms of h, a, and b. 



In like manner, 



The altitude of A EDCteh' - h. 




Since AB and ED are II, 




h' — h : h' — b : a. 


§361 


.\ah'-ah = bh'. 

., ah 

.-. h = , 
a — b 

id hf h- ah h 


§327 
bh 




a — b 



a — b 
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Ex. 325. The sides of a triangle are 6, 7, 8, respectively. In a similar 
triangle the side homologous to 8 is 40. Find the other two sides. 
Let x = the side homologous to 6, 

y — the side homologous to 7. 
Then 6 : 8 = x : 40, § 361 

and 7 : 8 = y : 40. 

.-. x = 30, and y = 35. 
Ex. 326. The perimeters of two similar polygons are 200 feet and 300 
feet. If a side of the first is 24 feet, find the homologous aide of the 
second. 
Let x = the side of the second homologous to 24. 
Then 200 : 300 = 24 : x. § 364 

.:x = 36 feet. 
Ex. 327. How long a ladder is required to reach a window 24 feet high, 
if the lower end of the ladder is 10 feet from the side of the house f 
Let x = the length of the ladder. 

Then x = V24* + 10 2 = 26. § 371 

26 feet. Ana. 



Ex. 328. 

Let 

Then 



If the side of an equilateral triangle is a, find the altitude. 
x = the length of the altitude. 

.(£a) 2 = Vf^2 = ?V3. 



X : 



-.Va*- 



§372 



Ex. 329. If the altitude of an equilateral triangle is h, find the side. 
Let a be the side of the equilateral A. 

a 2 -(£a) 2 = ft 2 . §372 

3 

.-. a = — v3. 
3 

Ex. 330. Find the length of the longest chord and of the shortest chord that 
can be drawn through a point 6 inches from the centre of a circle whose radius 
is 10 inches. 

Let P be the given point, CD a diameter drawn through 
P, and AB a chord through P JL to CD. 
Draw AO. 

CD is the longest chord and = 20 inches. § 252 

AB is the shortest chord. Ex. 109 



AP=^/A0 2 - OP 2 = VlO 2 - 6 2 = 8. 
But AP = ±AB. 

.-. AB = 16 inches. 
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Ex. 331. The distance from the centre of a circle to a chord 10 feet long 
is 12 feet. Find the distance from the centre to a chord 24 feet long. 

Let AB be 10 feet, CD be 24 feet, and OP X to 
AB be 12 feet. 

To find the length of OE J. to CD. 

Draw OA and OC. 

OA = y aP* + AP = V 122 + 52 = 13 = pa §371 
OE=y/lfi?- CE 2 = Vl3 a - 122 = 5. § 372 

.-. C^7 = 5 feet. 




Ex. 332. The radius of a circle is 6 inches. Through a point 3 inches 
from the centre a diameter is drawn, and also a chord perpendicular to the 
diameter. Find the length of this chord, and the distance from one end of 
the chord to the ends of the diameter. 

Let AB be a chord drawn J_ to the diameter CD and 
3 inches from the centre O. 

To find the lengths of AB, BD, and BC. 
Draw OA. 



AP = y/oA 2 - OP* = V52 - 32 = 4. 
.-. AB = 2x AP = 8 inches. 




BD = y/ptf + PD 2 = V42 + 82 = 8.944. 

BC=y/¥¥+PC*= V42 + 22 = 4.472. 
.-. BD = 8.944 inches, and BC = 4.472 inches. 

Ex. 333. The radius of a circle is 6 inches. Find the lengths of the tan- 
gents drawn from a point 10 inches from the centre, and also the length of 
the chord joining the points of contact. ^-— «^P 

Let AB be a secant drawn through the cen- 
tre O, BD and BC be tangents, and DC be a 1 q^ 

chord joining D and C. 

To find the lengths of BC, BD, and DC. 

AB = 16, EB = 4, OB= 10. 




BC 2 = ABxEB = l6x4, 
.-. BC = 8 inches = BD. 
OF:FB = OC 2 : BC 2 = 36 : 64 . 

.-. FB = ffo of 10 inches = 6.4 inches. 



CF = y/BC 2 -FB 2 = V8 2 - 6.42 = 4.8. 

;. DC = 2 x CF = 9.6 inches. 



§381 
§261 
§368 

§372 
§246 
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Ex. 334. The sides of a triangle are 407 feet, 368 feet, and 351 feet. 
Find the three bisectors and the three altitudes. 

In A ABC, a = 407, b = 368, c = 351. 

(1) Let t, if, and if' be the bisectors of A C, A, and B, respectively. 

To find the lengths of t, if, t". 



t 


a -f- 

2 

b + 
2 


-Vabs(s- 
) 


-c) = 


V 


-Vftc«(8- 

z 


-a) = 


r 


-^acs(s - 


-6) = 



2 



407 + 368 

2 

368 + 351 

2 



V407 X 368 x 663 x 212 = 345.5. 

Ex. 314 



V368 x 351 x 663 x 156 = 296.3. 



V407 x 351 X 563 x 195 = 330.4. 
a + c ' ' 407+351 

.-. the three bisectors are 345.5 feet, 296.3 feet, 330.4 feet. 

(2) Let h, h', and h" be the altitudes drawn to c, a, and &, respectively. 

To find the lengths of h, h', h". 



h = -V8(8-a)(s-6)(8-c) = -=-V563 x 156 x 195 x 212 = 343.3. 
c 351 

Ex. 312 



2 



K = -Vs(8-a)(8-6)(8-c) = — V563 x 166 x 195 x 212 = 296.1. 
a v /v v 7 407 



ft" = Ws(8-a)(8-6)(8-c) = -^-V563 x 166 x 195 x 212 = 327.5. 
o 368 

.*. the three altitudes are 343.3 feet, 296.1 feet, 327.5 feet. 

Ex. 335. If a chord 8 inches long is 3 inches distant from the centre of 
the circle, find the radius, and the chords drawn from the end of the chord 
to the ends of the diameter which bisects the chord. 

Let AB be a chord 8 inches long, 3 inches distant 
from O, and CD be the diameter bisecting AB. 
To find the lengths of OB, BD, and BC. 

OB = V^ + FB 2 = V32 + 42 = 5. §371 

BD = y/lJP 2 + P& = V8 2 + 42 = 8. 944. 

BC = y/pff + PC 2 = V42 + 22 = 4.472. 
.-. OB = 5 inches, BD = 8.944 inches, BC = 4.472 inches. 

Ex. 336. From the end of a tangent 20 inches long a secant is drawn 
through the centre of the circle. If the external segment of this secant is 8 
inches, find the radius of the circle. 
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CD = 20 inches, CB = 8 inches. 
To find the length of OB. 

AC:CD=CD:CB. §381 

AC :20 = 20 :S. 
..AC = 50. 
AB=AC- 08 = 42. 
OB = \AB = 21 inches. 
Ex. ,337. The radius of a circle is 13 inches. Through a point 6 inches 
from the centre any chord is drawn. What is the product of the two seg- 
ments of the chord f What is the length of the shortest chord that can be 
drawn through the point f 

Let FE be a diameter, AB a chord J_ to FE, and 
CPD any other chord. 

OP = 6 inches, OA = 13 inches. 
To find the value of CP x PD, and the length of AB. 
EP = 8, and PF = 18. 
.-. CP x PD = 8 x 18 = 144. § 378 
AB is the shortest chord drawn through P. Ex. 109 
APxPB = 144. 
AP = PB. 
.-. AP 1 = 144. 
/. AP = 12. 
.-. AB = 24 inches. 
The radius of a circle is 9 inches, and the length of a tangent 
Find the length of a line drawn from 
the extremity of the tangent to the centre of the circle. 
AB = 12 inches, OB = 9 inches. 
To find the length of AO. 

AO = y/Tff + OB 2 = Vl2* + 9* = 16. §371 

.*. AO = 15 inches. 

Ex. 339. Two circles have radii of 8 inches and 3 incfies, respectively », 

and the distance between their centres is 16 inches. Find the lengths of 

their common tangents. 

Case I. Let AB be the external 
tangent. 
To find the length of AB. 
Draw , C II to BA. 
OV = 15, 
OC = 6. 



But 



Ex. 338. 

12 inches. 
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VC = y/0(T* - 0(f = Vl5 2 - 52 = 14.142. 
AB = (/C = 14.142 inches. 
Case II. Let AB be the internal 
tangent 
To find the length of AB. 
Make OC equal to OA + O'B. 
Draw CTC. 
OC = 11, 
OV = 16. 



§372 




VC = y/7JV*-0& = V152 - 112 = 10.198. 
AB = / C = 10.198 inches. 



§372 



Ex. 340. Find the segments of a line 10 inches long divided in extreme 
and mean ratio. 
Let x = the larger segment. 

Then 10 — x = the smaller segment. 

.-. 10 : * = x : 10 - *. 
x 2 = 100-10x. 
Transpose, x 2 + 10 x = 100. 

Complete the square, x 2 + 10 x + 25 = 125. 
Extract the square root, x + 5 = ± Vl25. 

.-. x = 6.18. 
.-. 10 -x = 3.82. 

6.18 inches and 3.82 inches. Ans. 

Ex. 341. The sides of a triangle are 4, 5, 5. Is the largest angle acute, 
right, or obtuse f 

The A is isosceles, and the largest angle is either of the equal base 
angles. 

.*. the largest angle is acute. 

Ex. 342. Find the third proportional to two lines whose lengths are 28 
feet and 42 feet. 
Let x = the length in feet of the third proportional. 

Then 28 : 42 = 42 : x. 

2 : 3 = 42 : x. 
.-. 2x = 126. 
.-. x = 63. 63 feet. Ana. 
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Ex. 343. If the sides of a triangle are a, b, b, respectively, find the 
lengths of the three altitudes. 

h = -Vs(s-a)(s -b)(s-e) Ex. 312 



2 



= ^->/s(8 - a) (s - b) (s - b) 
o 

= — *-— — - V8 (8 — a). 




o » 



A' = -Vs(s-a)(a-&)(8-&) 

a v 7 

Ex. 344. The diameter of a circle is 30 feet and is divided into five 
equal parts. Find the lengths of the chords drawn through the points of 
division perpendicular to the diameter. 

Let the diameter AB be divided into five equal 
parts at the points 8, R, N, M. Through these 
points of division let the chords KL, GH, EF, CD 
be drawn J_ to AB. j. 

To find the lengths of these chords. 

08 = OM= 9, and OR = ON = S. 
Draw the rad ii, PC, O P, OE, OF. 

MD = Vl5 2 - 92 = Vl44 = 12. § 372 
NF = Vl5 2 - 32 =V216 = 14.7. 




n f 



and 



. CD = KL = 2MD = 2 x 12 feet = 24 feet, 
EF=GH=2NF = 2xU.7 feet = 29.4 feet. Ans. 



Ex. 345. The radius of a circle is 2 incites. From a point 4 inches 
from the centre a secant is drawn so that the internal segment is 1 inch. 
Find the length of the secant. 

Let O be the centre of a circle 2 inches in diam- 
eter, A a point 4 inches from O, and ABC a secant 
so drawn from A that BC is 1 inch in length. 

To find the length of AC. 

From A draw the tangent A T and draw OT. 

OTis J. to AT. §254 

.\ AT = y/AO 1 - Of 2 = V42 - 22 = Vl2. § 372 

Now AB:AT = AT:AC, §381 

and AC = AB-{-l. Hyp. 
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.-.jABi Vl2 = Vl2:AB+l. 
A& + AB = 12. 
4 23? + 1AB + 1=49. 
24.8 + 1 = 7. 
2AB = 6. 
4J5 = 3. 
4C = 4B + 1=4. 

Ex. 346. The sides of a triangular pasture are 1661 yards, 2068 yards, 
2686 yards. Find Me median to the longest side. 

In the A ABC, a = 1651, b = 2068, c = 2686. 

Since 1561 2 + 2068 3 = 2686 s , the triangle is a rt. A, and the median to 
the hypotenuse is equal to half the hypotenuse. Ex. 21 

Therefore, the length of the median required is 

i of 2686 yards = 1292* yards. Ans. 

Ex. 347. The diagonal of a rectangle is d, and the perimeter is p. Find 
the sides. 
Let x = the length of the rectangle. 

Then ^ — x = the breadth of the rectangle. 



.-. d 2 = « 2 + 



(!—)'• §372 



d 2 = x* + t- t- px + X 2 . 
4 



2x 2 -px = d 2 -£-. 
4 

16x 2 -( )+p2 = 8d 2 -p 2 . 



4x-j) = ±V8d2-p a . 



4x=p±V8d2-p 2 . 



x = ±(p±V8d 2 -j) 2 ). 
f-*=f T*V8d*-i> 2 . 

Ex. 348. Tfte radius o/ a circle is r. Find the length of a chord whose 

distance from the centre is±r. 

Let x = the length of half the chord. 

Then x 2 = r 2 - (*r) 2 = Jr 2 . §372 

,.x = V3. 
2 

.-. 2x = rV3. 



BOOK IY. PLANE GEOMETRY. 

Ex. 349. Find the ratio of a rectangular lawn 72 yards by 49 yards to a 
grass turf 18 inches by 14 inches. 

18 inches = i yard, 14 inches = ^ yard. 
Area of lawn : area of turf = 72 x 49 : £ x & § 397 

= 18,144 : 1. 

Ex. 350. Find the ratio of a rectangular courtyard 18i yards by 15} 
yards to a flagstone 31 inches by 18 inches. 

31 inches = }J yard, 18 inches = 4 yard. 
Area of courtyard : area of flagstone = 18} x 16} : \\ x i § 397 

= 666 : 1. 

Ex. 351. A square and a rectangle have the same perimeter, 100 yards. 
The length of the rectangle is 4 times its breadth. Compare their areas. 

Let x = the breadth of the rectangle. 

Then 4x = the length of the rectangle, 

and 10 x = the perimeter of the rectangle. 

But 100 = the perimeter of the rectangle. 

/. 10x = 100. 
.-. x = 10. 
4x = 40. 
The side of the square = J of 100 = 26. 

Area of rectangle : area of square = 40 x 10 : 25 x 26 § 397 

= 16 : 25. 

Ex. 352. On a certain map the linear scale is 1 inch to 5 miles. How 
many acres are represented on this map by a square the perimeter of which 
is 1 inch. 

The side of the square is ± inch, and represents £ miles. 
The area = (| x f ) square miles = f J square miles, 
ff square miles = }{x 640 acres = 1000 acres. 

Ex. 353. The lines which join the middle point of either diagonal of a 
quadrilateral to the opposite vertices divide the quadrilateral into two 
equivalent parts. 
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In the quadrilateral ABCD, let E be the middle point of the diago- 
nal BD, and let AE and CE be drawn. 

To prove that 

the quadrilateral AECD =c= the quadrilateral ABCE. 

Proof. AABEoAAED, 

and A BEC^A CED. § 404 

.\AABE + ABEC*>AAED + ACED. Ax. 2 

That is, the quadrilateral AECD =0= the quadrilateral ABCE. q. e. d. 

Ex. 354. The areas of two triangles which have an angle of the one 
supplementary to an angle of the other are to each other as the products 
of the sides including the supplementary angles. 

Let the A ABC and A'RC have 
the AACB and A'C'R supplements 
of each other. 

To prove that AABC.AA'B'C 
= CAxCB: C'A' x CR. 

Proof. Place A ABC in the posi- 
tion CDE, so that AACB and 
A'CBf are adjacent, and draw A'E. 

A' CD is a straight line. 
AC'DE CD . AA'CE 

= , arm -. 

C'A' 



Now 



AA'CE 
Multiplying these equalities, 
AC'DE 




AA'RC 



CE 
CR 



CD x CE 



AA'RC CA'xCR 
Substituting, A ABC 1 AA'RC = CA x CB; C'A' x CR. 

Ex. 355. Prove this proposition by § 410. 

The areas of two similar triangles are to each other as the squares of . 
any two homologous sides. 
Let ACB and A'CR be similar A. 
AACB A& 



To prove that 

F A A'CR 

Proof. TXovrZA = ZA'. 
. AACB 

''■ A A'CR' 
AC m 
A'C' 
AACB 



But 



WW* 

§361 

ABxAC 

: A'R x A'C 

AB 

A'R 

AB AB 




Q. E. D. 



X 



AB 
A'R 



AC 
A'C 



' A A'CR A'R A'R 



§410 
§351 

Q. E. D. 
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Ex. 366. The square constructed upon the sum of two straight lines is 
equivalent to the sum of the squares constructed upon these two lines, 
increased by twice the rectangle of these lines. 

Let AB and BC be the two straight lines, and AC their sum. 

Construct the squares ACGK and ABED upon AC 
and AB, respectively. 

Prolong BE and DE until they meet KG and CG at 
H and F, respectively. 

Now AK, BH, and CG are parallel, and AC, BF, 
and .BTa are parallel. § 104 

.-. the sides of the square EFGH are each equal to 
BC ; and the sides of the rectangles DEHK and BCFE are equal to AB 
and BC. § 180 

.-. square ACGK*> square EFGH + rectangle BCFE + rectangle 
DEHK. 

That is, the square constructed upon AC is equivalent to the sum of 
the squares constructed upon AB and BC, increased by twice the rect- 
angle of AB and AC. 

Ex. 357. The square constructed upon the difference of two straight 
lines is equivalent to the sum of the squares constructed upon these two 
lines, diminished by twice the rectangle of these lines. 

Let AB and AC be the two straight lines, and BC their difference. 
Construct the square ABFG upon AB, the square 
ACKH upon A C, and the square BE DC upon BC 
(as shown in the figure). 

Prolong ED to meet AG in L. 

The dimensions of the rectangles LEFG and HKDL 
are AB and AC, and the square BCDE is evidently 
the difference between the whole figure and the sum 
of these rectangles ; that is, the square constructed 
upon BC is equivalent to the sum of the squares con- 
structed upon AB and AC, diminished by twice the rectangle of AB 
and AC. q. e. d. 

Ex. 358. The difference between the squares constructed upon two 
straight lines is equivalent to the rectangle of the sum and difference of 
these lines. 

Let ABDE and BCGF be the squares constructed upon the two 
straight lines AB and B(j. 
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The difference between these squares is the polygon 
ACGFDE, which is composed of the rectangles ACHE 
and GFDH. 

Prolong AE and CH to I and K, respectively, mak- 
ing EI and HK each equal to BC, and draw IK. 

The rectangles GFDH and EHKI are equal. 

The difference between the squares ABBE and BCGF 
is then equivalent to the rectangle ACKI, which has 
for dimensions AI, equal to AB -f- BC, and EH, equal to AB — 2*C 

Q. i 



C B 



Tfte area of a rhombus is equal to half the 'product of its 

A 




Ex. 359. 
diagonals. 

Let A BCD be a rhombus, and let the diagonals AC 
and BD intersect at 0. 

To prove that the area of ABCD = i(AC x BD). 

Proof. BD is J_ to AC. Ex. 71 

Now area of A ABC = ± BO x .4C, § 403 

and area of A -ADC = iDOxAC. 

.-.&ABC + AADC 

= ±ACx (BO + DO) = iACx BD. 

That is, area of rhombus ABCD = \AC x #D. 

Ex. 360. Two isosceles triangles are equivalent if their legs are equal 
each to each, and the altitude of one is equal to half the base of the other. 

In the isosceles A ABC and EFG, 
let the legs AC and BC equal the 
legs EG and FG, and let GH, the 
altitude of the A EFG, equal +AB. 

To prove that A ABC =0= A EFG. 

Proof. Draw CD J. to AB. 

Then AD = \AB. §149 

The rt. A ADC and GHE are equal. § 151 

For AC- EG and Gff = AD. Hyp. 

Similarly, A BDC = A GOT*. 

.-. A ADC + A BDC^A GHE + A (OTF. Ax. 2 

That is, A ABC =©* A EFG. Q. e. d. 

Ex. 361. The area of a circumscribed polygon is equal to half the 
product of its perimeter by the radius of the inscribed circle. 

Let P represent the perimeter of the circumscribed polygon ABSQT, 
and OC be the radius of the inscribed circle. 
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To prove that the area of the polygon 

AB8QT = i(Px OC). 
Proof. Draw CA, CB, CS, CQ, and CT. 

The area of the A ACB = ±{AB x OC). § 403 
Similarly, the area of each A equals half the 
product of OC by its base. 

Therefore, the area of the polygon, which equals 
the sum of the areas of the &, is equal to I (P x OC). 

Q. E. D. 

Ex. 362. Two parallelograms are equal if two adjacent sides of the 
one are equal, respectively, to two adjacent sides of the other, and the 
included angles are supplementary. 

Let ABCD and EFGH be two ZS7, ^ g * q 

with AB and AD equal, respectively, 

to EF and EH, and the A A and E a l i B 

supplementary. 



d c h a 



To prove 


that 


O ABCD = CJ EFGH. 




Proof. 




ZF+ZE = 2 it. A. 


§115 


But 




ZA + ZE = 2 rt. A. 


Hyp. 






.\ZF=ZA. 


§85 


Also, 




FG = EH. 


§178 


But 




EH = AD. 


Hyp. 






.-. FG = AD. 


Ax. 1 






.-. CD ABCD = O EFGH. 


§185 

Q. E. D. 



Ex. 363. If ABC is a right triangle, C the vertex of the right angle, 
BD a line cutting AC in D, then 



BD 2 + AC 2 = AB 2 + DC 2 . J 




In the rt. A ABC, let BD be drawn, cutting AC in D. 


v 


To prove that BD 2 + AC 2 = AB 2 + DC 2 . 


\\ 


Proof. BD 1 = BC 2 + DC 2 , § 371 c 


D * 


and AC 2 = AB 2 - BC 2 . § 372 




.-. BD 2 + AC 2 = AB 2 + 5C 2 . 


Ax. 2 




Q. E. D. 



Ex. 364. Upon the sides of a right triangle as homologous sides three 
similar polygons are constructed. Prove that the polygon upon the hypote- 
nuse is equivalent to the sum of the polygons upon the legs. 
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Let ABC be a 


rt. A, with /.A the rt. /., and let P, 


P, and P' be three similar polygons constructed upon 
BC, AB, and AC as homologous sides. 
To prove that P*?-fP". 


Proof. 

and 




P AI? 

P~BC* 

P" AC* 

P " BC 2 ' 

P / + P ,/ Al? + AC* 

P ~ BC* ' 


But 




AB* + AC* = BC*. 
.\P=c=P + P'. 




§412 

Ax. 2 

§371 

Q. E. D. 

Ex. 366. If the middle points of two adjacent sides of a parallelogram 

are joined, a triangle is formed which is equivalent to one eighth of the 

parallelogram. 

n x n 

Let ABCD beaO, and let EF join the middle 



points of CD and BC. I \^ ^!s* 

To prove that A EFC **\CJ ABCD. J. ^jg 

Proof. Draw the diagonal BD. 

A EFC : A DBC = EC X FC : DC x BC. § 410 

But EC = i DC, and BF = i BC. Hyp. 

.-. A EFC ^i A DBC. 

But A DBC *jO ABCD. § 179 

.-. A EFC oJO ABCD. q. b. d. 

Ex. 366. #" any point within a parallelogram is joined to the four ver- 
tices, the sum of either pair of triangles having parallel bases is equivalent 
to half the parallelogram. 

Let O be any point within the O ABCD, and let OA, OB, OC, and 
OD be drawn. 



To prove that A A OB + A DOC *|D ABCD. D — M - 



ISL 



Proof. Through O draw EF J. to AB. 
The area of A A OB - \ (AB x OF), a, 

and the area of A DOC = ± (DC x OE). § 403 
Add these equalities, substituting AB for its equal DC. § 178 

Then the area of A AOB + the area of A DOC = £ (AB x EF). 
But the area of O ABCD - AB x EF. § 400 

..AAOB + ADOC^ICJABCD. 
In like manner, AAOD + ABOC ** + & A BCD. q. b. d. 



TEACHERS' EDITION. 125 



DEO 



Ex. 367. Every straight line drawn through the intersection of the diago- 
nals of a parallelogram divides the parallelogram into two equal parts. 

Let ABCD be the given O, the point of intersec- 
tion of the diagonals, and EFsmy line drawn through 0. 

To prove that EF divides the O ABCD into two 
equal parts. 

Proof. The A A OF and COE are equal. § 139 

For A0= CO. §184 

Z0AF = Z0CE, §110 

and ZA0F=ZC0E. §93 

In like manner, A FOB = A EOD and AA0D = .A COB. 

Therefore, the quadrilateral AFED = the quadrilateral FBCE 

(being composed of equal & similarly placed). q. e.d. 

Ex. 368. The line which joins the middle points of the bases of a trape- 
zoid divides the trapezoid into two equivalent parts. 

Let ABCD be a trapezoid, and EF the line joining the middle pointsCO 
of the bases AB and CD. d f c f** 

To prove that 

the trapezoid AEFDothe trapezoid EBCF. 



Proof. Draw h, the altitude of the trapezoid ABCD. a 

The area of the trapezoid AEFD = \h(AE + DF), 
and the area of the trapezoid EBCF =±h (EB + FC). § 407 

But AE + DF = EB + FC. Hyp. 

.-. the trapezoid AEFDo the trapezoid EBCF. q. e. d. 

Ex. 369. Every straight line drawn through the middle point of the 
median of a trapezoid cutting both bases divides the trapezoid into two 
equivalent parts. 

Let EFbe the median of the trapezoid ABCD, and M be its middle 
point. Let HK be a straight line drawn through 
M cutting DC and AB at H and If, respectively. D B c 

To prove that ~ 

trapezoid AKHD =o= trapezoid KBCH. 

Proof. Let h represent the altitude of the trape- A 1 ~j£~ 
zoid. ABCD. 

Now MH=MK. §187 

Area of trapezoid AKHD = EM x h, § 408 

and area of trapezoid KBCH = MF x h. 

But EM=MF. Hyp. 

.-. trapezoid AKHD** trapezoid KBCH. Ax. 1 

Q. E. D. 



CM 

in 



D i — ri 




126 BOOK IV. PLANE GEOMETRY. 

Ex. 370. If two straight lines are drawn from the middle point ofjeither 
leg of a trapezoid to the opposite vertices, the triangle thus formed is equiva- 
lent to half the trapezoid. 

Let ABCD be a trapezoid having AB II to DC, and let EC and EB be 
lines drawn from E, the middle point of AD, to the 
opposite vertices. 

To prove that A ECB =c= £ trapezoid ABCD. 

Proof. Let 2 h represent the altitude of the trape- 
zoid. 

Draw the median EF. 

Now area of A EFB = $hx EF, § 403 

and area of A EFC = ±h x EF. 

.-. area of AECB = hx EF. 

But area of trapezoid ABCD = 2 h x EF. § 408 

.*. A ECB =©= t trapezoid ABCD. q. b. d. 

Ex. 371. The area of a trapezoid is equal to the product of one of the 
legs and the distance from this leg to the middle point of the other leg. 

In the trapezoid ABCD, let EF be drawn from the middle point of 
BC ± to AD. D a 

To prove that the area of the trapezoid 

ABCD = ADx EF. . g/^-^2^ 

Proof. Draw the median EG and the altitude DH. 

The rt. A ADH and GEF are similar. § 366 

For - ZEGF=ZA. §112 

.-. AD:EG = DHiEF. § 351 

/. ADxEF=EGx DH. § 327 

But the area of the trapezoid ABCD - EG x DH. § 408 

.\ the area of the trapezoid ABCD = AD x EF. Ax. 1 

Q. E. D. 

Ex. 372. The figure whose vertices are the middle points of the sides of 
any quadrilateral is equivalent to half the quadrilateral. 

In the quadrilateral ABCD, let EF, FG, GH, and HE join the middle 
points of AB, BC, CD, and DA. 

To prove that EFGH*>\ the quadrilateral ABCD. 

Proof. Draw the diagonal AC, and DO X to AC. 

HG and EF are II to ^.C and equal to ± AC. § 189 

Li like manner, GF and HE are II. ^"^^-^jb 

.-. ffiVisaO. §166 

The area of CJHN=HG x PO. § 400 
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The area of A ADC = i(ACx DO). § 403 

But HG = iAC and PO = \DO. §188 

.-. OHN^bAADC. 
In like manner, O EN *>i&ApC. 

.-. nHN + nEN<*i(AADC + AABC). Ax. 2 

That is, CD EFGH o £ the quadrilateral A BCD. q. b. d. 

Ex. 373. 7jT #te perimeter o/ a rectangle is 72 /ee£, and Me length is 
equal to twice the width, find the area. 

Let * = the breadth. 

Then 2 x = the length, 

and 6x = the perimeter. 

But 72 = the perimeter. 

.-. 6x = 72. 
x = 12. 
2x = 24. 
Area = (24 x 12) square feet = 288 square feet 

Ex. 374. How many tiles 9 inches long and 4 inches wide will be re- 
quired to pave a path 8 feet wide surrounding a rectangular court 120 feet 
long and 36 feet wide f 

The area of the path on the longer side = (136 x 8) square feet = 1088 
square feet. 

The area of the path on the shorter side = (36 x 8) square feet = 288 
square feet 

Area of the path = 2 x (1088 + 288) square feet = 2752 square feet 

9 inches = f foot ; 4 inches = ± foot. 

Area of a tile = (f x £) square feet = ± square foot. . 

Therefore, the number of tiles is 2762 -*- ± = 11,008. 

Ex. 375. The bases of a trapezoid are 16 feet and 10 feet ; each leg is 
equal to 6 feet. Find the area of the trapezoid. 
Let ABCD be a trapezoid, and DE be its altitude. 
AB = 16, CD =10, AD = 5 = BC. 

Since AD = BC, jp a 

AE = ±{AB - CD) = i(16 - 10) = 3. A V 

.-. DE = \/Z5 2 - AE 2 = V52 - 32 = 4. §372 A * B 

Area of the trapezoid ABCD = DE x i(AB + CD) § 407 

= 4 x ±(16 + 10) 
= 52. 52 square feet. Ans. 

Ex. 376. Construct a square equivalent to the sum of two squares whose 
sides are 3 inches and 4 inches. 
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Construct the rt. ZA. c 

Take AB equal to 4, and AC equal to 3. Draw BC. [\ 

BC is a side of the square required. § 417 I v \ 

BC = y/Zff + AX? = V*» + 32 = 5. § 371 A ~^ B 

Ex. 377. Construct a square equivalent to the difference of two squares 

whose sides are 2\ inches ano>2 inches. 
Construct the rt. Z A. Take AC equal to 2. c 

With C as centre, and radius equal to 2£, describe an ]\ 

arc cutting AB at B. Draw BC. j \ 

AB is a side of the square required. § 418 j \ 

AB=y/in?-A(? = V(f)2 - 22 = H. §372 Al % — 

Ex. 378. Find the side of a square equivalent to the sum of two squares 
whose sides are 24 feet and 32 feet. 
Let x = a side of th e square required. 

x = V242 + 32 2 = 40. § 417 

40 feet. Ans. 

Ex. 379. Find the side of a square equivalent to the difference of two 
squares whose sides are 24 feet and 4Qfeet. 
Let x = a side of th e square required. 

x = V40 2 - 24 2 = 32. § 418 

32 feet. Ans. 

Ex. 380. A rhombus contains 100 square feet, and the length of one 
diagonal is 10 feet. Find the length of the other 
diagonal. 

Let ABCD be a rhombus containing 100 square feet, 
and let BD be 10 feet. 
Area rhombus ABCD = i(AC x BD). Ex. 359 

Substituting, 100 = i(AC x 10). 

.\ AC = 20. 

20 feet. Ans. 

Ex. 381. To construct a square equivalent to the sum of any number of 
given squares. h 

Let m, n, 0, p, r be the sides of the jp/^ \ 

given squares. / \ \ 

To construct a square equivalent to * — /\ \ \ 

m* + n* + o*+p* + r 2 . V cL..^\Y \ 

Construction. Take AB equal to m, m ■ ■ ■ ■ A 1 ---i^A^ 
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Draw AC equal to n ± to AB at A, and draw BC. 
Draw CE equal to o ± to BC at C, and draw .RE. 
Draw EF equal to p ± to .R0 at E, and draw .RF. 
Draw FH equal to r ± to BF at 2?, and draw BH. 
The square constructed on BH is the square required. 
Proof. BH 2 *>FH 2 + BF 2 §416 

^Fff 2 * EF 2 + EB 1 
*>FH* + EF 2 + CE 2 + CB 2 

*>FH 2 + EF 2 + 'CE 2 + ZC 2 + ZB 2 . 

Thatis, BH 2 om* + n* + o*+iP + i*. q.e.f. 

Ex. 382. To construct a polygon similar to two given, similar polygons 
and equivalent to their difference. 

Let R and Rf be two similar 
polygons, and AB and A'Bf two 
homologous sides. 

To construct a similar polygon 
equivalent to R' — R. 

Construction. Construct the rt. AXPO, and take PO equal to AB. 

From O as a centre, with a radius equal to A'Bf, describe an arc cut- 
ting PX at Jff, and draw OH. 

Take A"B?' equal to PH, and on A"B", homologous to AB, construct 
Rf' similar to R. 

Then R" is the polygon required. 

Proof. PH 2 =OH 2 -~dP i . §416 



Now — = _ v §412 

and 




. A".B" 2 


= A^- 


-AS*. 


i*' 


A'&" 


t 


R" 


A"&' 2 




R 


AB 2 




Rf' 


WW 2 




R'-^R 


AW 2 - 


AB 2 








R" 


A"l 


wi 



A"B" 



7,1 



- = 1. Ax. 3 



A"B" 2 

.\R"**R' -R. Q.E.F. 

Ex. 383. To construct a triangle equivalent to a given triangle, and 
having one side equal to a given length I. 

Let ABC be the given A, a its base, and I the given line. 
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To construct a A on I as a base equiv- 
alent to the A ABC. 

Construction. Draw ft, the altitude 
of the A ABC. 

Find h\ the fourth proportional to I, 
a, and h. § 386 

On J as a base, with an altitude h\ 
construct a A A'&C a 

Then the A A'&C is the A required. 
Proof. I : a = h : h f . 

.•. I x h' = a x h. 
But . I x K' = twice the area of the A A'RC\ 

and a x A = twice the area of the A ABC. 

.:AA'&C'*>&ABC. 




Const. 
§327 



§403 

Q. E. F. 

Ex. 384. To transform a triangle into an equivalent right triangle. 
Let A BC be the given A. 

To transform the A ABC into an equivalent right A. 
Construction. Draw h, the altitude of the A ABC. 
At A erect aliD equal to h. Draw DB. 
Then the A ABB is the A required. 
Proof. A ABB =o= A ABC. §404 

Q. E. F. 

Ex. 386. To transform a given triangle into an equivalent right triangle, 
having one leg equal to a given length. 

Let ABC be the given A, a its 
base, and a' the given length. 

To transform the A ABC into an -*' 5 *** * aJ a 7 " 





L. 



^B* 



equivalent rt. A having one leg equal to a'. 
Construction. Draw h, the altitude of the A ABC. 
Find h', the fourth proportional to a', a, and h. § 386 

Take A'B' equal to a'. 
At A' erect a JL A'C equal to h\ and draw &C. 

Then the A A'&C is the rt. A required. 

Proof. a' :a = k:h'. Const. 

.-. a' x A' = a x h. § 327 

But a' x h' = twice the area of the A A'BfC, 

and a x h = twice the area of the A ABC. § 403 

.-. A A'RC =0= A ABC. q. e. f. 

Ex. 386. To transform a given triangle into an equivalent right triangle, 
having the hypotenuse equal to a given length. 
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Let ABC be the given A, a its base, and a' the given length. 

To transform the A ABC 
into an equivalent rt. A, hav- 
ing its hypotenuse equal to a'. 

Construction. Draw h, the 
altitude of A ABC. 

Find h', the fourth propor- 
tional to a', a, and h. § 386 

Construct a rt. A A'BTC, with the hypotenuse a', and the altitude 
upon the hypotenuse equal to h'. Ex. 186 

Then the A A'BTC is the A required. 

Proof. The proof is the same as in Ex. 385. Q. k. f. 

Ex. 387. To transform a triangle ABC into an equivalent triangle, 
having a side equal to a given length I, and an angle equal to angle BAC. 

Let ABC be the given A, and I the given length. 

To transform the A ABC into an equivalent A 
having one side equal to I, and one angle equal to 
ABAC. 

Construction. Upon AB take AD equal to I, and JJ - 
draw CD. 

Draw BE II to DC, meeting AC produced at E, and draw DE. 
Then the A ADE is the A required. 

Proof. In the & ABC and ADE, the A ADC is common. 

ADBC^ADCE. §404 

..AABC^AADE. Ax. 2 

Q. E. F. 

Ex. 388. To transform a given triangle into an equivalent isosceles tri- 
angle, having the base equal to a given length. 

Let ABC be the given A, a its base, and a' the given length. 

To transform A ABC into an equiva- 
lent isosceles A having a base equal to a'. 

Construction. Draw h, the altitude of 
the A ABC. 

Find h', the fourth proportional to a', 
a, and h. § 386 

Take A'Bf equal to a'. At the middle point of A'Bf erect a ± equal 
to h', and draw A'C and BC. 

Then the A A'BfC is the A required. 

Proof. A'C = BfC. 

.\ the A A'&C' is isosceles. 

The remainder of the proof is the same as in Ex. 385. 




§160 



Q. E. F. 
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Ex. 389. 
triangles. 



To construct a triangle equivalent to the sum of two given 




\ 



IT 



b\ 



I \ 



\ 



\ 



-^ jy 



,L L 



\ 



2b 

Let ABC and A'tfC be the given &, and a and a' their bases. 
To construct a A equivalent to the sum of the A ABC and A'&C. 
Construction. Draw ft and ft', the altitudes of the A ABC and A'&C. 
Find c, the mean proportional between a and i ft, and c', the mean 
proportional between a' and | ft'. § 388 

Find 6 so that 6 s = c 2 + c' 2 . § 417 

Construct the A Z>J£F with base equal to 2 6, and altitude equal to b. 

Then the A DEF is the A required. 
Proof. The areaof the A DEF = ± (2 b x 6) § 403 

= 62 = c a + c/2 _ ^ ( a x ft) + |( a / x fc/) # Const. 

But the area of the A ABC = £ (a x ft), 
and the area of the A A'&C - \ (a' x ft')- § 403 

.-. A DEF =c= A ABC + A /i'JS'C". q. e. p. 



Ex. 390. 
triangles. 



To construct a triangle equivalent to the difference of two given 




Let -4J5C and A'&C be the given &, and a and a' their bases. 
To construct a A equivalent to the difference of the & A'&C and ABC. 
Construction. Draw ft and ft', the altitudes of the Jk ABC and A'&C. 
Find c, the mean proportional between a and £ft, and c', the mean 
proportional between a' and ^ ft'. § 388 

Find b so that ft 2 = c' 2 - c 2 . § 418 

Construct the A DEF with base equal to 2 5, and altitude equal to b. 

Then the A DEF is the A required. 

Proof. The area of the A DEF = -J- (2 b x b) § 403 

= 6 2 = c 72 - c 2 = *(a' x ft 7 ) - * (a x ft). Const. 

But the area of .the A A'&C = * (V x ft'), 

and the area of the A ABC = £ (a x ft). § 403 

.-. the A DEF =0= A A'&C - A ABC. q. b. f. 
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a 

A 



\ 



§388 
§312 



Ex. 391. To transform a given triangle into an equivalent equilateral 
triangle. 

Let ABC be the given A. 
To transform the A ABC into an 
equivalent equilateral A. 

Construction. Draw AD, making 
the Z BAD equal to f of a rt. Z 
(Ex. 137), meeting CD, drawn II to 
AB, at D, and draw BD. 

Find EF, the mean proportional between AD and AB. 
On EF construct the equilateral A EFG. 

Then the A EFG is the A required. 
Proof. In the A ABD and EFG, 

ZBAD = ZE. §136 

.:AABD:AEFG = ADx ABiEG x EF. §410 

But EG x EF- EF 2 = AD x AB. Const. 

.-. A ABD *c= A EFG. Ax. 1 

Also A ABD o&ABC. § 404 

.-. A EFG 0= A ABC. Ax. 1 

Q. E. F. 

t Ex. 392. To transform a parallelogram into an equivalent parallelogram 
having one side equal to a given length. 

Let ABCD be the given O, a its base, and a' the given length. 

To transform the O ABCD 

into an equivalent O having -9 ,c 

one side equal to a'. 

Construction. Draw ft, the 
titude of the O ABCD. 



A 
al- ^ZJl. 



J 1 „, fr 



Find A', the fourth proportional to a', a, and ft. 

Construct the O A'B'C'D' on a' as base, with h' as altitude. 

Then the O A'tfCIf is the O required. 
Proof. a' :a = h:h'. 

.'. a' x h' — a x h. 
But the area of the O A'ttCV = a' x ft', 

and the area of the O ABCD — a x ft. 

.-. O A'BfC'IY =0= O ABCD. 



,380 



Const. 
§327 

§400 
Ax. 1 

Q. E. F. 



Ex. 393. To transform a parallelogram into an equivalent parallelogram 
having one angle equal to a given angle. 
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Let ABCD be the given O, and the 
given Z. 

To transform the O ABCD into an equiva- 
lent O having an Z equal to Z 0. 

Construction. Construct the ZBAE equal 
to ZO. 

Draw BF II to AE, meeting DC produced at F. 

Then the O ABFE is the O required 

Proof. O ABFE ^O ABCD. 




§401 

Q. E. F. 



Ex. 394. To transform a parallelogram into an equivalent rectangle hav- 
ing a given altitude. 

Let ABCD be the given O, a its base, and h' the given altitude. 

To transform the O ABCD into an equivalent rectangle with altitude h'. 

Construction. Draw A, the altitude 



>nal to ? 7 

§ 386 A / 

?C'iy, a/ I /b 



of the O -4BCD. 

Find a', the fourth proportional to 
h', h, and a. 

Construct the rectangle A'&C 
with base a' and altitude A'. 

Then the rectangle A'B'C'U is the rectangle required. 
Proof. h' : h = a : a'. 

.-. a'xA' = flxA. 
But a' x h' = the area of the rectangle A'tfC'IT, 

and a x A = the area of the £7 ABCD. 

.-. the rectangle ABC'V^n ABCD. 



dL 



c 



I 



Const. 
§327 
§398 
§400 
Ax. 1 

Q. E. F. 



Ex. 395. To transform a square into an equivalent equilateral triangle. 

Let ABCD be the given square. 

To transform the square ABCD into an equivalent equilateral A. 
Construction. Prolong BC to E, making 
CE equal to BC. \~J* 

Draw EF II to AB. 
Draw AF, making the Z BAF equal to 
two thirds of a rt. Z. Ex. 137 

Draw BF. 
Construct the equilateral A GHM equiv- 
alent to A ABF. Ex. 391 A B 
Then the A GHM is the A required. 



/ 



A. 



/ 



\ 



Z_A 
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Proof. The area of the A ABF = ± (AB x BE) _ § 403 

= \ (A B x 2 BC) = AB 1 . Const. 

.-. A ABF o the square ABCB. 
.-. A GHM<* the square ABCD. q. b. p. 

Ex. 396. To transform a square into an equivalent right triangle having 
one leg equal to a given length. 
Let ABCD be the given square, and EF the given length. 
To transform the square ABCD into an equivalent rt. A having one 
leg equal to EF. 

Construction. Find EG, the fourth pro- 
portional to EF, 2 AB, and AB. § 386 

Construct the rt. A EFG with legs equal j \ 

to EF and EG. ! V 

Then the A EFG is the A required. 



a 

N 



\ 



\ 



Proof. 



EF : 2 AB = AB_^EG. ' Const. 

.-. EFx EG = 2AB 1 . § 327 

±(EFxEG)=AB 2 . Ax. 7 

£ (EF x EG) = the area of the A EFG, § 403 

AB? = the area of the square ABCD. § 398 

.-. A EFG =e= the square ABCD. q. e. f. 

Ex. 397. To transform a square into an equivalent rectangle having 

one side equal to a given length. 

Let ABCD be the given square, and EF D p 



But 
and 



H 



L 



the given length. 

To transform the square ABCD into an 
equivalent rectangle having one side equal 
to^F. 

Construction. Find EH, the third proportional to EF and AB. 

Construct the rectangle EFGII with EF and EH as sides. 
Then the rectangle EFGH is the rectangle required. 



I 



387 



Proof. 

But 
and 



EF:AB = AB:EH. 
.: EF x EH = AB 2 . 
EF x EH = the area of the rectangle EFGH, 
AB 2 = the area of the square ABCD. 
.-. the rectangle EFGH => the square ABCD. 



Const. 
§327 
§398 
§398 

Q. E. F. 

Ex. 398. To construct a square equivalent to five eighths of a given 
square. 

Let ABCD be the given square. 

To construct a square equivalent to five 
eighths of the square ABCD, A \b q\ U 



P ,0 



136 



BOOK IV. PLANE GEOMETRY. 



Construction. Divide the side BC into eight x_ 
equal parts. § 307 r — 

Take BE equal to five of these parts. 
Draw EF II to BA. 



E 



~t 



Find GH, the mean proportional between AB and BE. 
On GH construct the square GHOP. 
Then the square GHOP is the square required. 
AB:GH=GH:BE. 
.-. ABxBE^ GH 2 . 
, the rectangle ABEF*> the square GHOP. 
the rectangle ABEF*> J of the square ABCD. 
.-. the square GHOP ^ J of the square ABCD. 



Proof. 



But 



— \H 


§388 


Const. 


§327 


§398 


§396 


Q. B. F. 



a given 




Ex. 399. To construct a square equivalent to three fifths of 
pentagon. 

Let P represent the given pentagon. 
To construct a square equivalent to 
three fifths of P. 

Construction. Construct the A ABC 
equivalent to P. § 420 

Draw CD, the altitude of the A ABC. 
Divide AB into 5 equal parts. 

Find EF, the mean proportional between f AB and | CD. 
On EF construct the square EFGH. 

Then the square EFGH is the square required. 

iAB:EF=EF:±CD. 
-.i(iABx CD)=EF 2 . 

±AB xCD=z the area of the A ABC, 

EF 2 = the area of the square EFGH. 
.-. the square EFGH <* f A ABC. 
.-. the square EFGH^\ P. 

Ex. 400. To divide a given triangle into two equivalent parts by a line 
through a given point P in one of the sides. 

Let ABC be the given A, and P the given point. 

To draw a line through P so as to divide the 
A ABC into two equivalent parts. 

Construction. Draw CD to the middle point of 
AB, and draw PD. 

Draw CE II to PD, and draw PE. 

Then PE is the line required. 



Proof. 

But 
and 



§307 
§388 



Const. 
§327 
§403 
§398 

Q. E. F. 
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Proof. A ADC 0= A BDC. § 404 

.-. AADC^iAABC. § 405 

In the & AEP and ADC, the A ADP is common, 

and A DEP ** A DPC. § 404 

/. AAEP*>AADC*>$AABC. q.e.f. 

Ex. 401. To find a point within a triangle such that the lines joining 

this point to the vertices shall divide the triangle into three equivalent parts. 

Let ABC be the given A. 

To find a point within the A ABC such that the lines 
joining this point to the vertices shall divide the A into 
three equivalent parts. 

Construction. Draw the medians AF, BD, and GE. 
These medians meet at a point O. Ex. 27 

Then O is the point required. 
Proof. AAEC*»\AABC, and AABD^\AABC. § 405 

r.AABD^AAEC. 
Subtract from each A the common quadrilateral AEOD. 
Then A EBO=^ A DOC. Ax. 3 

AAEO^AEBO, and A A OD<> A DOC. §404 

.-. A AEO *>AAOD. Ax. 1 

.-. AAEO + AEBO<*AAOD + ADOC. Ax. 2 

Or AABO^AAOC. 

In like manner, A ABO =0= A BOC. q. b. f. 

Ex. 402. To divide a given triangle into two equivalent parts by a line 
parallel to one of the sides. 

Let ABC be the given A. <? — ^r 

To divide the A ABC into two /|\ / ! \ 

equivalent parts by a line II to AB. #/ Ig\f ' *n \ 

Construction. Draw CD, the alti- A /\ \ p Jr-c~— -j— —jo 

tude of the A ABC. D * ^^-J 

Take MN equal to CD. 

Find NH, so that^tf 2 : NH* = 2:1. § 427 

Take CG equal to NH, and draw EF through G II to AB. 
Then EF is the line required. 

Proof. Since EFis II to A B, the &ABC and EFC are mutually equi- 
angular and similar. § 354 

.'.AABC:AEFC=CD 2 :CG 2 §413 



: MN* : NH* = 2:1. Const. 

Q. E. F. 
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Ex. 403. To divide a given triangle into two equivalent parts by a line 
perpendicular to one of the sides. 

Let ABC be the given A. 

To divide A ABC into two equivalent parts by a line ± to AB. 

Construction. Draw CD, the al- o v _• & 



titude of A ABC. 

Take a equal to 2 DB, b equal A 
to AB, MO equal to BC. 

Find OH, so that 

MO 2 : OH* =a:b. §427 



Jpj? 






Cut off BF equal to OH, and draw FE ± to -4B. 
Then FjK is the line required. 
Proof. Now FE is II to CD. 

.-. A DBC and EBF are similar. 
ADBC _~BC* 
' ' A .&RF ~ JJf 2 

_~MO l _a_2DB 
~OH 2 ~o"AB' 
A D£C 2 D£ 



That is, 



But 



A EBF 
A ABC 



AB 
AB 

db' 



ADBC 

Multiply the corresponding members of these equations. 
A ABC _ 2 
A EBF" V 



Then 



>-\ 



§104 
§354 

§411 



Const. 



§405 



Q. £. F. 



Ex. 404. To find the area of an equilateral triangle in terms of its side. 

Denote the side by a, the altitude by h, and the area « 

by 8. 

Then h = - Vs. Ex. 328 

2 

But S = $(axh). §403 

s-- a ^ - g2 ^ 

~2 X 2 ~ 4 

Ex. 405. To find the area of a triangle in terms of its sides. 
Denote the sides by a, b, c, the altitude by h, and the area by S. 
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Now 
But 



h = - Vs(s - a) (8 - b) (s - c). Ex. 312 
b 



5 = i(6xA). 



§403 



2 



S = -x i y/8(8-a)(8-b)(8. 



c) 




= Va(8 - a) (8 -b)(8 -c). 

Ex. 406. To find the area of a triangle in terms of the radius of the 
circumscribed circle. 

If R denotes the radius of the circumscribed circle, and h the altitude 
of the triangle, we have, by § 384, 
6 x c = 2R x h. 
Multiply by a and we have, 

a x 6 x c = 2R xaxli, 
But axh = 2S. § 403 

.-. a x b x c = 4 R x 8. 
„__abc 
" S ~lR- 

Ex. 407. Find the area of a right triangle if the length of the hypote- 
nuse is 17 feet , and the length of one leg is Sfeet. 
Inthert. A ABC, 

AC = & feet, and BC = 17 feet. 




AB = V-BC 2 - A C 2 = Vl7 2 



§372 




§403 



5 = 15. 
The area of the A ABC = * (AB x AC) 
= i (15 x 8) = 60. 

60 sq. ft. Ans. 

Ex. 408. Find the ratio of the altitudes of two equivalent triangles, if 
the base of one is three times that of 
the other. 

Let the equivalent &ABC and 
A'&C have the bases b and 6', and 
the altitudes h and h', respectively. c 

Let b equal 3 b'. 
A ABC : A A'&C = *Tx h : V X h'. A ^ 

§405 

But A ABC - A A'BTC\ 




But 



■ 6xft = 5'xA / . 
.-. b / :b = h:h'. 
b':b = l:S. 
\ ft : h' = 1 : 3. 
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Ex. 409. The bases of a trapezoid are 8 feet and 10 feet, and the alti- 
tude is 6 feet. Find the base of an equivalent rectangle that has an equal 
' altitude. 

Let x = the length of the base of the rectangle. 

The area of the trapezoid = Qxj(8 + 10). § 407 

The area of the rectangle = 6x. § 398 

..6x = G x*(8 + 10). 
6x = 54. 
x = 9. 9 feet. Ans. 

Ex. 410. Find the area of a rhombus, if the sum of its diagonals is 12 
feet, and their ratio is 3 : 5. 

Let 6x = the length of one diagonal. 
Then 3 x = the length of the other. 

.-. 5x + 3x = 12. 
.-.x = li. 
.-. 5x = 7i, 
3x = 4*. 
Therefore, the area = 1(7* x 4±) = 10$. Ex. 369 

16$ square feet. Ans. 

Ex. 411. Find the area of an isosceles right triangle, if the hypotenuse 
is 20 feet. 

In the isosceles rt. A, let the hypotenuse b equal 20 
feet 

2a 2 = 62. §371 

.-. a = bV\ = 20 V*. b 

The area of the A = ±a 2 = ±(20 V±)2 - 100. § 403 

100 square feet. Ans. 
Ex. 412. In a right triangle, the hypotenuse is 13 feet, one leg is 6 feet. 
Find the area. 

Let x = the length of the other leg. 
.-. x = Vl3 2 - 6 2 = 12. § 372 

The area = ±(6 x 12) = 30. § 403 

30 square feet. Ans. 
Ex. 413. Find the area of an isosceles triangle, if base = b, and leg = c. 
Let h be the altitude. 



Then h = Vc 2 - (±6) 2 § 372 



= V^nr^ = * V(2c + h) (2c " b) - 



The area = |(Ax6) = i&V(2c + b) (2c -6). § 403 
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Ex. 414. Find the area of an equilateral triangle, if one side = 8 feet. 

The area = ^£ = §!^1 - 16 V§ = 27.712. Ex. 404 

4 4 

27.712 square feet Ans. 
Ex. 415. Find the area of an equilateral triangle, if the altitude = h.. 

Ex. 329 



2h - 
a = X V3. 



The area = i(fcx a) =i{h x ^V3)=-V3. 

3 3 



1403 



Ex. 416. A house is 40 feet long, 30 feet wide, 25 feet high to the roof, 
and 35 feet high to the ridge-pole. Find the number of square feet in its 
entire exterior surface. 

The area of the four sides = 2 x (40 + 30) x 26 = 3500. § 398 

The area of the gable ends = 2 x i (10 x 30) = 300. § 403 

The length of the rafters = VlO 2 + 152 = 18.027. § 371 

The area of the roof = 2 x 18.027 x 40 = 1442.61. 

The entire area = (3500 + 300 + 1442.16) square feet 

= 5242. 16 square feet. 

Ex. 417. The sides of a right triangle are as 3 : 4 : 5. 
the hypotenuse is 12 feet. Find the area. 

In the rt. A ABC, let DC, the altitude upon the 
hypotenuse, equal 12 feet, and let 

.4C:£C:^Bbeas3:4:5. 

Let .42? equal 5 x. 

Then AC = Sx, BC-^x. 

.-. 6x:3x = 3x .AD. 



The altitude upon 
a 




5 



DB: 



9x 
5 = 



:5a- 

9x 
5 

144x2 

"'■ 25 



16 x 
5 



: 12 = 12 : 



16 x 



= 144. 



§367 
§327 



§367 



|327 



x 2 = 25. 
x = 5. 
.-. AB = 25. 
The area = i (12 x 25) = 150. 

150 square feet. 



,403 



Ans. 
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Ex. 418. Find the area of a right triangle, if one leg = a, and the alti- 
tude upon the hypotenuse — ft. 



AD = Va 2 - ft 2 . § 372 a 

AB :a = a: AD 



a 



= a:Va?- A 2 . §367 Al 



a 2 
;.iB = - ^=- §327 

Va 2 - A 2 
The area of the A ABC = i (ft x AB) § 403 



^ Va 2 -ft 2 ' 



a 2 6 



Va 2 - ft 2 . 



V^T^/ 2(a 2 -6 2 ) 

Ex. 419. .Find <fte area o/ a triangle, if the length* of the sides are 104 
/ee*, 111/ee*, and lib feet. 

The area = Vs (* - a) (s - 6) (s - c) Ex. 405 

= V195 (196 - 104) (195 - 111) (195 - 175) 
= 5460. 5460 square feet. Ans. 

Ex. 420. The area of a trapezoid is 700 square feet. The bases are 30 
feet and 40 feet, respectively. Find the altitude. 
Let ft be the altitude. 
The area of the trapezoid = £ (40 + 30) ft = 35 ft. § 407 

.-.700 = 35 ft. 
.-. ft = 20. 20 feet. Ans. 

Ex. 421. ABCD is a trapezium ; AB = 87 feet, BC = 119 feet, CD 
= 41 feet, DA = 169 feet, AC = 200 feet. Find the area. 
The area of the A ABC in square feet 

= V203 (203 - 87) (203 - 119) (203 - 200) Ex. 405 

= 2436. 
The area of the A ABC in square feet 

= V205 (205 - 200) (206 - 41) (205 - 169) 

= 2460. 
.-. the area of ABCD = (2436 + 2460) square feet = 4896 square feet. 

Ex. 422. What is the area of a quadrilateral circumscribed about a 
circle whose radius is 26 feet , if the perimeter of the quadrilateral is 400 
feet ? What is the area of a hexagon that has a perimeter of 400 feet and 
is circumscribed about the same circle of 25 feet radius f ~^— * 

The area of the quadrilateral 

= i(400 x 26) square feet = 5000 square feet. Ex. 361 

The hexagon has the same area. Ex. 361 
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Ex. 423. The base of a triangle is 15 feet, and Us attitude is 8 feet. 
Find the perimeter of an equivalent rhombus, if the altitude is 6 feet. 

The area of the A = i (8 x 15) square feet § 403 

= 60 square feet. 
One side of the rhombus = (60 -f- 6) feet = 10 feet. 

The perimeter = 4 x 10 feet = 40 feet. 

Ex. 424. Upon the diagonal of a rectangle 24 feet by 10 feet a triangle 
equivalent to the rectangle is constructed. What is its altitude f 
The area of the rectangle = (24 x 10) sq. ft. = 240 sq, ft. • § 398 
The diagonal of the rectangle = V24 2 -f 10 2 ft. = 26 ft. § 371 

Let h denote the altitude of the A. 

Then the area of the A = i (h x 26). § 403 

.\240 = i(ft x26) = 13&. 

.-. h = 18ft. 18 T 6 y feet. Ans. 

Ex. 425. Find the side of a square equivalent to a trapezoid whose 
bases are 56 feet and 44 feet, and each leg is 10 feet. D c 

In the trapezoid ABCD, AB = 66, DC = 44, and 
AD = BC = 10. A *- 



Let h denote the altitude of the trapezoid ABCD, and x a side of the 
required square. 

Since the trapezoid ABCD is isosceles, 

h = y/l& -($AB-iDC) 2 § 372 

= ViO 2 - 6 2 = 8. 
The area of the trapezoid ABCD in sq. ft. = ± (56 + 44) 8 = 400. § 407 
.-. x 2 = 400. 
.\ x = 20. 20 feet. Ans. 

Ex. 426. Through a point P in the side AB of a triangle ABC, a line 
is drawn parallel to BC so as to divide the triangle into two equivalent 
parts. Find the value of A P in terms of AB. 

In the A ABC, let PD be drawn II to BC, dividing n/ 

the A ABC into two equivalent parts. 

&APD:AABC=AP 2 :AB l = 1:2. §411 J4 

.-.AP 2 = IAB 2 ._ 
.: AP = AB^i = \AB V5. 

Ex. 427. What part of a parallelogram is the triangle cut off by a line 
from one vertex to the middle point of one of the opposite sides f 
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In the EJ ABCB, let BE be drawn to the middle 
point of AB. 

A ABE *> I A ABB. §406 

But A ABB *jC ABCB. § 179 

;.AABEo±CJABCB. 

Ex. 428. In two similar polygons, two homologous sides are 15 feet and 

26 feet. The area of the first polygon is 460 square feet. Find the area of 

the second polygon. 

Let S denote the area of the first polygon, and S' the area of the second. 

Then 8 : S' = 15 2 : 262. § 412 

460 : S' = 162 . 262. 

.-. S' = 1250. 1260 square feet. Ans. 

Ex. 429. The base of a triangle is 32 feet, its altitude 20 feet. What is 
the area of the triangle cut off by a line parallel to the base at a distance of 
16 feet from tfie base f 
In the A ABC, AB = 32, CF = 20. 
Let BE be II to AB, cutting off HF equal to 15. 
TheareaoftheA4-BC = i(32 x 20) square-feet 

= 320 square feet. § 403 

CH = 20 feet - 15 feet = 6 feet. 
..ABEC:AABC=CH 2 :CF 2 §413 

= 6 2 : 202 = 1 : 16. 
.-. the area of A BEC = T l B of 320 square feet = 20 square feet 

Ex. 430. The sides of two equilateral triangles are 3 feet and 4 feet. 
Find the side of an equilateral triangle equivalent to their sum. 

Let P and P / be two equilateral A whose sides are 3 feet and 4 feet, 
respectively. 

Let P" be the required equi- 
lateral A, and let x denote one 
side of P". 

P 3 2 



c 

F 



Then 



P" x 2 ' 




P / 42 

" P" x 2 

But P + r^P". Hyp. 

.-. 32 + 4 2 = x 2 . 

.-. x = 5. 6 feet. Ans. 
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Ex. 431. If the side of one equilateral triangle is equal to the altitude of 
another, what is the ratio of their areas f 

In the equilateral A ABC and A'RC, 
let a, a side of ABC, equal h', the altitude 
of A'&C 

AABCiAA'B'C = h* : K*. § 413 
3a 2 
T' 
h* = a 2 . 



Bat 

and 
Substituting, 



h* = - 



Ex. 404 A 




B A' 




H 



3a 2 



B' 

Hyp. 



A ABC : A A'&C = — : a 2 = 3 : 4. 
4 



Ex. 432. Tfte aides of a triangle are 10 feet, 17 /erf, and 21 feet. Find 
the areas of the parts into which the triangle is divided by the bisector of 
the angle formed by the first two sides. 

In the A ABC, AC =10 feet, BC = 17 feet, and AB = 21 feet. 
Let CD bisect the Z C. 

The area of the A ABC 




= V24 (24 - 10) (24 - 17) (24 - 21) square feet Ex.405 
= 84 square feet. 
AADC:ABDC= 10 x CJ):17x CD 

= 10 : 17. § 410 

.-. A ADC ^ £$ of A ABC = if of 84 square feet 
= 31 i square feet, 
and ASDC^iJof AABC = tf of 84 square feet 
= 62 1 square feet. 

Ex. 433. In a trapezoid one base is 10 feet, the altitude is 4 feet, the 
area is 32 square feet. Find the length of a line drawn between the legs 
parallel to the bases and distant 1 foot from the lower base. 

In the trapezoid ABCD, AB = 10 feet, DM = 4 feet, and the area 
= 32 square feet. 

Let EF be the median and GH be a line parallel to 
AB and distant 1 foot from AB. 
The area of the trapezoid ABCD 

= EFx DM. § 408 
.-. 32 = EF x 4. 
.-. EF=$. 
But EF bisects DM. § 187 

Therefore, in the trapezoid ABFE, 



£ 



GH is the median and = i (10 + 8) feet = 9 feet. 



190 
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Ex. 434. The diagonals of a rhombus are 90 yards and 120 yards, re- 
spectively. Find the area, the length of one side, and the perpendicular 
distance between two parallel sides. 

In the rhombus ABCD, BD = 90 yards, and AC = 120 yards. 
Area of rhombus A BCD 

= iACxBD Ex.359 

= £ (120 x 90) square yards 
= 5400 square yards. 
AC and BD bisect each other at rt. A. 

§ 184, Ex. 71 
,\ AO — 60 yards and BO = 45 yards. 
.-. AB = V60 2 + 45 2 yards = 75 yards. 
The area of the rhombus ABCD = AB x BE. 
Substituting, 5400 = 76 x BE. 

.-. BE = (5400 -4- 75) yards = 72 yards. 

Ex. 435. Find the number of square feet of carpet that are required to 
cover a triangular floor whose sides are, respectively, 26 feet , 35 feet, and 
61 feet. 

The area of the A = Vs (s - a) (s - b) (s - c) Ex. 406 

= V66 x 30 x 21 x 6 square feet = 420 square feet. 

Ex. 436. If the altitude hofa triangle is increased by a length m, how 
much must be taken from the base a that the area may remain the same f 
Let x = the length taken from the base. 

Then h + m = the increased altitude, 

and a — x = the diminished base. 

.-. i(hxa)= the area of the first A, § 403 

and £ (h + m) (a — x) = the area of the second A. 

.-. $ (h x a) = i (h + m) (a — «). 

ha = ha — hx + am — mx. 
hx + mx = am. 

am 

.-. x = 

h + m 

Ex. 437. Find the area of a right triangle, having given the segments p, 

q, into which the hypotenuse is divided by a perpendicular drawn to the 
hypotenuse from the vertex of the right angle. 

Let h denote the altitude on the hypotenuse. 

Then p:h = h:q. § 367 

.-. h = Vp x q. § 327 

The area of the A = \(p + q)h = ±(p -f g)Yp x q. § 403 
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Ex. 438. The area of a circumscribed square is equal to twice the area 
of the inscribed square. 

Let S denote the side of the circumscribed square, s the side, and d the 
diagonal of the inscribed square. 

To prove that S 2 = 2s 2 . 

Proof. -=V2. §373 

But d = diameter of circle = S. 

.,5 =V 2,or^ = 2. 

S 8 2 

.\S* = 2S 2 . Q.B.D. 

Ex. 439. The area of a circular ring is equal to that of a circle whose 
diameter is a chord of the outer circle tangent to the inner circle. 

Let AB be a chord to the outer O tangent to the 
inner O at the point D. Let the radii of the outer and 
inner © be R and r, respectively. 
To prove that area of ring = \ic x AB 1 . 
Proof. Area of outer circle = itR 2 . 

Area of inner circle = itr\ 
.-. Area of ring = it(B? - 
But OA 2 - OZ) 2 = AD 2 = 

That is, i22-r 2 = iZZ?. 

.:x(Ii*-r*)=in:xAS l . 
.-. area of ring = \tc x AB 2 . 

Ex. 440. If R denotes the radius of a regular inscribed polygon, r the 
apothem, a one side, A an interior angle, and C the angle at the centre, 
show that in a regular inscribed triangle a = RVs, r = ±R, A — 60°, 
C = 120°. 

Let ABC be an equilateral triangle inscribed in the ^~ 

circle whose centre is 0. 

Let OB be perpendicular to AB. 

Then AO = R, OD = r, AB = a, A CAB = A, and 
ZA0B=C. 

1. To prove that a = RVs. je 

147 




§372 



Q. E. D. 
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Proof. Produce OD to meet the arc AB in E. 
Draw AE, BO, BE. 
E is the middle point of the arc AB. 

s.AO = AE = BO=BE. 
.*. AB and OE bisect each other at D. 
.:A& = Ad 2 -OI)\ 
That is, (*a) 2 = i* 2 - (£fl) 2 . 

.-.ia 2 = ii2 2 . 
/.a = ieV3. 

2. To prove that r = ±R. 
Proof. Since -4.B bisects OE, OD = ± OE. 
That is, r = iR. 

3. To prove that A = 60°. 

Proof. The A ABC is equiangular. 

.-.4 = 60°. 

4. To prove that C = 120°. 
Proof. C = i of 360° = 120°. 




§146 
§146 

§436 

2. E. D. 



Ex. 441. If R denotes the radius of a regular inscribed polygon, r the 
apothem, a one side, A an interior angle, and C the angle at the centre, 
show that in an inscribed square, 

a = RV2, r = +R V2, A = 90°, C = 90°. 
Let A BCD be an inscribed square, O the centre, and OE the apothem. 
Then AO = R, AB = a, OE = r. 

1. To prove that a = R V2. 
Proof. 40 = ±AbV2. § 373 

.-.45 = 40V2. 
That is, a = R V2. 

2. To prove that r = ii* V2. 
Proof. 0^ = ia = iUV2. 
That is, r = i-BV2. 

3. -4 = 90°. § 290 

4. C = i of 360° = 90°. § 436 

Q. E. D. 

Ex. 442. If R denotes the radius of a regular inscribed polygon, r the 
apothem, a one side, A an interior angle, and C the angle at the centre, 
show that in a regular inscribed hexagon 

a = fi, r = ±R V3, A = 120°, C = 60°. 
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Let ABCDEF be a regular hexagon inscribed in a O whose centre is 0. 
Let OK be the apothem. 
Then AO = R, AB = a, OK = r. j^ 

1. a = i*. §469 

2. OF 2 = OZ 2 - ZZ 2 . § 372 

That is, r* = K*~ (ifl) 2 = ^p- 

4 

.-.r = iBV3. 

3. w4 = Z FAB = 120°, since it is measured by i of f of the circum- 
ference. § 289 

4. C = $ of 360° = 60°. § 436 

Q. E. D. 

Ex. 443. If R denotes the radius of a regular inscribed polygon, r the 
apothem, a one side, A an interior angle, and C the angle at the centre, 
show that in a regular inscribed decagon 

a = lg(V6-l) > r _ £ Bx /io + 2\/6, A = 144°, C = 36°. 
2 
Let AB be one side of a regular decagon inscribed 
in a O whose centre is 0. Let OK be the apothem. 
Then OA = R, OK = r, AB = a. 

1. OA:AB = AB : 04 - AB. § 472 ^ 
That is, R:a = a:R-a. 

.-. a 2 = i? 2 - ai*. § 327 
4a 2 + 4aR + A 2 = 6JJ 2 . 
2a + .R = i2V6. 

.\a = iiJ(V6-l). 

2. OK 2 = OZ 2 - Zff 2 . § 372 




Thatis, f* = JP-(ia)s = JF- ( fl^-l) ) 2 

^g g(6-W6 ) 
16 

fl _ i? 2 (10 + 2V5 ) 
16 

3. w4 = 2 Z OAB = 144°, since it is measured by i of ^ of the circum- 
ference. § 289 

4. C = A °i ^O = 36°. § 436 

Q. E. D. 
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Ex. 444. The area of an i)iscribed regular octagon is equal to that of a 
rectangle whose sides are equal to the sides of the inscribed and the circum- 
scribed squares. 

Let S be the area and AB the side of an inscribed 
regular octagon, A C be the side of the inscribed square, 
and CD the diameter of the circle or the side of the 
circumscribed square. 
To prove that S= CD x AC. 

Proof. Now BO = I CD, 

and AK-\AC. 

ArezoiAABO = \BO x AK= \CD x AC. 

But the A ABO is \ of the octagon. 
.-.S = 8 xbCD*AC=CDxAC. 




§403 



Q. E. D. 



A 

BC<BE. 
..2BC<2BE. 
.2AB + 2 BC <2AB + 2BE. 



7% 



Ex. 445. Of all equivalent parallelograms that have equal bases, the 
rectangle has the minimum perimeter. 

Let ABCD be a rectangle, and ABEF D 
any other O on the same base AB, 
with the same altitude. 
To prove that 

2AB + 2BC<2AB + 2BE. 
Proof. BC < BE. § 97 

Ax. 6 
Ax. 4 



Q. E. D. 



P' 



L J 



Ex. 446. Of all equivalent rectangles, the square has the minimum 
perimeter. 

Let P be a square, and V any 
other rectangle equivalent to P. 

To prove that the perimeter of P is 
less than the perimeter of P'. 

Proof. Construct the square Q, having the same perimeter as P'. 

Then Q>P / . §489 

But PoP*. Hyp. 

.-. Q>P. 

Since Q is greater than P, and they are both squares, the perimeter of 
Q must be greater than the perimeter of P. 

But the perimeter of Q equals the perimeter of P / . Const. 

.\ the perimeter of P' is greater than the perimeter of P. q. b. d. 



TEACHERS' EDITION. 



151 



Jrt 



Ex. 447. Of all triangles that have the same base and the same attitude, 
tke isosceles has the minimum perimeter. 

Let ABC be an Isosceles A, and ABD any other A, having AB for a 
base, and its vertex D in a line CD II to AB. 
To prove that AB + AC + CB<AB + AD + DB. 
Proof. Draw BE ± to -4.2?, meeting AC produced 
at E, and draw DE> meeting CD at F. 

BE is ± to CD. §107 

ZECF=ZCAB. §112 

Z (M£ = Z C&4. § 145 

jL CBA = Z BCF. § 110 

.-.Z^CF=ZBCF. 
.-. the rt. A ECF = rt. A BCF. 
.: FE = FB. 
.-. C^ = CB and 2XE = 2)5. 
AE<AD + DE. 
AC+CB<AD + DB. 
.-.AB + AC + CB<AB + AD + DB. 



But 
That is, 



Ax. 1 

§142 
§128 
§160 
§138 



Ax. 4 

Q. E. D. 



Ex. 448. Of all triangles that can be inscribed in a given circle, the 
equilateral is the maximum and has the maximum perimeter. 
Let ABC be a triangle inscribed in the given circle. 
1. To prove that A ABC is the maximum when equilateral. 
Proof. If A ABC is not equilateral, at least two sides are unequal. 
Let BC be greater than BA. 
Draw BH ± to AC. 
Erect MR the ± bisector of AC, meeting 
the circumference at R, and draw AR and 
CR. 

Since MR passes through the centre of 
the O, § 248 

the tangent through R is ± to MB', § 254 
and therefore is II to AC. § 104 
R lies in this tangent and B lies between 
the tangent and AC. § 220 

,.RM>BH. 
..&ARO&ABC. §405 

But AR = CR. 

Therefore, of all & inscribed in the O having a base equal to AB, the 
maximum is the isosceles. 
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If now AR and AC are unequal, considering RC the base of the A, 
the maximum A is isosceles. 

That is, the A ABC is the maximum when all 
three sides are equal ; that is, when equilateral. 

2. To prove that A ABC has the maximum 
perimeter when the A is equilateral. 

Proof. Produce CR to F, making RF equal 
to RA, and produce CB to G, making BG 
equal to BA. 

Draw AF and AG, and draw CK ± to GA 
produced. 

Now FA is ± to AC. Ex. 43 

ZF = ZRAF, and ZG = ZBAG. §146 

.-. Z ARC = 2ZF,&ndZ ABC =2ZG. 

Now . Z ARC = Z ABC. 

.:ZF=:ZG. 
.-. the rt. A FAC and GKC are similar. 
.-. CF:CG=CA: CK. 

That is, CR + RA:CB + BA = CA: CK. 

But CA > CK. § 97 

Therefore, the perimeter of the A ARC is greater than the perimeter 
of the A ABC. 

That is, the perimeter of a A inscribed in the O on the base AC is the 
maximum when the A is isosceles. 

If now AR and AC are unequal, considering RC the base of the A, 
the A with the maximum perimeter is isosceles. 

That is, the perimeter of the A ABC is the maximum when the A is 
equilateral. q. e. d. 

Ex. 449. To inscribe in a semicircle the maximum rectangle. 

Let ABhe the diameter and the centre of the given semicircle. 

To inscribe in the semicircle the maximum 
rectangle. 

Analysis. Suppose the problem solved, and let 
CDEF be the maximum rectangle required. 

Draw the radii OF and OF. 

Draw OH ± to EF, and CK ± to OF. 

Now rt. A OCF= rt. A FffO = rt. AEHO = rt. A ODE. § 161 

For OF=OF-OE= OE, § 217 

and CF = HO = HO = DE. §§104,180 

.-. A 0CF**i the rectangle CDEF. 
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That the rectangle CJDEF may be the maximum, the rt. A OCF must 
be the maximum. 

Since the hypotenuse OF of the rt A OCF is determined, that the 
rt. A OCF may be the maximum, CK must be the maximum. 

But CK is the maximum when KO = KF ; that is, when A FOC = 46°. 

Construction. Draw the radii OE and OF, making angles of 46° with AB. 
Draw ED and FC X to AB, and draw EF. 

The rectangle CDEF is the maximum rectangle required. q. e. f. 

Ex. 450. Of all polygons of a given number of sides which may be in- 
scribed in a given circle, that which is regular has the maximum area and 
the maximum perimeter. 

Let ABC BE be a polygon of n sides inscribed in the given O AED. 

1. To prove that ABC BE is the maximum when 
regular. ^ 

Proof. If ABC BE is not a regular polygon, at 
least two adjacent sides are unequal. 
Let BC be greater than AB. 
Draw AC and draw BH X to AC. 
Erect MR, the _L bisector of AC, meeting the 
circumference at R, and draw AR and CR. 
Since MR passes through the centre of the O, 

§248 
the tangent through R is II to AC. § 104 

R lies in this tangent and B lies between the tangent and AC. § 220 
.-. RM>BH. 
.-.&AROAABJC. §405 

••• polygon ARCBE > polygon ABCBE. 
But AR = RC. § 160 

Therefore, each A constructed in a similar manner to A ABC is the 
maximum when isosceles. 
That is, the polygon ABCBE is the maximum when equilateral. 
But an equilateral polygon inscribed in a O is regular. § 430 

Therefore, the polygon ABCBE is the maximum when regular. 

2. To prove that the perimeter of the polygon is the maximum when 
the polygon is regular. 

Proof. Produce CR to F, making RF equal to B'A, and produce CB 
to G, making BG equal to BA. Draw AF and AG. 
Draw CK X to GA produced. 
Now FA is X to AC. Ex. 43 
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ZF = Z RAF, and Z G = ZBAG. 

.-. ZARC = 2 ZF, an&ZABC = 2Z G. 

Now ZARC = Z ABC. 

,:ZF = ZG. 

.: the rt. &FAC and <?1TC are similar. 

.-. CF:CG=CA: CK. 

That is, C^ + RA : CB + BA = CA : CIT. 

But CA > CK. 

/. CR + RA>CB + BA. 
Therefore, the perimeter of the polygon ARCDE is greater than the 
perimeter of the polygon ABODE. 

That is, the perimeter of the polygon is the maximum when the polygon 

is equilateral. 

But an equilateral polygon inscribed in a O is regular. § 480 

Therefore, the perimeter of the polygon is the maximum when the 

polygon is regular. q. b. d. 

Ex. 451. Of all polygons of a given number of sides which may be cir- 
t cumscribed about a given circle that which is regular has the minimum area 
and the minimum perimeter. 

Let ABCDEF be a polygon of n sides circumscribed about a given 
whose centre is O. 

1. To prove that ABCDEF is the minimum 
when regular. 

Proof. If ABCDEF is not a regular polygon, 
at least two adjacent arcs between the points of 
tangency are unequal. 

Suppose the arc HT to be greater than the arc 
TK. 

Through T, the middle point of the arc HK, 
draw the tangent A'F' intersecting the side AB 
in A' and the side EF produced in F'\ draw OH, 

oa', oa, or, or, of% of, ok. 

The rt. & OHA' and OTA' are equal. 
For OH=OT', 

and OA' = OA'. 

.:ZA'Or = lZHOT / . 
Similarly, Z TOF' = \Z TOK. 

But ZHOT' = ZTOK. 

s.ZA'OT -ZTOF'. 
..ZA'OF' = ±ZHOK. 




§144 
§217 
Iden. 
§128 

Const 
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.-. Z TA'O = Z TF'O. § 84 

.-. OA' = OF'. § 147 

.•. A A' OF' is isosceles. 
In a similar manner, A A OF is not isosceles, since Z HOT is greater 
than Z TOK, but Z A OF = i A HOK = Z A' OF'. 

.-. the A A' OF' and A OF are A having equal altitudes OT and Or and 
equal vertical A A' OF' and .4 OF. 

.-.AAOF>& A' OF', since ^1F > A'F'. 
Now A'HOKF' *= 2 A ^'(XF", and A1IOKF **2AAOF. 

.-. A'HOKF' < AH OKF. Ax. 6 

.-. A'BCDEF' < ABCDEF. Ax. 4 

.*. the circumscribed polygon is not the minimum when any two adja- 
cent arcs formed by the points of tangency are unequal. 
But if all these arcs are equal, the polygon is regular. § 439 

.-. the polygon is the minimum when regular. 

2. To prove that ABCDEF has the minimum perimeter when regular. 
A'F' has been proved to be less than AF. 

That is, as long as the circumscribed polygon is not regular its perim- 
eter is not the minimum. 

.-. the perimeter of the circumscribed polygon is the minimum when 
the polygon is regular. q. e. d. 

Ex. 452. Every equilateral polygon circumscribed about a circle is regu- 
lar if it has an odd number of sides. 

Let ABODE be an equilateral circumscribed polygon of an odd num- 
ber of sides. 

To prove that ABODE is a regular polygon. 

Proof. Join the centre O with A, B, C. 

Now A OBA = A OBC. 

For AB = BC, 

Z OBA = Z OBC, 

and OB = OB. iaen. j^ jj 

.-. Z OAB = Z OCB. § 128 

.:ZBAE=ZBCD. Ax. 6 

In like manner, it may be proved that the first of every three consecu- 
tive A is equal to the third. 

That is, ZA=ZC=ZE = ZB = ZD. 

.-. the polygon ABODE is a regular polygon, being equilateral and 
equiangular. § 429 

The same method is manifestly applicable to any polygon of an odd 
number of sides. q. e. d. 
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Ex. 453. Every equiangular polygon inscribed in a circle is regular if it 
Jias an odd number of sides. 

Let ABODE be an inscribed equiangular polygon having an odd num- 
ber of sides. D 

To prove that ABODE is a regular polygon. 

Proof. Since the equal inscribed A intercept equal %fc ^ c 

arcs on the circumference, if each arc is subtracted from 
the circumference, the remainders are equal. 

That is, arc ABC = arc BCD. 

Take the arc BC from each of these equals. 

Then arc AB = arc CD. Ax. 3 

In like manner, arc CD = arc EA = arc BC = arc DE = arc AB. 

.-. AB = BC = CD, etc. § 241 

Hence, the polygon ABCDE is a regular polygon, being equilateral 
and equiangular. § 429 

The same method is manifestly applicable to any polygon of an odd 
number of sides. q. e. d. 

Ex. 454. Every equiangular polygon circumscribed about a circle is 
regular. 

Let ABCDE be an equiangular polygon circumscribed about the 
whose centre is 0. 
To prove that ABCDE is a regular polygon. 
Proof. Draw OA, OB, OE. Draw OK and OZ to the 
points of contact of the sides AE and AB, respectively. 
A0AK=A0AL. §161 

For A OKA = Z OLA = 90°, § 264 

0A = OA (Iden.), and OK = 0L. § 217 
.-. AK = AL. § 128 

Now Z OAL = A OBL (being halves of the equal A A and B). Ax. 7 
/. A OLA = A OLB. § 142 

.-. LA = LB. § 128 

.-. AB = 2AL. 
In like manner, AE = 2AK. 

But AL = AK. 

.-. AB = AE. Ax. 6 

In like manner, AB = BC=CD = DE = EA. 

Hence, the polygon ABCDE is a regular polygon, being equilateral 
and equiangular. § 429 

Q. B. D. 
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Ex. 455. The side of a circumscribed equilateral triangle is equal to 
twice the side of the similar inscribed triangle. 

Let DEF be a circumscribed equilateral A, and ABC an. inscribed 
equilateral A. 

To prove that EF=2 CB. 

Proof. Now EB = EG. 

.:ZECB = ZEBC. 
But Z E = 60°. 

.-. Z EBC = Z ECB = 60° = Z E. 
.-. EC = CB. 
In like manner, FC = AC = CB. 

.-. EF = 2 CB. q. e. p. 

Ex. 456. The apothem of an inscribed regular hexagon is equal to half 
the side of the inscribed equilateral triangle. 

Proof. The apothem of the hexagon = ^rVs. Ex. 442 

The side of the A = R V3. Ex. 440 

Q. E. D. 

Ex. 457. The area of an inscribed regular hexagon is three fourths of 
the area of the circumscribed regular hexagon. 

Proof. The apothem of the circumscribed hexagon = radius R. 
The apothem of the inscribed hexagon = £ R Vs. Ex. 442 

area inscribed hexagon (£I*V3) 2 3B 2 3 A 

area circumscribed hexagon R 2 4 R? 4 

Ex. 458. The area of an inscribed regular hexagon is the mean propor- 
tional between the areas of the inscribed and the circumscribed equilateral 
triangles. 

Proof. The area of the inscribed equilateral A whose side is a 

= a . x sR= 1*2™ x — = fW.3. Ex. 440 

2 2 2 

The area of the circumscribed equilateral A 

= 4 x f R 2 V3 = SR?Vs. Ex. 465 

The mean proportional between these areas 

= y/$R 2 V3 x 3 B 2 Vg = } R2 Vs. 
The area of a regular inscribed hexagon 

= — x $RVS = f B*V8. Ex. 442 

2 

Q. £. D. 
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Ex. 459. The square of the side of an inscribed equilateral triangle is 
equal to three times the square of a side of the inscribed regular hexagon. 

Proof. The side of an inscribed equilateral A=R V§, Ex. 440 

and the square of the side =32?*. 

The side of an inscribed regular hexagon = R, Ex. 442 

and the square of the side = B?. q. e. d. 

Ex. 460. The area of an inscribed equilateral triangle is equal to half 
the area of the inscribed regular hexagon. 

Area of an inscribed equilateral triangle = f Rfi^Ss. Ex. 458 

Area of an inscribed regular hexagon = f E 2 Vs. Ex. 458 

Now fi^V3 = half of fi^VS. q.e.d. 

Ex. 461. The square of the side of an inscribed equilateral triangle is 

equal to the sum of the squares of the sides of the inscribed square and of 

the inscribed regular hexagon. 

The side of an inscribed equilateral triangle = R V3. Ex. 440 

The side of an inscribed square = 22 V2. Ex. 441 

The side of an inscribed regular hexagon = R. Ex. 442 

Now (£>/§)* = 3 #, 

and (RV2)z + R* = 2R 2 + R 2 = SR 2 . Q. e. b. 

Ex. 462. The square of the side of an inscribed regular pentagon is 
equal to the sum of the squares of the radius of the circle and the side of 
the inscribed regular decagon. 

Let AB be the side of a regular inscribed pentagon, and AC the side 
of a regular inscribed decagon. 

To prove that Z# 2 = OB 2 + AC 2 . 

Proof. Draw OD bisecting the ZAOC and meet- 
ing AB in D. Draw DC and BC. 



Now 


A OAD = A OCD 






§143 


For 


OA = OC, 






§217 




ZAOD=ZCOD 




Const. 


and 


OD = OD. 










..AD=DC. 










.-. &ADC and BCA arc 


) similar. 






.-. AC:AB = 


AD 


AC 






r.AC 2 = 


AB 


xAD. 


Again, 


ZAOB = 


\ of" 360° 


= 72°, 


and 


ZAOC = 


lof 


72° 


= 36°. 
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.-. Z COD = J of 36° = 18°. 

.-.Z DOB = 36° + 18° =64°. 

But Z OBA = J (180° - AOB) 

= I (180° - 72°) = 64°. 
That is, the A DOB is isosceles and similar to the A OAB, having 
the Z OBD in common. 

.-. AB :OB = OB : BD. § 361 

.-. OB 2 = ABxBD. § 327 

.-. OB 2 + AC 2 = AB (BD + AD) = AB x AB = AI?. Ax. 2 

Q. E. D. 

Ex. 463. If B denotes the radius of a circle, and a one side of a 
regular inscribed pentagon, show that 

a = il*\/lO-2V5. 
Proof. The side of an inscribed decagon 
_ R(VZ-1) 



2 



Ex, 443 



R(y/l-\)\ 2 



■p^i 



. a 2 = R? + J ^-^ — ^ L Ex. 462 



**(6-2V6) 
^ 4 

_4iy* + fl 2 (6-2V6) 
4 

_ iy*(io-2V6) 

~ 4 



.-. a = i-B\/lO-2V6. q.e.d. 

Ex. 464. If R denotes the radius of a circle, and a one side of a regular 

inscribed octagon, show that 

a = By/2 - V2. o 

Let AB be the side of a regular inscribed octagon, 

and R the radius. a< 

To prove that a = R V2 - V2. 

Proof. Draw -4C, the side of an inscribed square. 
OK=±rV2. 
BK=OB- OK=R-±rV2 = IR(2- V2). 
Now AB 2 = AK 2 + BK\ §371 
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. a* = (iR V2)2 + {±R (2 - V2}2 Ex. 441 

= *12 2 + ±12 2 (6-4V2) 

= 122 (2 - V5). 
\a = R y/%- V2. q. b. d. 



Ex. 466. If 12 denotes the radius of a circle, a the side of a regular 
inscribed dodecagon, show that 

Let AB be the side of a regular inscribed dodecagon, 
and R the radius. . 
To prove that a = Ry/2 -Vs. 

Proof. Draw AC, the side of a regular inscribed 
hexagon. 

OK=±rV%. 
BK = OB - OK = R - iRVs = ±R(2- V5). 




Now 



AB 2 = AK 2 +^K\ 

.-.a* =(*£)*+{* 12 (2- V§)}2 

= iR? + iR? (7 -4V§) 

= 12* (2 - V§). 



Ex.442 

§371 
Ex. 442 



.-. a = 12 V2-V3. 

Ex. 466. If two diagonals of a regular pentagon intersect, tfie 
segment of each is equal to a side of the pentagon. 

Let ABODE be a regular pentagon, and let AD and 
BE be two diagonals intersecting at H. 
To prove that BH - HD = AB. E* 

Proof. Circumscribe a O about the pentagon. § 431 

Now arc AB = arc BC = arc CD = arc DE 

= arcJ^i = 72 . §243 A "~ 

Z AHB = 72°, being measured by i (arc AB + arc DE). 
ZDAB = 72°, being measured by £ (arc BC + arc CD). 
,.ZAHB = ZDAB. 
.-. AB = BR. 
In like manner, ED = HD. 

But AB = ED. 

.,BH=HD = AB, 



Q. E. D. 



longer 




§294 
§289 
Ax. 1 
§147 

Hyp. 
Ax. 1 

Q. E. D. 
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Ex. 467. The apothem of an inscribed regular pentagon is equal to half 
the sum of the radius of the circle and the side of the inscribed regular 
decagon. 

Let AB be the side of an inscribed regular pentagon, and AC the side 
of an inscribed regular decagon. 

To prove that OH = ± (OA + AC). 



Proof. 



Now 



AB = jJ?\/lO-2V5. Ex. 463 



.-. AH = iR\ / lO-2Vb. 
AC = iR(Vb-l). 
OA = R. 

OH* = OA 2 - AH 2 . 



Ex.443 




§372 



.-. OH* =R*- QRy/lO - 2 Vo> 
= R*- ^i^(10- 2 Vb) 
= AJE» (6+2V5 ). 

.-. OH = ±Ry J% + 2Vb 

= ii?(l+V5). 
i (OA + AC ) = * {R + i R ( V5 - 1)} 

= i*(i + VS). 

.-. OH = i((M+.4C). 



Ax. 1 

Q. £. D. 



Ex. 468. The side of an inscribed regular pentagon is equal to the hypot- 
enuse of the right triangle which has for legs the radius of the circle and the 
side of the inscribed regular decagon. 

Let AB be the side of an inscribed regular pentagon and AC the side 
of an inscribed regular decagon. 

To prove that AE? = OA 2 + AC 2 . 

Proof. AB = $Ry/lO~- 

OA = R. 



2 V6. Ex.463 



AC = tR(V&-l). 
OA*+AC* = R*+ {iR(Vb 

= #* + *£* (6 -2V5) 
= iF + ±i*2(3-Vo") 
= *i*2(5-Vo"). 
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25 2 =(ii?\/l0-2V6)2 
= ±222(10-2V6) 
= ifl2(5-V6). 
. Aff = OA* + AC 2 . 



Ex. 469. The radius of an inscribed regular polygon is the mean pro- 
portional between its apothem and the radius of the similar circumscribed 
regular polygon. 

Let OA be the radius and OK the apothem of the 
inscribed regular polygon, of which AB is a side. Let 
OD be the radius of the similar circumscribed regular 
polygon of which CD is a side. 

To prove that OD : OA = OA : OK. 

Proof. Since CD is tangent to the O at A, the Z OAD 
is a rt. Z. 

But AK is ± to OD. 

.-. OD : OA = OA : OK. 




Ex. 470. If squares are constructed outwardly upon the six sides of a 
regular hexagon, the exterior vertices of these squares are the vertices of a 
regular dodecagon. 

Let DA and AB be adjacent sides of a 
regular inscribed hexagon, and ADGH and 
ABFE be squares constructed outwardly 
on AD'and AB. 

To prove that <?, H, E, F, etc., are the 
vertices of a regular dodecagon. 
Proof. Draw HE. 

Z DAB = 120°. Ex.442 
ZHAE = 360°- (DAB + DAH + BAE) = 360°- (120°+ 90° + 90°) = 60°. 
Also, AH = AE, since they are sides of equal squares. 

/. ZAHE = ZAEH. 
But Z HAE = 60°. 

.-. Z ARE = Z AEH = 60°. 
/. AE = EH. 
.-. OH = HE = EF, etc. 
That is, the dodecagon is equilateral. 




§145 



§147 
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Now, Z GHE = Z HEF, etc., since each is the sum of a right angle 
and an angle of 60°. That is, the decagon is equiangular. 

Hence, <?, 27, E, F, etc., are the vertices of a regular dodecagon. § 429 

Q. E. D. 

Ex. 471. If the alternate vertices of a regular hexagon are joined by 
straight lines, show that another regular hexagon is thereby formed. Find 
the ratio of the areas of these two hexagons. 

Let ABCDEF be a regular hexagon. Let BD, CE, etc., join the alter- 
nate vertices and intersect at N, P, Q, R, K, and L. 
To prove that NPQBKL is a regular hexagon. 
Proof. Circumscribe a O about the hexagon 
ABCDEF. § 431 

arc AB = arc BC = arc CD = arc DE = arc EF 
= arc #4 = 60°. §243 

Z AEC = 60°, being measured by 

i (arc AB + arc BC). § 289 

ZEPQ = 60°, being measured by 

i (arc EF + arc DC). § 294 

Z EQP = 60°, being measured by £ (arc ED + arc FA). 
Hence, A EPQ is equilateral. 

In like manner, A FQR, ARK, etc. , are equilateral. 
Z QEF = Z QFE, being measured by half the equal arcs FA and DE. § 289 
.-. QE = QF. § 147 

But QE = QP, and QF = QR. 

.-. QP = QR. Ax. 1 

In like manner, QR = RK = KL, etc. 

That is, NPQRKL is equilateral. 

Now Z NPQ = Z PQR = Z QRK, etc. § 86 

That is, NPQRKL is equiangular. 

Hence, NPQRKL is regular. § 429 

Now it has been shown that DP = PQ= QF. 

.\PQ = iDF = $RVs. Ex. 440 

But DE=R. § 469 

.ABCDMF = fi* 

' NPQRKL ( iB V3) % 

That is, the area of the outer hexagon is 3 times the area of the inner 

hexagon. q. e. d. 
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Ex. 472. If on the legs of a right triangle as diameters semicircles are 
described external to the triangle, and from the whole figure a semicircle on 
' the hypotenuse is subtracted, the remaining figure is equivalent to the given 
right triangle. 

Let a and b be the legs, and c the hypote- 
nuse of the rt. A. 

To prove that the semicircles on a and b as 
diameters, increased by the area of the A and I / «• 
diminished by the semicircle on c as a diam- 
eter, are equivalent to the area of the A. 

Proof. The sum of the areas of the semicircles on a and b as diameters 
= i*a 2 + i7r&2 §463 

= **(*. §371 

But the area of the semicircle on c as diameter = \itc 2 . § 463 

Now, if the area of the A is increased by \ 7tc 2 and then diminished by 

£ 7tc 2 j the area of the triangle will remain. q. e. d. 




Ex. 473. The star-shaped polygon, formed by producing the sides of a 
regular hexagon, is equivalent to twice the given hexagon. 

Let ABCDEF be a regular hexagon. Produce the sides of the hexa- 
gon both ways until they meet at the points 
H, K, L, M, N, P. 

To prove that the star-shaped polygon 
HKLMNP =c= twice the hexagon ABCDEF. 
Proof. From the centre O of the hexagon 
draw the radii OA, OB, OC, OD, OE, OF. 
ZAOB = \oi 360°= 60°. 
Z FAB = Z ABC = 120°. 
.-. Z OAB = Z OBA = 60°. 
.-. A A OB is equilateral. 
Now Z BAP = Z ABP = 60°. 
.-. ZAPB = 60°. 
.•. A PAB is equilateral. 
.-. APAB = AAOB. 
In like manner, A HBC = A BOC, etc. 

But the sum of the & PAB, AOB, IIBC, BOC, etc., is the star-shaped 
polygon HKLMNP, and the sum of the &AOB, BOC, etc., is the regu- 
lar hexagon ABCDEF. 




. the star-shaped polygon o= twice the regular hexagon. 



Q. E. D. 
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Ex. 474. The sum of the perpendiculars drawn to the sides of a regular 
polygon from any point within the polygon is equal to the apothem multi- 
plied by the number of sides. 

Let ABODE be a regular polygon of n sides. Let OF, OG, OH, OK, 
OL be _fe drawn from any point O within the polygon 
to the sides. Let r denote the apothem, and P the 
perimeter of the polygon. 
To prove that OF + OG + OH +OK+OL = nr. 
Proof. Join O to each of the vertices of the polygon. 
The area of the A AOB = ± AB x OF, § 403 
the area of the A BOC = $BC x OG, 
the area of the A COD = i CD x OH, etc. 
But AB=BC= CD, etc. 

Now the area of the polygon is the sum of the areas of the &AOB, 
BOC, COD, etc. 

/. the area of the polygon = i AB x (OF + OG + OH + OK + OL). 

But the area of the polygon = ±P x r = n x \AB x r. § 459 

.-. \AB x (OF+ OG+OH+OK+ OL) = nx \AB x r. Ax. 1 

. .-. OF+ OG + OH+ OK + OL = nr. q.e.d. 




Hyp. 



Ex. 475. If two chords of a circle are perpendicular to each other, the 
sum of the four circles described on the four segments as diameters is 
equivalent to the given circle. 

Let the chords AB and CD be ± to each other at E. 
Let (D be described on A E, EB, CE, ED as diameters. 
To prove that 

AE + EB + O CE + ED =* the given 0. 
Proof. Draw the diameter AF of the given O. 
The area of any O = nR 2 = ± itlP. § 463 

Therefore, the sum of the areas of the (D described 
on the segments = infAE 2 + ±tcEI? + inCE 2 + inED 
= iit (ZjE 8 + EB* + CE 2 + ED 2 ) . 
But AE 2 +EB 2 +CE 2 + ED 2 ='AF 2 . 

.'. iTtiAJ? + ET? + CE 2 + ED 2 ) = i itAF 2 . 
But the area of the O AF = i n~AF 2 . 

.-.OAE + QEB + OCE + OED^OAF. 




Ex. 267 



§463 
Ax. 1 

Q. E. D. 
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Ex. 476. If the diameter of a circle is divided into any two segments, and 
upon these segments as diameters semicircumferences are described upon 
opposite sides of the diameter, these semicircumferences divide the circle into 
two parts which have the same ratio as the two segments of the diameter. 

Let AB be the diameter of the O. Let P be any 
point on AB, at distance x from the centre, so that 
AP = R + x and PB = R - x; upon AP and PB as 
diameters let semicircles be described on opposite 
sides of AB. 

area ANPLBS R + x 



To prove that 
Proof. 




UTeiAVBLPN R-x 

The area of any circle = itR 2 = i itTP. § 463 

The area of a semicircle = \ it D 2 . 
area ANPLBS _ semicircle ANP + semicircle A8B — semicircle PLB 
are&AVBLPN 



semicircle A VB + semicircle PLB - 
±it (R + x) 2 + i itR* - \n (R - x) 2 



semicircle ANP 



i*K2 + i*(12- 
(ig-f s) 2 + 4i?»- 



*) 2 - 



i*(i2+x) 2 
-x) 2 



4i* 2 +(E- 
4ig» + 41fo 
4iP-4i2x 

.R + x 



x) 2 - (R + x) a 



q. b. r>. 



Ex. 477. The diagonals that join any vertex of a regular polygon to all 
the vertices not adjacent divide the angle at that vertex into as many equal 
parts less two as the polygon has sides. 

Let ABCDEF be a regular polygon of n sides. 
Let all the possible diagonals from the vertex A be 
drawn. 

To prove that Z FAB is divided into n — 2 equal 
parts. 

Proof. From any vertex of a polygon of n sides 
there can evidently be drawn n — 3 diagonals which 
will divide the angle at that vertex into n — 2 parts. 

Circumscribe a O about the polygon. 

The arcs AB, BC, CD, BE, EF, FA are equal. 

Each of the n — 2 angles at A 
equal arcs. 

Therefore, the n — 2 angles are equal. q. e. d. 




4 ■ 



§243 
is measured by half of one of these 



TEACHERS' EDITION. 



167 



Ex. 478. To circumscribe an equilateral triangle about a given circle. 
Let ABC be a O. 

To circumscribe an equilateral A about this O. 
Construction. Find the points A, B, C, the ver- 
tices of an inscribed equilateral A. § 470 
Through the points A, B, C draw tangents (§ 317) 
intersecting at Q, N, P. 

Then QNP is the A required. 
Proof. arc AB = arc BG = arc AC = 120°. 
Z P is measured by i (arc AB + arc BC - arc A C) = * arc ^1(7. § 296 

.-. ^ P = 60°. 
In like manner, Z N = 60° = Z Q. 

.-. A QNP is equilateral. § 148 




Q. E. F. 



Ex. 479. To circumscribe a square about a given circle. 

Let ABC be a O. 

To circumscribe a square about this O. 

Construction. Divide the circumference into four 
equal arcs at the points A, B, C, D. § 467 

Throqgh the points of division draw tangents inter- 
secting at N, P, Q, R. 

Then NPQR is the square required. 

Proof. The Z P is measured by £ (arc CDB - arc BC); 




1296 



that is, by $ of £ the circumference, or £ of the circumference. 

In like manner, the A Q, 22, N are each measured by £ of the cir- 
cumference. 

Hence, the quadrilateral is equiangular, and therefore regular. Ex. 454 
That is, the regular quadrilateral NPQR is a square. q. e. f. 



Ex. 480. To circumscribe a regular hexagon about a given circle. 

Let ABC be a O. 

To circumscribe a regular hexagon about 
this O. 

Construction. Divide the circumference into six 
equal arcs at the points A, JB, C, D, E, F. § 469 

Through the points of division draw tangents 
intersecting at the points N, P, Q, R, £, T. 

Then NPQRST is the regular hexagon re- 
quired. 
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Proof. The ZPis measured by 

i (arc A KB - arc A E) ; § 296 

that is, by £ of $ of the circumference, or £ of 
the circumference. 

In like manner, the A Q, R, S, T, N are each 
measured by i of the circumference. 

Hence, the hexagon is equiangular, and there- 
fore regular. Ex. 454 

Q. E. F. 

Ex. 481. To circumscribe a regular octagon about a given circle. 

Let ABC be a circle. 

To circumscribe a regular octagon about this O. 

Construction. Divide the circumference into 
eight equal arcs at the points A, B, C, D, E, 
F, G, H. § 468 

Through the points of division draw tangents 
intersecting at N, P, Q, R, S, T, U, V. 

Then NPQRSTUV is the regular octagon 
required. 

Proof. The Z P is measured by £ (arc AEB — arc AB) ; § 296 

that is, by \ of f of the circumference, or f of the circumference. 

In like manner, the A Q, E, S, T, U, V, N are each measured by £ of 
the circumference. 

Ex. 464 

Q. E. F. 




Hence, the octagon is equiangular, and therefore regular. 



Ex. 482. To circumscribe a regular pentagon about a given circle. 

Let ABC be a 0. 

To circumscribe a regular pentagon about this O. 

Construction. Divide the circumference into five 
equal arcs at the points A, B, C, D, E. § 473 

Through the points of division draw tangents in- 
tersecting at N, P, Q, jR, 8. 

Then NPQRS is the regular pentagon required. 

Proof. The Z P is measured by £ (arc ADB - arc AB); § 296 

that is, by £ of | of the circumference, or ^ of the circumference. 

In like manner, the A Q, R, 8, N are each measured by ^ of the 
circumference. 

Hence, the pentagon is equiangular, and therefore regular. Ex. 454 

Q. E. F. 
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Ex. 483. To draw through a given point a line so as to divide a given 
circumference into two parts having the ratio 3 : 7. 
Let ABU be the given O and P the given point. 
To draw a line through P which shall divide the 
circumference into two arcs having the ratio 3 : 7. 
Construction. Divide the circumference into 10 
equal parts. § 472 

Let the arc AB include three of these parts. 
Draw AB and from the centre O let fall OB J_ to AB, 
With O as centre and OD as radius describe a O. 
From the point P draw PCU tangent to this O. § 317 

Then PU divides the circumference as required. 

Proof. chord CU = chord AB. § 249 

.-. arc CU = arc AB. § 240 

But arc AB = ^ of the circumference. Const. 

.-. arc CU — -f^ of the circumference. 

.-. arc CU : arc CAU = 3:7. Q. b. f. 

Ex. 484. To construct a circumference equal to the sum of two given 
circumferences. 

Let C and C be two circumferences with radii .R and R', respectively. 

To construct a circumference equal to C -f C. 

Analysis. C = 2tcR, and C = 2 *R'. §468 

.-. C+C' = 2x(R + R'). 
Construction. With R + R' as a radius describe a circumference. 
This circumference is the circumference required. 
Proof. The circumference whose radius is R + K is 2 it (R + R). § 458 
That is, the circumference = 27tR + 27tR'=C+C. q. e. f. 

Ex. 485. To construct a circumference equal to the difference of two 
given circumferences. 

Let C and (7 be two given circumferences whose radii are respectively 
R and R. Let C be greater than C". 

To construct a circumference equal to C — C 

Analysis. C = 2 tcR, and C" = 2 tcR. §458 

..-. C-C' = 27t(R-R / ). 
Construction. With R — R' as a radius describe a circumference. 
This circumference is the circumference required. 
Proof. The circumference whose radius is R — R' is 2 -it (R — R'). § 458 
That is, the circumference = 2 it R — 2 it R = C — C. q. e. f. 
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Ex. 486. To construct a circle equivalent to the sum of two given circles. 

Let A and A' be two (D whose 
radii are R and R', respectively. 

To construct a O equivalent 
to A + A'. 

Construction. Construct the rt. 
Z QNP, and take NP equal to 
R and NQ equal to R'. 

Draw QP> and with QP as a 
radius construct a A". 

Then A" is the required. 

Proof. A = itW^ = *22'2, and A" = jrQP 2 . § 463 

Now QP* = NI* + NQ\^ § 371 

.-. A" = 7tQP*=7t (NP 2 + NQ) = *(& + RP). 

.'.A"*>A +A'. Q.E.F. 

Ex. 487. To construct a circle equivalent to ike difference of two given 
circles. 

Let A and A' be two (§> whose radii are R and R", respectively. Let 
A be greater than A'. 

To construct a circle equiva- 
lent to A — A'. 

Construction. Construct the rt. 
A QNP, and take NQ equal to R'. 

With Q as a centre with a 
radius equal to R describe an 
arc intersecting NP at P. 

With NP as a radius construct 
aOi". 

Then -4" is the O required. 

Proof. A = TtR*, A' = 7CK*, sil&A" = itNP 2 . 

Now ^NP 2 = QP 2 - iVQ 2 . 

.-. A" = tfJVP 2 = x(QP 2 - NQ 2 ) = x(R*-R'*) = itR*- nK*. 

:.A"*>A -A'. q.e.f, 




N- \P 

A" i 



V 



§463 
§372 



Ex. 488. To construct a circle equivalent to three times a given circle. 




A'— 



L4-,-- 



\ 

\ 

N fF 



w 
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Let A be the given O, whose radius is B. 

To construct aOi' equivalent to 3 A. 

Construction. With B as a unit construct NP equal to V§. Ex. 289 

With NP as radius describe a O A'. 

Then A' is the required. 
Proof. A = rtB*. § 463 

.-. A' = TtNP 2 = tc (B V3) 2 = 3 7tB*. 

.*. A'=&3A. Q. B. F. 

Ex. 489. To construct a circle equivalent to three fourths of a given 
circle. 

Let A be the given O, whose radius is B. 
To construct aOi' equivalent to £ A. _ 

Construction. With B as a unit construct NP equal to V3. Ex. 289 
With £ iVP as radius describe a O A'. 

Then .A' is the required. 
Proof. A = 7tR*. § 463 

A'=7t (iNPf = tc (ijRVg) 3 = f tcB*. 

S.A'o\A. Q.E. F. 

Ex. 490. To construct a circle whose ratio to a- given circle shall be 
equal to the given ratio m : n. 
Let A be the given O whose radius is B. 
To construct aOi' which shall be to the O A as m : n. 

Construction. With B as a unit construct NP equal to B\l— . Ex. 289 

\n 
With NP as radius describe a O -4'. 

Then -4' is the O required. 
Proof. A = TtR*. § 463 



A' = «m*=n(By^) 2 =nWx^. 



:A = 7tB*x™:7tR* 
n 

n 



Q. E. F. 



Ex. 491. To divide a given circle by a concentric circumference into two 
equivalent parts. 
Let O be the centre and OA a radius of the given O. 
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To divide the O into two equivalent parts by a concentric circum- 
ference. 

Construction. Bisect OA at B. 

Erect the ± BC, meeting at C the semicircum- 
ference OCA described on OA as a diameter, and 
draw OC. 

With as centre and OC as radius describe a 
circumference. 

This circumference is the required circum- 
ference. 

Proof. ~OC 2 = 7)B 2 + BC 2 § 371 




But 
and 



tUS 2 = 



xOA 2 
2 



icOC is the area of the. inner O, 



itOA 1 



is \ of the area of the given circle. 



§463 

Q. E. F. 



Ex. 492. To divide a circle by concentric circumferences into Jive equiv- 
alent parts. 

Let O be the centre and OA a radius of the given O. 

To divide the O into five equivalent parts by concentric circumferences. 

Construction. Divide OA into five equal parts. § 307 

At B, the first point of division from O, erect a 
±, and let it meet the semicircumference on OA 
as a diameter at R. 

With as centre and OB as radius, describe a 
circumference. 

This circumference includes £ of the 0. 

At -K", the second point of division from O, erect 
a second ±. 

With O as a centre, and a radius equal to the distance from O to the 
intersection of the _L with the circumference, on OA as diameter describe 
a circumference. 

This circumference includes f of the O. 

At the third and fourth points of division describe similar circumfer- 
ences. 

Proof. OK 2 = ~OB 2 + BR 2 § 371 




* 2 = OB 2 + BR 2 
= OJB 2 + OB x BA 



§370 
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= OB(OB + BA) 

= I OAx OA = \ OA 2 . 

.-. nOR 2 = $ itOA 2 . 

But it OR 2 is the area of the O of which OB is the radius, and TtOA 2 

is the area of the given O. § 463 

In like manner, it may be shown that itOK 2 = \nOA 2 , etc. q. e. f. 

Ex. 493. To construct an angle of 18° ; of 36° ; of 9? . 
Let EF be an arc of a circle whose centre is O, and whose radius 
is OA. 

1. To construct an angle of 36°. 
Take arc AB equal to ^ of the circumference. § 472 

Draw OB. 
ZAOB = ^oi 360° = 36°. § 288 

2. To construct an angle of 18°. 

Draw 00, bisecting the ZAOB. 

ZAOC = \ZAOB = \ of 36° = 18°. 

3. To construct an angle of 9°. 

Draw OD bisecting the ZAOC. 
ZAOD = $ZAOC = \oi 18° = 9°. q. e. f. 

Ex. 494. To construct an angle of 12° ; of 24° ; of 6°. 

Let EF be an arc of a circle whose centre is 0, and whose radius is OA. 

1. To construct an angle of 24°. 

Take arc AB equal to ^ of the circumference. 
Draw OB. 
ZA0B = T V of 360° = 24°. 

2. To construct an angle of 12°. 

Draw OC bisecting the ZAOB. 
ZAOC = iZAOB = i of 24° = 12°. 

3. To construct an angle of 6°. 

Draw OD bisecting the ZAOC. 
ZAOB = iZA0C = i of 12° = 6°. q.e. f. 




Adc 



Ex. 495. To construct an equilateral triangle with a side of a given length. 

Construction. Draw the straight line AB equal to the 
given length. 

From A and B as centres with radii equal to AB 
describe arcs intersecting at C. Draw CA and CB. 

The A ABC is the A required, as is obvious from 
the construction. q. e. f. 



A 
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Ex. 496. To construct a square with a side of a given length. 

Construction. Draw the straight line AB equal to the D 
given length. 
At A and B erect the _fe AB and BC each equal to AB. 

Draw CD. 
The quadrilateral ABCD is the square required. 
Proof. AD = BC = AB. Const. 

AD is II to J3C. §104 

.-. 45CZ) is a O, § 183 

and AB is equal and parallel to DC. 

.•. ABCD is equilateral. 
Now ZA=ZB= 90°. Const, 

zi C and D are the supplements of A A and 5. § 115 

..ZC = ZD = 90°. 
.-. ABCD is a square. § 168 

Q. E. F. 

Ex. 497. To construct a regular hexagon with a side of a given length. 

Construction. Describe the O ABC with a radius -K-n-j- D 

equal to the given length. // \\ 

From any point A of the circumference apply the // 

given length as a chord six times. *% 

ABCDEF is the regular hexagon required. § 469 V 

Q. e. f. 









/ 


^ 


/:• 


\ 




2~ 


-~^b 



Ex. 498. To construct a regular octagon with a side of a given length. 

Construction. Draw the straight line AB equal to the given length. 

Draw the ± bisector KM of the line AB. ^ 

On KM take KN equal to AK, and draw AN, BN [ E 

On NM take NO equal to AN, and draw A 0, BO. ,^~"i~*"\n 

From as a centre with a radius equal to AO q/ j \Z) 

describe a O. ?j \o \\ 

Apply AB eight times as a chord to this O. ^ /^\ j c 

ABCDEFGH is the regular octagon required. \\ '>'Tj* *'''' 

Proof. Z NO A = ZNA0. § 145 X~*r$ 

ZANK=ZNAK = 45°. §145 

But ZANK=ZNOA + ZNAO. §137 
/. Z NO A = $Z ANK = 22i°, 

and ZAOB = 2ZNOA = 4b°. 
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That is, ZAOB is equal to the angle at the centre of a regular octagon, 
being equal to i of 360°, or 46°. 

.-. ABCDEFGB is the regular octagon required. § 430 

Q. £. F. 

Ex. 499. To construct a regular pentagon with a side of a given length. 
Construction. With any point (Y as centre, with D 

any convenient radius, describe a circle. '''•''"^n ^. 

In this inscribe a regular pentagon A&C'D'E'. / S X\ 

s«3 * y 

On A & or AR produced take AB equal to the ! \ ,.--~ :> A / ; 
given length. % $ $f}P\ 'J 

From B draw BO II to the radius B / / and let it ^</ \£_ J.),^ 
meet A& or ACT produced at O. A " A "' 

With O as centre and radius OB describe a O, and apply the length 
AB as a chord five times. 

The pentagon ABODE is the pentagon required. 

Proof. Z BOA = Z RO^A. § 112 

.*. Z BOA is equal to the angle at the centre of a regular pentagon. 

.-. ABODE is the regular pentagon required. q. b. f. 

Ex. 500. To construct a regular decagon with a side of a given length. 
The construction and the proof is the same as in Ex. 499, with the 
exception that in the auxiliary O a regular decagon must be inscribed. 

Q. E. F. 

Ex. 501. To construct a regular dodecagon with a side of a given length. 

The construction and the proof are the same as in Ex. 499, with the 

exception that in the auxiliary O a regular dodecagon must be inscribed. 

Q. £. F. 

Ex. 502. To construct a regular pentedecagon with a side of a given 
length. 

The construction and the proof are the same as in Ex. 499, with the ex- 
ception that in the auxiliary O a regular pentedecagon must be inscribed. 

Q. E. F. 

Ex. 503. Find the area of a circle whose radius is 12 inches. 
12 inches = 1 foot. 
Area O = nB* = (3.1416 x l 2 ) sq. ft. = 3.1416 sq. ft. § 463 

Ex. 504. Find the circumference and the area of a circle whose diameter 
is 8 feet. 
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Circumference = 2 itR = 3.1416 x 8 ft. = 26.1328 ft. § 458 

Area = arB 2 = (3.1416 x 4*) sq. ft. = (3.1416 x 16) sq. ft 

= 50.2656 sq. ft. § 463 

Ex. 505. A regular pentagon is inscribed in a circle whose radius is R. 
Jf the length, of a side is a, find the apotfiem. 

a = \R VlO-2V5. Ex.463 

r^iP-fta) 2 §372 

= B 2 - QR \/lO-2V5)2 

= T yiff( 6 + 2V6 ). 

.-. r = ±l*\/6 + 2V5. 

Ex. 506. A regular polygon is inscribed in a circ le whose r adius is R. 
If the length of a side is a, show that the apothem is $ V4 JK 2 — a 2 . 

r* = K*- (±a) 2 = B 2 - ±a 2 § 372 

.-.4r 2 = 4 .R 2 -a 2 . 
• 2r = V4B 2 -a 2 . 



r = iV4i^-a 2 . 

Ex. 507. Find £fte area 0/ a regular decagon inscribed in a circle whose 
radius is 16 inches. 

8 = irP. §459 

r = ±R V1O + 2V5 = i x 16\/l0 + 2 V5 = 4 V1O + 2V5. Ex. 443 
a = . B (V6-l) = 16(V6-l) = ^_ 

2 2 v ' 

.-. P = 10a = 1 x8(V5 - 1) = 80 (V5 - 1). 

/.5 = |x4 VlO + 2 V5 x 80 (V 5 - 1) 

= 160 ( V5 - 1) VlO + 2V5 

= 160 x (2.236 - l)VlO + 2 x 2.23606 

= 160 x 1.236 x 3.804 

= 762.28. 762.28 sq. in. Ans. 

Ex. 508. Find the side of a regular dodecagon inscribed in a circle whose 
radius is 20 inches. 

a = R\ ^Ws Ex.466 

= 20\ /2 - V3 
= 20V2- 1.73206 
= 20 x 0.617 
= 10.34. 10.34 in. Ans. 
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Ex. 509. Find the perimeter of a regular pentagon inscribed in a circle 
whose radius is 25 feet. 



a = tRy/lO-2Vb. Ex. 463 

P = 5a 

= 5 x i x 25 VlO-2V5 



= 62.5 x VlO - 2 x 2.23606 

= 62.5 x 2.351 

= 146.04. 146.04 sq. ft. Arts. 

Ex. 510. The length of each side of a park in the shape of a regular 
decagon is 100 yards. Find the area of the park. 

8 = irP = ir x 10a = bar. § 459 

Now a = iB ( V5 - 1). Ex. 443 

^h juVi + i) ^ + 

Vii-l 5 ~ 1 

r = iV4JEP-aS Ex. 606 



= ia\/5 + 2V5. 
.-.5 = 5a x iaV5 + 2V5 



= Ja*x V6 + 2 x2.! 

= f x 100 2 x 3.077 

= 76925. 76,925 sq. yd. Ans. 

Ex. 511. J?^n(Z <te cost, at $2 per yard, of building a wall around a 
cemetery, in the shape of a regular hexagon, thai, contains 16,627.84 square 
yards. 

S = trP = +r x6a = 3ar. §469 

.\ 16627.84 = 3 ar. 
Now a = U, and r = iijV§. Ex.442 

... r = iaV3. 
.-. 3a xiaV3 = 16627.84. 

16627.84 = 16627.84 
|V3 fx 1.732 

.-. a = V6400 = 80. 
P = 6a = 6 x 80 = 480. 
480 x $2 = f960. Ans. 
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Ex. 512. The side of an inscribed regular polygon of n sides is 16 feet. 
Find the side of an inscribed regular polygon of 2 n sides. 



Side of polygon of 2 n sides = V-B (2 R - V4jR 2 -a 2 ) 
= Vfl(2i2-V4iJ2-~i62) 
= V-B(2i2 - V4i*2 -"266) 
= V2i2(-R-ViJ2-64). 



§478 



Ex. 513. # tte radius of a circle is R, and the side of an inscribed reg- 
ular polygon is a, show that the side of the similar circumscribed regular 

, . 2aR 

polygon is — • 

V4^2^«2 

Let AB, the side of a regular inscribed polygon, be 
denoted by a, and the radius of the O by R. 

Let CD be a side of the similar circumscribed regular 
polygon. § 441 

To prove that CD = a • 

V4E2-a 2 




Proof. OJS: = >/^*-^^ 2 = -Ji2 2 ~ (-) a = ±V4iF-a 2 . §372 

OK:OE = AB: CD. § 445 

.-. iV4i*2-a 2 :R = a:CD. 

.-. CD = 



But 



2aR 



V4i?2-a2 



§327 

Q. E. D. 



Ex. 514. TFAat is the width of the circular ring between two concentric 
circumferences whose lengths are 660 feet and 425 feet ? 

Let R be the radius of the larger O, and & the radius of the smaller. 
Since Q = 2 nR, § 468 



R-. 



650 . _, 426 

: — and Rf — 

2rt 2tt 



, B _ * = «2 - «5 = »» = ™± = 112.5 x 0.31831 = 35.809875. 

2;r 2ir 2jt ir 

35.8 ft. Ans. 



Ex. 515. Find the angle subtended at the centre by an arc 6 feet 10 inches 
long, if the radius of the circle is 9 feet 4 inches. 
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6 ft. 10 in. = 70 in. ; 9 f t. 4 in. =112 in. 

C = 2 icR = 2 x 3.1416 x 112 = 703.7184. 
703.7184 : 70 = 360° : A required. 
70 x 360° 



.-. Z. required = 



703. Vl84 



= 35.8°. Ans. 



§458 
§287 

§327 



Ex. 516. The chord of a segment is 10 feet and the radius of the circle 
is 16 feet. Find the area of the segment. 

AB- 10 and AO = 16 = BO. 
Area segment ACB = area sector OACB — area 
A OAB. 

Inscribe in a O whose radius is unity a sector (yA'CB? 
similar to the sector OACB. 

Then A'& : AB = VB? : OB. 

.-. A'& : 10 = 1 : 16. 

.-. A'& = {$ = 0.626. 
The arc of the sector can be found approximately by a method similar 
to that used in § 480. 

No. of Sum of 

Chords. Chords. 

d =0.625. 0.625 




C 2 =\/2-V4- 0.6252 =0.3164877. 

(7 4 = V2 - V4~- 0.3164877* = 0.1587446. 
C 8 = V2 - V4~^- 0.15874462 = 0.0704350. 
Cie = V2 - V4 - 0.07943502 = 0.0397343. 
C 82 = V2 - V4~- 0.0397343 2 = 0.0198683. 
C u = V2 - V4 - 0.0198683 2 = 0.0099343. 



0.6329754 
0.6349784 
0.6354800 
0.6357488 
0.6357856 



0.6357952 

Therefore, the length of the arc AB is 0.6358, correct to four places of 
decimals. 

.-. area sector VA'C'B? = i x 0.6368 = 0.3179. § 462 

.-. area sector OACB = 16 2 x 0.3179 = 81.3824. § 465 



Area A OAB = Vs (s - a) (s -b)(s- c) Ex. 405 
= V21 x 11 x 5 x 5 
= 76.99. 
.-. area segment = 81.38 sq. ft. — 75.99 sq. ft. = 6.39. sq. ft. 

Ex. 517. Find the area of a sector, if the angle at the centre is 20°, and 
the radius of the circle is 20 inches. 
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Area sector = ^% of area O § 462 

= #t x nB* §463 

= jfox 3.1416x20* 
= 69.81. 69.81 sq. in. Ans. 

Ex. 518. The chord of half an arc is 12 feet, and the radius of the circle 
is 18 feet. Find the height of ths segment subtended by the whole arc. 
~A& = 2 OCx CD. § 370 -£ 

122 = 2 x 18 x CD. 
36 CD = 144. 

.\ CD = 4. 4 ft. -An*. 

Ex. 519. Find the side of a square which is equivalent to a circle whose 
diameter is 35 feet. 

Area O = n& = \ itIP = \ x 3.1416 x 35 2 = 962.115. § 463 

Side of square = V962.115 = 31.02. 31.02 ft. Ans. 

Ex. 520. The diameter of a circle is 15 feet. Find the diameter of a 
circle twice as large. Three times as large. 
Let S' and If denote the area and diameter of the required O. 
Then 8 :&= (*D) 2 : (\IX)* = 1P:D*. §464 



(1) S:2S=zl&:D*. 
1 : 2 = 225 : D*. 
.-. D* = 2 x 225 = 450. 
.-. 2y = V450 = 21.21. 
21.21ft. Ans. 



(2) 5:35=152:2)^. 
1 : 3 = 225 : IY*. 
D* = 3 x 225 = 675. 
.-. If = Vo75 = 25.98. 
25.98 ft. Ans. 



Ex. 521. Find the radii of the concentric circumferences that divide a 
circle 11 inches in diameter into five equivalent parts. 
Let S' and R' denote the area and radius of the required O. 



(1) S:S' = B*:B?*. §464 

5 : 1 = ifi : R*. 
R* = ijftL - 6.05. 

Bf = Voi05 = 2.46. 
2.46 in. Ans. 
(3) 8 : S' = E 2 : ft* § 464 

5:3 = lfL:iT2. 
22^ = ^ = 18.15. 

2T = Vl8.15 = 4.26. 
4.26 in. Ans. 



(2) 



§464 



5:5'= WiRt. 

5:2=41:2?* 
IT 3 = ^ = 12.1. 
22 / = VT23 = 3.48. 
3.48 in. .4ns. 
(4) S:S' = K*:Br*. § 464 

5 : 4 = ifi : 2^. 
2^2 = 1|1 = 24.2. 

22 / = V24li = 4.29. 

4.92 in. -4na. 
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Ex. 522. The perimeter of a regular hexagon is 840 feet, and that of a 
regular octagon is the same. By how many square feet is the octagon 
larger than the hexagon t 

Side of the hexagon = J of 840 ft. = 140 ft. 

Area of the hexagon = 6 times the area of an equilateral A of 140 ft. side. 

a 2 Va 1402 * VS 
Area A = - — - = * = 4900 x 1.73205 = 8487.045. Ex. 404 

4 4 

.-. area of hexagon = 6 x 8487.045 sq. ft. = 50,922.270 sq. ft. 

Side of the octagon = i of 840 ft. = 106 ft. 

a = J?V2-V2. Ex.464 

n 



V2-V2 



r = 4V4JP-01 Ex. 506 



-W'(;/=)'- 



=*v^ 



♦^-a 2 



= i\/2a 2 (2+V2)-a2 

= iV3a 2 + 2a*V2 

= ia\/3 + 2V2. 
S = ±rP = ir x 8a = 4ar. §459 

.-. S = 4 x 105 x i x 106 x V3 + 2V2 
= 2 x 105 2 X V3 -f 2 x 1.41421 
= 2 x 105 2 x 2.414 
= 63,228.700. 
63,228.700 sq. ft. - 50,922.270 sq. ft. = 2306.430 sq. ft. Ans. 

Ex. 523. The diameter of a bicycle wheel is 28 inches. How many 
revolutions does the wheel make in going 10 miles f 

28 in. = 2£ ft. ; 10 mi. = 10 x 6280 ft. = 52,800 ft. 

C=7tD= 3.1416 x 2i ft. = 7.3304 ft. § 458 

Number of revolutions = 52800 -*- 7.3304 = 7202 +. 
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Ex. 524. Find the diameter of a carriage wheel that makes 264 revolu- 
tions in going half a mile. 

imi. = i of 5280 ft. = 2640 ft. 

2640 

Circumference of wheel = ft. = 10 ft. 

264 



Diameter of wheel = 



10 



= 10 x 0.31831 = 3.1831. 



3.1416 

3.1831ft. Ans. 

Ex. 525. The sides of three octagons are 6 feet, 7 feet, 8 feet, respec- 
tively. Find the side of a regular octagon equivalent to thfi sum of the 
three given octagons. 

Let x be the side of the regular octagon required. 

Two regular polygons of the same number of sides are to each other 

as the squares of their sides. § 446 

.-. a>2 = (j2 + 72 + 8 2. Ex . 38i 

.-. x = V6 2 + 7 2 + 8 s = V36+49 + 64 = Vl49 = 12.206. 

12.206 ft. Ans. 

Ex. 526. A circular pond 100 yards in diameter is surrounded by a 
walk 10 feet wide. Find the area of the walk. 
The radius of the pond is \ of 100 yd. = 50 yd. = 150 ft. 
Area of the pond is itR 2 - n x 150 2 = it x 22,600. § 463 

Area of pond and walk is itR? = it x 160 2 = it x 25,600. 
Area of walk is 
it x 25,600 - it x 22,500 = it x 3100 = 3.1416 x 3100 = 9738.96. 

9738.96 sq. ft. Ans. 

Ex. 527. The span (chord) of a bridge in the form of a circular arc is 
120 feet, and the highest point of the arch is lb feet above the piers. Find 
the radius of the arc. 

Let chord AB be 120 ft., and CD be 16 ft. 
AC 2 =2 OCx CD. 

But AjB 2 = AT? + C& 

= 602 + 152 
= 3826. 
OC = R- 16. 
.-. 3825 = 2 (B - 15) x 16. 
2 (R - 15) = 266. 
R - 15 = 127.5. 

12 = 142.5. 142.5 ft. Ans. 
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Ex. 528. Three equal circles are described each tangent to the other two. 
If the common radius is B, find the area contained between the circles. 

The A OC/O" is equilateral, each side being 
2 B, and the area is R 2 Vs. Ex. 404 

The area of the sector cut out of each G by 
the A is } of the O, or J itFP. § 462 

.-. the area of the three sectors is \ it1&. 

But the area contained between the © is the 
area of the A diminished by the area of the three 
sectors ; that is, 

Area contained between the circles = B? Vs — £ itB? = $ R 2 (2 Vs — it). 

Ex. 529. Given p, P, the perimeters of regular polygons of n sides 
inscribed in and circumscribed about a given circle. Find p', P', the perim- 
eters of regular polygons of2n sides inscribed in and circumscribed about 
the given circle. 

Let AB be one side of the circumscribed polygon, and let CD, II to AB, 
be one side of the similar inscribed polygon. 

To construct inscribed and circumscribed 
regular polygons of double the number 
sides, and to compute their perimeters p', P / 
in terms of the perimeters p, P of the given 
polygons. 

Construction. Draw OE _L to AB, and draw 
AO, BO, CE, BE. 

Draw CF ± to AO, and DH _L to BO. 

Then FH is a side of the circumscribed polygon required, and CE and 
BE sides of the inscribed polygon required. 

Proof. C and D lie in A and BO, respectively. § 441 

.-. arc CE = arc DE. § 245 

.-. CE = DE. § 241 

.-. CE and DE are sides of the required inscribed polygon. § 442 

CF and DH are tangent to the O. § 253 

.-. FH is a side of the required circumscribed polygon. § 440 

P OA ft ..„ 

Computation. — = — — • § 447 

Now the rt. & OFC and OFE are equal. § 151 

For FO = FO and OC = OE. § 217 

.-. FO bisects the Z COE. § 128 

...24 = ^?. §348 

OE EF 



aed . 4 f e h b 
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P _AF 
" p~ EF 




Ax. 1 




P+p _AF + EF 

p ~~ EF 




§332 




P+p _ AE AE 








2p ~2EF~FH 






But AE is contained as often in P as FH is in J* 








,^=^•1340^ 

, P+ * = P .A*.l 
2p P' 


F E H B 


Whence 


P + P 


"r 




Also, 


the rt. A 007 and ^i^F are similar. 


§366 


For 


ZECK=ZFEN. 




§110 




CKEN 




§361 


But 


CJGTp 

C^ " p'' 




§340 


id 


ENp' 

EF" P'' 




§340 








Ax. 1 


Whence 


p' = Vp x P'. 


§327 




y \P+P P \P+p 







Ex. 530. Given the radius R and the apothem r of an inscribed regular 
polygon of n sides. Find the radius R' and the apothem t* of an isoperi- 
metrieal regular polygon of 2 w sides. 

Let AB be one side of the given regular polygon. 

To construct an isoperimetrical regular polygon 
of double the number of sides, and to compute its 
radius R / and apothem r' in terms of the radius 
R and apothem r of the given polygon. 

Construction. Draw OD _L to AB and draw 
AD, BD, OA, OB. 

Draw OE ± to AD, and OF ± to BD. Draw EF. 

Then EF is a side of the polygon required. 
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Proof. E and F are the middle points of AD and BD. § 245 

..EF=+AB. §189 
.-. OE = IT and 00 = r 7 . 

Computation. Now DO = GC. § 188 

OD+OC 



.-. OG = 
That is, r 7 = 



2 

i? + r 



2 

Again 0E* = OD x OG. § 367 

.-. O^ = VOD x OG 



= ,|QDX Q!)+0C . 
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MISCELLANEOUS EXERCISES. 

Ex. 531. If two adjacent angles of a quadrilateral are right angles, the 
bisectors of the other two angles are perpendicular. 

In the quadrilateral ABCD, let A A and D be 
rt. A, and let BE bisect the Z ABC and CE bisect 
the Z BCD. 
To prove that BE is ± to CE. 
Proof. ZA + ZB + ZC + ZD = 4n.A. § 206 ^ 
But ZA + ZD = 2 rt. 4. Hyp. 

.-. ZJ5 + ZC = 2rt.A Ax. 3 

..iZB + iZC = lrt. Z. Ax. 7 

/. Z EBC + Z #C£ = 1 rt. Z. 

..ZBECisATt.Z. §131 

.-. BE is ± to CE. Q. e. d. 

Ex. 532. If two opposite angles of a quadrilateral are right angles, the 
bisectors of the other two angles are parallel. 

In the quadrilateral ABCD, let A A and C be rt. A, and let BE bisect 
the ZABC and DF bisect the Z CDA. 
To prove that BE and FD are II. 
Proof. Z4 + ZABC + ZC + Z CDA = 4 rt. <£. 

§205 
But Z4 + ZC = 2rt. zi. Hyp. 

/. ZABC+ ZCDA = 2 rt. A. Ax. 3 
.-. \ZABC + ±Z (72X4 = 1 rt. Z. Ax. 7 
.-. ZEBA +ZADF= 1 rt Z. 
But 2 JEBJ. + ZAEB = 1 rt. Z. § 136 

/. ZAEB = ZADF. §84 

/. BE and FD are II. § 114 

Q. B. D. 

Ex. 533. The two lines that join the middle points of the opposite sides 
of a quadrilateral bisect each other. 

Let ABCD be a quadrilateral, and EG and FH n #_ p 

be lines joining the middle points of the opposite 
sides. 

To prove that EG and FH bisect each other. 

Proof. Draw EF, FG, GH, HE. 

Then EFGH is a O with EG and FH for diagonals. Ex. 74 

.-. EG and MT bisect each other. § 184 

Q. E. 3>. 
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Ex. 534. The line that joins the feet of the perpendiculars dropped from 
the extremities of the base of an isosceles triangle to the opposite sides is 
parallel to the base. 

Let ABC be an isosceles A with CD and BE ± to the equal sides AB 
and A C, respectively. 

To prove that DE is II to BC. 
Proof. The rt. A CBD and BCE are equal. 
For BC = BC, 

and ZCBD = ZBCE. 

.-. BD = CE. 

.-. AB-BD = AC-CE, or AD = AE. Ax. 3 

That is, the A ABE is isosceles. 
Now the ZA is common to the & ABE and ABC. 

.-. Z ABE = Z ABC, and hence DE is II to BC. § 1 14 

Q. E. D. 

Ex. 636. If AD bisects the angle A of a triangle ABC, and BD bisects 
the exterior angle CBF, then angle ADB equals one half angle ACB. 

Let AD bisect the Z A of the A ABC, and 
let BD bisect the exterior Z CBF. 
To prove that ZD-\ZC. 
Proof. Z CBF = A CAB + ZC. § 137 

.-. Z DBF = ZDAB + * Z C. Ax. 7 
But ZDBl^ZiMJS + ZD. §137 

.-. ZD^15 + £Z C = ZDAB + ZD. 
.:iZC = ZD. 

Ex. 636. The sum of the acute angles at the vertices of a pentagram 

(five-pointed star) is equal to two right angles. 

n 
Let A, B, C, D, E be the acute A at the vertices 

of the given pentagram. 

To prove that A+B+C+D+E=2 rt. A. 

Proof. ZDNK + Z CKL + Z BLP 

+ ZAPQ + ZEQN = 4 rt. A. § 207 

Also Z DKN + Z CLK + Z BPL 

+ ZAQP+ ZENQ = 4rt.A. §207 

Hence, sum of base A of the & jD-ATK, C.KX, etc. = 8 rt. A. 

But sum of all the A of the & DNK, CKL, etc. = 10 rt. A. 

.: A + B + C + D + E = 2 rt. A. 





188 



BOOK V. PLANE GEOMETRY. 




D\.. 



Ex. 537. The altitudes AD, BE, CF of the triangle ABC bisect the 
angles of the triangle DEF. 

Let ED, EF, FD join the feet of the altitudes 
of the A ABC. 
To prove that Z EDA = Z FDA, 
ZFEB = ZDEB, 
and ZEFC = ZDFC. 

Proof. On AB, BC, AC as diameters describe 
(D. These © pass through D and E, E and F, 
D and F, respectively, since the A ADB and AEB, CEB and CFB, AFC 
and ADC are right A. Ex. 170 

Now Z EDA = Z EBA (each being measured by i arc EA) 
= Z ECF (each being measured by i arc EF) 
= Z F2M (each being measured by ± arc AF). 
Also, Z ZEJB = Z FCB (each being measured by ± arc F.B) 
= Z DAF (each being measured by £ arc 2)F) 
= Z DEB (each being measured by £ arc DB). 
Also, Z EFC = Z J^BC (each being measured by i arc EC) 
= Z 2i?u4D (each being measured by i arc ED) 
= Z DFC (each being measured by i arc CD). q. e. d. 

Ex. 538. The segments of any straight line intercepted between the cir- 
cumferences of two concentric circles are equal. 

Let AD cut the outer O in A and D and the inner O 
in B and C. 

To prove that AB = DC. 

Proof. Draw OK from the centre O ± to ^.D. 

Then X^i = KD and JBTJ5 = EC. § 245 

.-. KA-KB = KD- KC. Ax. 3 

That is, AB = DO. q. e. d. 

Ex. 539. If a circle is circumscribed about any triangle, the feet of the 
perpendiculars dropped from any point in the circumference to the sides of 
the triangle lie in one straight line. 

Let P be any point in the circumference of 
the circle circumscribed about the A ABC. 

Let PD, PE, PF be ± to AC, BC, AB, 
respectively. 

To prove that FED is a straight line. 

Proof. Draw PB, PC ; and on PB and PC 
as diameters describe (D. 
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Since A PEC and PDC are rt. A, the O on PC passes through E 

and D. Ex. 170 

Since A PEB and PFB are rt. A, the O on PB passes through E 

and P. Ex. 170 

Now ZBPE + ZEPD + ZDPC+ZA = 2rt.A; Ex.97 

and ZFPB + ZBPE + ZPBF + ZPBE = 2rt.A. Ex.97 

.-. Z J5P.E + ZEPD + ZDPC + ZJ. + Z PPJ3 + ZBPJE + ZPJ3P 

+ ZPB^ = 4 rt. z£. Ax. 2 

Again Z£P.E+ Z-EPD + ZA + Z^1J3^ + Z^BP = 3 rt. ,4. §206 

.-. ZDPC + ZBPF+ZBPE + ZPBF-ZABC = 1 rt. Z. Ax. 3 

But Z ABC = Z BFE + Z BEF; § 137 

also Z BFE = Z PPJP, and Z BEF = Z BPF. § 293 

.-. ZABC = ZBPE + ZBPF. 

Substituting for ZABCW& equal, Z BPE + Z BPF, 

ZDPC + ZP#F = 1 rt. Z. 
But Z DPC = Z DJEC, and Z P£P = Z PEP. § 293 

.-. Z M7C + ZPJPP = 1 rt. Z. 
.-. ZDEC + ZPEC + ZPEF=2 rt. J. Ax. 2 

.-. PED is a straight line. § 90 

Q. £. D. 

Ex. 540. Two circles are tangent internally at P, and a clwrd AB of 
the larger circle touches the smaller circle at C. Prove that PC bisects the 
angle APB. 

Let the (D PCD and PAB be tangent internally at P. y /^?T^N v 

Let AB be a chord of the larger O PAB tangent to the (yl \ \\ 

smaller O PCD at C. A r\ \1 ) 

To prove that Z APC = Z BPC. VT^jfy/ 

Proof. Produce PC meeting the larger O at E, and jjkzz^Hi 
draw CD and EB. 

CD is II to EB. Ex. 262, § 345 

Now Z APC = Z ABE, § 293 

and Z ABE = Z BCD. § 110 

Also Z BCD = Z BPC. 

For • £ arc CD measures Z BCD, § 295 

and £ arc CD measures Z J5PC. § 289 

,'.ZAPC = ZABE. Ax. 1 

Q. £. D. 
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Ex. 541. The diagonals of a trapezoid divide each other into segments 



which are proportional. 

Let ABCD be a trapezoid whose diagonals AC 
and BD intersect at E. 

To prove that EA:EB = EC: ED. 

Proof. The A AEB and CED are similar. § 355 

For Z AEB = Z CED, 

and Z EBA = Z EDC. 

..EA:EB = EC:ED. 



i> c 



§93 
§110 
§351 

Q. £. D. 



Ex. 542. If through a point P in the circumference of a circle two chords 
are drawn, the chords and the segments between P and a chord parallel to 
the tangent at P are reciprocally proportional. 

Let the chord AB be II to the tangent at P, and let PC and PD be 
chords cutting AB in E and K. 



To prove that 


PE:PK = PD:PC. 




Proof. 


Draw CD. 






Z FPE = ZD. 


Ex. 101 


But 


ZFPE = ZPEK. 


§110 




..ZPEK=ZD. 


Ax. 1 


In like manner, 


ZPKE = ZC. 






\ the A PEK and PDC 


are similar. 




.'. PE:PK = PD: 


PC. 




Ex. 543. The perpendiculars from two vertices of a triangle upon the 
opposite sides divide each other into segments recipro- 
cally proportional. 

Let ABC be a A, and let CD and BE be ±, respec- 
tively, to AB and AC, and meet at F. 

To prove that FB : FC-FD: FE. 
■ Proof. The rt. & BDF and CEF are similar. § 356 

For Z BFD = Z CFE. 

.\ FB:FC = FD: FE. 




Ex. 544. The perpendicular from any point of a circumference upon a 
chord is the mean proportional between the perpendiculars from the same 
point upon the tangents drawn at the extremities of the chord. 
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Let AB be a chord, A T and BT tangents, PB drawn from any point 
P in the arc ± to AB. Let PL and PK be Jl to 
-4T and BT, respectively. 

To prove that PL:PB = PB: PK. 

Proof. On BP and AP as diameters, describe (D. 
These (D will pass through K, D and £, D, respec- 
tively, since A PKB, PBB, ALP, and ^IDP are 
rt. A. 



Now 

For 
and 



Again 

For 
and 



Ex. 170 
Draw LB and KB. 

ZPKB = ZPBB. 
Z PBB = Z LAP. 
| arc AP measures Z PJBD, 
£ arc -AP measures Z .kd.P. 
Z2^iP = ZPDZ,. 
.-. ZPKB = ZPBL. 
ZPLB=ZPAB. 
ZPAB = KBP. 
| arc PJ5 measures Z PAB, 
£ arc PB measures Z KBP. 
ZKBP = ZPBK. 
..ZPBK = ZPLB. 
.-. the & iPD and BPK are similar. 
.-. PL:PB = PB: PK. 




Ex. 545. In an isosceles right triangle either leg is the mean proportional 
between the hypotenuse and the perpendicular upon it from the vertex of the 
right angle. 

Let BA C be an isosceles A with 'A a rt. Z. 
Let AB be perpendicular to BC. 

To prove that BC.AB-ABi AB. 

Proof. BC:AB = AB:BB. §367 

But ZB = ZBAB = 4b°. 

.-. BB = AB. 
..BCiAB = AB:AB. 




Ex. 546. If two circles intersect in the points A and B y and through 
A any secant CAB is drawn limited by the circumferences at C and 
2), the straight lines BC, BD are to each other as the diameters of the 
circles. 
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Let the two (D intersect in the points A and B, and CAD be 
catting the circumferences in C and D. Let 
BC and BD be drawn, also the diameters BK 
and BL. 
To prove that BC:BD = BK : BL, 
Proof. Draw AK and AL. 

Z KAB and Z jL/IB are rt. A. § 290 

.-. AK and ^.i are in the same straight line. 
In the & CBD and KBL, Z C = Z K, and Z D = Z L. 
.-. the A CBD and KBL are similar. 
..BC xBD = BK:BL. ' 

Ex. 547. 7%6 area of a triangle is equal to half the product of its perim- 
eter by the radius of the inscribed circle. 

Let ABC be a A, and NLK be the inscribed O having 
the radius OK. 

To prove that area A = i (AB + BC + CA) x OK. 
Proof. The Js OK, OL, ON are all equal, § 162 

Area AAOB = AB x i OKT, 
area A BOC = BC x J Oi, 
areaA^10C = u4CxiO^ 
s.Area,(/\AOB + ABOC + AAOC)=±(AB+BC+AC)xOK. Ax. 2 
.-. area A^t#C = i(AB + BC + AC) x OJBT. q. e. d. 

Ex. 548. The perimeter of a triangle is to one side as the perpendicular 
from the opposite vertex is to the radius of the 
inscribed circle. 

Let ABC be a A whose perimeter is p. Let 
BD be ± to CA, and OK be the radius of the in- 
scribed O. 
To prove that p.AC=BD: OK. 
Proof. area A = \p x OK. Ex. 547 

Also, area A = * AC x BD. § 403 

.-. ip x OK- I AC x BD. Ax. 1 
.\p x OK=ACx BD. 
r.p:AC = BD: OK. 





Ax. 6 



Q. E. D. 



Ex. 549. If three straight lines A A', BB', CC, drawn from the vertices 
of a triangle ABC to the opposite sides, pass through a common point 
within the triangle, then 
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OA' 0& PC 

AA' BR CC'~ ' 

Let O be any point in the A ABC. Let AA', 

CC, BR be drawn through O, cutting the sides 

BC, AB, AC in A', C, R, respectively. 

„, t OA' OR OCT , 

To prove that + — + — - = 1. 

y AA' BR CC 

Proof. Draw OD and AE JL to BC. 

The rt. A ODA' and AEA' are similar. § 366 

OD _ OA' 

'' AE~ AA r 

A OBC _ OD 

AABC~ AE' 

A OBC _ OA' 



In like manner, 



A OAC 



A ABC 
__ OR 
" BR 



and 



AOiB 



A^IJBC BR A ABC 

AOBC + A OAC + A OAB _ QA' 
~AA' 



But 



A ABC 
A OBC + A OAC + A OAB 




BR CC 



A ABC 
m 0£ 

""" AA' 



AABC 
= AABC~ ' 



BR CC 



Ax. 2 



Ax. 1 

Q. E. D. 



Ex. 550. ABC is a triangle, M the middle point of AB, P any point 
in AB between A and M. If MD is drawn parallel to PC, meeting BC 
at D, the triangle BPD is equivalent to half the triangle ABC. 

In the AABC, let M be the middle point of AB, and P any point in 
AM. Let MD be drawn II to PC. Draw PD. c 

To prove that A BPD o\AABC. 
Proof. Draw MC. 

Now BM=\ AB. 

.'.ABMC*»IAABC. 
In & BMC and BPD, A BMD is common. 
AMPD^AMDC. 
.-.A BMC * BPD. 
,\ABPD^\AABC. 




§404 
Ax. 2 
Ax. 1 

Q. E. D. 
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Ex. 551. Two diagonals of a regular pentagon, not drawn from a 
common vertex, divide each other in extreme and mean ratio. 

Let BE and AC he diagonals of a regular pentagon and intersect at JP. 

To prove that AC: PC = PC: AP. B 

Proof. Circumscribe a O about the pentagon. 
The & ABC and APB are similar. § 365 

For Z BA C = Z BAP, Iden. 

and Z ACB = Z ABP. §293 

/. AC : AB = AB : AP. § 351 

But PC = AB. Ex. 466 

Substitute PC for its equal AB. 

Then AC:PC = PC:AP. q. e. d. 



A K 


/ P 


X 


\ \ 

V \ 

^ \ i 

* \ / 




/ / 
/ * 


j?s 


"**- _ — 


.-."• '*> 



Ex. 552. If all the diagonals of a regular pentagon are drawn, another 
regular pentagon is thereby formed. 

Let all the diagonals of the regular penta- 
gon ABCDE be drawn, forming the pentagon 
FGHKL. 
To prove that FGHKL is a regular pentagon. 
Proof. AABC = ABCD = ACDE 

= A DEA = A EAB. § 143 
For AB = BC = CD = DE = EA, § 429 
and /.ABC = Z BCD = Z CDE = Z DEA 

= Z EAB. § 429 

/. AC = BD= CE = DA = EB. § 128 

Now AG = BH = CK=DL = EF=FC = GD=ME = KA = LB. 

Ex. 466 




.-. FG = GH = HK=KL = LF. 
Also, FB=GB=GC = HC = HD = KD = KEz 



LE = LA = FA. 

Ax. 3 

.-. & #FG, CW/, DHK, EKL, ALF are equal isosceles A. § 150 

.: ZBFG = /CGH= ZDHK=/EKL =ZALF. § 128 

..ZLFG = Z FGH=Z GHK = Z fflSTZ, = Z #LF. § 85 

.-. pentagon FGHKL, being equilateral and equiangular, is regular. § 429 

Q. E. D. 



Ex. 553. The area of an inscribed regular dodecagon is equal to three 
times the square of the radius. 

Let AB be the side of a regular dodecagon whose area is P inscribed 
in a circle whose centre is O and radius B. 
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To prove that P = 3 1J 2 . 

Proof. Draw A C, a side of a regular inscribed hex- 
agon. 

Area of AAOB = OB x \AE 

= R xii2 = iiJ2. §403 
But the AAOB is ^ of the dodecagon. 
Hence, P = 12 x ±R 2 = 3R*. q. b. d. 



Ex. 554. The area of a square inscribed in a semicircle is equal to two 
fifths the area of the square inscribed in the circle. 

Let ABCD be a square inscribed in the semicircle, and EFGH be a 
square inscribed in the O whose centre is 0. 




Now area of 
and area of 
To prove that 
Proof. 



1308 



(372 



A O 



ABCD = BC, 
EFGH = EF 2 . 

~BC 2 : EF 2 = 2:5. 
Draw 00. 
BC*= OC 2 -~OB 2 . 
.'.BC 2 =OC 2 -(lBC)*. 
.:BC 2 = W 2 -iBC 2 . 

.:BC 2 =iOC 2 . 

EF = OC V2. Ex. 441 

.-. EF 2 = 2 OC 2 - 
BO 2 : EF 2 = | OC 2 : 2 OC 1 = f : 2 = 2 : 5. Q. e. d. 



Ex. 555. The area of a circle is greater than the area of any polygon 
of equal perimeter. 

Let ACBFG be the maximum figure formed with a given perim- 
eter. 

To prove that ACBFG is a circle. 

Proof. From any point A in the perimeter 
draw A B so as to divide the perimeter into 
two equal parts. 

AB divides the figure A CBFG into two 
equivalent parts. 

For if the area of one of the parts, as AFB, 
is greater than that of the other part, ACB, then, if the part AFB 
is revolved upon AB as an axis into the position AF'B, the figure 
AG'F'E'B would be greater than the figure ACB, but would have the 
same perimeter. 



B' 
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Hence, the figure ACB would not be the maximum, which is contrary 
to the hypothesis. 

Since ACB is the maximum figure, AG'F'E'B is also the maximum 
figure, for it has the same perimeter and the same area as ACB. 

Now AG'F'E'B is symmetrical with respect to the line AB, since by 
the revolution about AB, every line FF' JL to AB, terminated by the 
perimeter, is bisected by AB. § 211 

Since F and F' are two symmetrical points in the perimeter, the 
& AFB and AF'B are equal. / 

Now the A AFB and AF'B are rt. A. ,,— N 

For, if they were not rt. A, the areas of the 
& AFB and AF'B could be increased without 
changing the lengths of the chords AF, FB, 
AF', F'B (§ 484), and then (the segments AGF, 
FEB, AG'F', F'E'R, still standing on these 
chords), the whole figure would have its area 
increased without changing the length of its perimeter. 

Therefore, AG'F'E'B would not be the maximum. 

Therefore, the A F and F' are rt. A. 

But F is any point in AFB. 

Therefore, AFB is a semicircumference. Ex. 170 

Therefore, any half the figure being a semicircle, the whole figure 
ACBFG is a circle. q.e.d. 




Ex. 556. The circumference of a circle is less than the perimeter of any 
polygon of equal area. 

Let C be a circle, and P be any polygon having the same area as C. 
To prove that the perimeter of C is less than the perimeter of P. 




Proof. Let C be a circle having the same perimeter as P. 

Then P < C, or C < C. Ex. 565 

Now, of two <D, that which has the less perimeter has the less area. 

Therefore, the perimeter of C< the perimeter of C. 

Therefore, the perimeter of C < the perimeter of P. q. b. d. 
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Ex. 557. Find tfie locus of the centre of the circle inscribed in a triangle 
that has a given base and a given angle at the vertex. 

Let ABC be a triangle with the given base AB, and the vertical Z C 
equal to the given Z. . 

Let O be the centre of the O inscribed in the 
A ABC. 

To find the locus of 0. 

Analysis. Suppose the construction effected and O a 
point in the locus required. 

The locus of the vertex C is the arc of the seg- * ' 

nient on AB as a chord in which the given Z may be inscribed. 

The centre of the inscribed O is the intersection of the bisectors A O 
and BO of the A CAB and CBA. 

Now Z C = IS0° -(Z A + ZB), §131 

and Z O = 1 80° - (£ Z A + i Z B) 

= 90° + iZC. 

Therefore, Z O is constant, and lies on the arc of the segment on 
AB as a chord in which may be inscribed an Z equal to 90° + half the 
given Z. 

Construction. On AB as a chord, describe a segment of a O in which 
may be inscribed an angle equal to 90° + half the given Z. 

The arc of this segment is the locus required. q. e. f. 



Ex. 558. Find the locus of the intersection of the altitudes of a triangle 
that has a given base and a given angle at the vertex. 

Let A ABC be one of the & that have the base AB and the vertical 
Z C equal to the given Z. 

Let the altitudes AE, BF f CD intersect at 0. 

To find the locus of O. 

In the quadrilateral OECF, the sum of the 
A = 4 rt. A. § 206 

But Z OEC = Z OFC = 1 rt. Z. Hyp. 

.-. Z FOE = 180° - Z FCE. 

But Z FOE = ZAOB. § 93 

.-. Z A OB = 180° - Z FCE. Ax. 1 

That is, the ZAOB is constant and equal to the supplement of the 
given vertical Z of the A. 

Hence, the locus of the point O is the arc of the segment of a O con- 
structed on AB as a chord in which may be inscribed an angle equal to 
the supplement of the given vertical Z of the A. q. e. f. 
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Ex. 559. Find the locus of the extremity of a tangent to a given circle, 
if the length of the tangent is equal to a given line. 
Let A T be tangent to the O whose centre is O at any point A of the 

circumference. ^ 

Take A T equal to the given length. 

To find the locus of T. t 

Draw OA and OT. ( 

OA is _L to A T. § 254 \ 

§371 



OT 2 = AT 2 + OA 2 . 




.-. O T = y/Al* + OA 2 . ^ - ^ 

That is, the length OT is constant and equal to y/A T 2 + OA 2 . 
Hence, the locus of the point T is the circumference of a circle con- 
centric with the given O having for radius the distance from the centre 
of the given O to the extremity of a tangent of the given length. 

Q. E. F. 

Ex. 560. Find the locus of a point, tangents drawn from which to a 
given circle form a given angle. 
Let be the centre of the given O and let TA and TB be tangents 

drawn from the same point T, and let ZATB ^ 

be equal to the given Z. 

To find the locus of O. 
Draw the radii OA and OB. ,' 

Then the sum of the A of the quadrilateral \ 
AOBT = 4rt. A. §206 

But A A and B are rt. A. § 254 

.-. Z is the supplement of Z T. 
Therefore, the angle at the centre formed by the radii to the points of 
contact of the tangents from any point of the locus is constant and equal 
to the supplement of the given Z. 

Hence, the locus of the point T is the circumference of a circle con- 
centric with the given O having for radius the distance from the centre 
of the given O to the point of intersection of any two tangents that 
include the given Z. q. e. f. 

Ex. 561. Find the locus of the middle point of a line drawn from a 
given point to a given straight line. 

Let P be the given point, AB the given line. Let PC be the ± from 
P to the line AB, and let PD and PE be any other lines drawn from 
Pto^il*. 
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To find the locus of the middle points of these 
lines. 

Draw HK the ± bisector of PC. 
HK is the locus required. 

Proof. HK is II AB. § 104 

Since HK bisects PC, it bisects all other lines 
from P to AB. 

Hence, the required locus is a line II to the given line at a 
from the given line equal to half the distance of the given point 
given line and on the same side of the given line as is the given 




§188 
distance 
from the 
point. 

Q. £. F. 



Ex. 562. Find the locus of the vertex of a triangle that has a given base 
and a given altitude. 

The locus of the vertex is evidently a line II to the given base at a 
distance from the given base equal to the given altitude. q. e. f. 

Ex. 563. Find the locus of a point the sum of whose distances from two 
given parallel lines is equal to a given length. 

Let d equal the distance between the given parallel lines, and let I 
equal the given length. 

If Z>d, the locus consists of two lines parallel to the given parallel 
lines lying without the given lines, each at a distance i(l — d) from the 
nearer line. 

If I = d, every point between the lines satisfies the condition. 

If I < d, there is no locus. q. e. f. 

Ex. 564. Find the locus of a point the difference of whose distances 
from two given parallel lines is equal to a given length. 

Let d equal the distance between the given parallel lines, and let I 
equal the given length. 

If I < d, the locus consists of two lines between the given parallel lines 
and parallel to them each at a distance i (d — /) from the nearer line. 

If I = d, every point in either of the given parallel lines satisfies the 
condition, and every point outside the given parallel lines satisfies the 
given condition. 

If I > d, theVe is no locus. q. e. f. 



Ex. 565. Find the locus of a point the sum of whose distances from two 
given intersecting lines is equal to a given length. 
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Let AC and BD be the given lines intersecting at 
O, and let I be the given length. 

To find 'the locus of a point the sum of whose dis- 
tances from AC and BD = I. 

Draw MN II BD at a distance equal to I Let MN 
cut A C at A. 
Take OB, OC, and OD equal to OA. 
Draw .4B, -BC, CD, DA. 
Then ^1J5C2) is a £7. Ex. 68 

Also A BCD is a rectangle. Ex. 70 

The sides of the rectangle ABCD is the required locus. 
Proof. The sum of the _fc from any point P in any one of the sides of 
the rectangle is equal to the given length I. Ex. 60 

Q. E. F. 

Ex. 566. Find the locus of a point the difference of whose distances 
from two given intersecting lines is equal to a given length. 

Let AC and BD be the given lines intersecting at 0, and let I be the 
given length. 

To find the locus of a point the difference of 
whose distances from A C and BD — I. 

Construct the rectangle ABCD as in Ex. 565, 
and prolong each of its sides both ways. 

The prolongations of the sides of the rectangle 
is the locus required. 

Proof. The difference of the Js PF and PE, 
drawn from any point P in AG, is equal to I. 

For VF = I, and PE = PF, since rt. A PEA 
= rt. A PVA. * §141 

Q. E. F. 




-H 



xr-L 



Ex. 567. Find the locus of a point whose distances from two given 
points are in the given ratio m : n. 

Let A and B be the two given points, and m : n the given ratio. Let P 
be taken so that PA : PB = m:n. J£** 

To find the locus of P. 

Analysis. Suppose the con- TJZ^ X 

struction effected, and P a point 
in the locus required. 

Dividers internally at C and /* 
externally at 2), in the ratio m : n, 




D 

§§ 348, M9 
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Then PA : PB = m :n = CA : CB = AB : BD. 

Now PC bisects the Z APB, and PB bisects the Z PPK. 

.-. CPD is a rt. Z. Ex. 29 

.-. P is in the circumference on CB as a diameter. Ex. 170 

.-. the required locus is this circumference. 

Construction. Divide AB harmonically at C and B in the ratio m : n 

(§ 360), and upon CB as a diameter describe a circumference. q. e. f. 



parallel lines are in the given ratio m : n. % 

A ; B 

Draw any line EF JL to AB and CB. K i L 



Ex. 568. Find the locus of a point whose distances from two given 
arallel lines are in the given ratio m : n. 
Let AB and CB be the given parallel lines. 
Draw any line EF JL to AB and CB. 

Divide EF at H so that EH : HF = m : w. § 385 jp 

Through^ draw KL II to AB. f '* 

Again divide FE at P so that FP : PP = m. : n. C jp D 

The II lines KL and JOT are evidently the required locus. q. b. f. 

Ex. 569. Find the locus of a point whose distances from two given 
intersecting lines are in the given ratio m : n. 



Let CA and CB be 



.S 



the two given lines, ^^ E f 

and m:n the given Q "l^^S^ ~\ 

ratio. X — ">7f^-^ ^ B 

To find the locus c«^=c— /_._. ~ ^^ • \& 

of a point whose dis- ^*w^^ —-~-~7£~ ~~*"^ ^/^^Z* 

tances from CB and ^^^"^^^ / ^"^-^ 

CA are in the ratio ^-^/ / 

m : n. *^^>^ / 

_ tn ^*^u 

Construction. From ^^ 

any point on CA, as 

D, draw BH equal to n, and JL to CM. Through H draw S# II to AC. 
From any point on CB, as P, draw PP equal to m, and ± to CP, and also 
PP' equal to m, and JL to CB. Through E draw ER II to PC, intersect- 
ing HS in P, and through E' draw P'Q II to BC, intersecting HS in P / . 

Then the locus required consists of the two straight lines CP and CP*. 

Proof. Since PT(± to CM) = HB = w, and PZ7(± to CP) =EF=n, 
the point P is a point of the locus required. 

Any other point on CP will also satisfy the required condition ; for Js 
from this point on CB and CA will, by similarity of &, be as m : w. 

Therefore CP is one branch of the required locus. 

In like manner, CP* may be shown to be another branch. q. e. f. 
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Ex. 570. Find the locus of a point the sum of the squares of whose dis- 
tances from two given points is constant. 

Let A and B be the given points, and let P be any point of the 
required locus. 

To find the locus of P such that PA 2 + PB 2 is P ^ ^ % 

constant. ''Pv-. Nv 

Draw AB and bisect AB at M. Draw PA, PB, f \ %h \\ \ 

PM. _ 1 2 --M"""' B j 

Let PA 2 + PI? = fc 2 , a constant quantity. \ / 

Now PA 2 + PB* = 2 AM* + 2 PM 2 . § 377 ^-. S* 



That is, k 2 = 2 Aitf 2 + 2 PJf 



Whence, PJf = V i (fc 2 - 2 AM 2 ), a constant. 

Hence, the required locus is the circumference of a circle whose centre 
is the middle point of the line that joins the two given points. q. e. f. 

Discussion. If k 2 is known, and k 2 <2AM 2 \ that is, if k<AMV2, 
PM is an imaginary number and there js no locus. 

If k 2 = 2 AM 2 , that is, if k = AMy/2, PM = 0, and the circumference 
of the circle is reduced to the point M. 

Ex. 571. Find the locus of a point the difference of the squares of 
whose distances from two given points is constant. 

Let A and B be the given points, and let P be any point of the required 

locus. 

To find the locus of P such that PZ 2 - PI? p' p 

is constant. ! ,-'/ 1\ 

i ,' ■' ■ . 
Draw AB and bisect AB at M. Draw PA, J S 

PB, PM, and draw PH ± to AB. y\ > 

Let PZ 2 — PB 2 = k 2 , a constant quantity. ^.'—.X r ..l. 

Now PT-PB 2 = 2ABxMH. §377 \ \ * 

That is, k 2 = 2ABxMH. 

k 2 

Whence MH — , a constant. 

2AB 

Hence, the locus is two straight lines perpendicular to the line that 
joins the two given points at equal distances from the middle point of 
that line. q. e. f. 

Discussion. If k 2 is known, the distance MH is the thrcd proportional 
to the lengths 2 AB and k. The other part of the locus is the line JL to 
AB erected at the distance MH on the other side of M, 
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Ex. 572. Find the locus of the vertex of a triangle that has a given 
base and the other two sides in the given ratio m : n. 

Let AB be the given base, and let P be taken so that PA : PB = m:n. 

To find the locus of P. *> 

Divide AB harmonically at C ^*>—zf<^~ 

and D in the ratio mm. § 360 p «^' \ 

Divide BA harmonically at C ^-~'4*> 



:tz 



and If in the ratio mm. § 360 ^*>* „ , ^^ . 

The circumferences of circles ^~ c b D 

on CD and C'lf as diameters are the locus required. Ex. 667 

Q. E. F. 

Ex. 573. To divide a given trapezoid into two equivalent parts by a 
line parallel to the bases. 



L ____ 




Let ABCD be the given trapezoid. 
To divide the trapezoid ABCD into two equivalent parts by a line II to 
AB. 

Construction. Draw a rt. A with the leg a equal to AB, and the leg 
b = DC. 

Find d so that d 2 : c 2 = 1 : 2. § 427 

On AB take A II equal to d, and draw HG II to AD, and FG II to AB. 
FG is the line required. 
Proof. Produce AD and BC until they meet at E. 

FG = AH=d. §180 

Since DC, FG, and AB are II, & ABE, FGE, and DCE are similar. 
.-. A FGE : A DCE = FG 2 : DC' 2 , (1) 
and AABE:ADCE = AB 2 ''DC 2 . (2) §411 

From (1), by division, 

A FGE - A DCE : A DCE = FG 2 - DC 2 .DC 2 . § 333 

But FG 2 = i c 2 = i (a 2 + & 2 ) = £ (AB 1 + DC 2 ). Const. 

Substituting for FG 2 its equal £ (AB 2 + DC 2 ), 

&FGE-&DCE:ADCE = $(AB 2 -DC 2 ):DC 2 . (3) 
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From (2), by division, 

A ABE - A DCE : A DCE = AB* - DC 2 : DC 2 . (4) 

From (3) and (4), 

AFGE -ADCEiAABE - ADCE = i(AB* -DC 2 ) -.AB* - DC 2 . 




r^ 




But A FGE - A DCE = the trapezoid FGCD, 

and A ABE -A DCE = the trapezoid A BCD. 

.-. FGCD : ABCD = I : 1. 
.\ the trapezoid FG CD *>£ the trapezoid ABCD. q. e. f. 

Ex. 574. To divide a given trapezoid into two equivalent parts by a 
line through a given point in one of the bases. 

Let ABCD be the given trapezoid and P the given point. 

To divide the trapezoid ABCD into two equivalent 
parts by a line through P. 

1. Suppose that AP>AB — DC. E JL #- \p 

Construction. Draw the median EF and draw the alti- 



y B n 



tude NM through O, the middle point of EF. a~p^ 

Through P and O draw PH, meeting DC at H. 
Then PH is the line required. 
Proof. The trapezoids APIID and PBCH have the equal medians EO 
and OF, and the same altitude NM. 

.-. the trapezoid APHD ** the trapezoid PBCH. § 408 

2. Suppose that ^1P<^12? - DC. 

Construction. Draw the altitude h. Find BF, the 
fourth proportional to £ J?P, £ (AB + DC), and ft. 

Draw BF JL to ^15 at B, FE II to BA, and ^C? II to 
FB, and draw PE. 

Then PE is the line required. 
Proof. EG = FB. 

.-. IBP: I (AB +DC) = h:EG. 

.-. i (BP xEG)=i (AB + DC) h. 
The area of the A PBE = i (BP x EG). 

The area of the trapezoid A BCD = £ (AB + DC) A. 

.-. A PBE*> i trapezoid ABCD. 




§180 

§327 
§403 

§407 

Q. E. F. 
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Ex. 575. To construct a regular pentagon, given one of the diagonals. 




JjetAC be the given 
diagonal. ,-i?--. 

To construct a regu- /'/'' 
lar pentagon. #'<>'''' % c ' 

Construction. Inscribe ;\ //i 

a regular pentagon \\ /' // 
A / RC / D f E / in any \\ / __J/ 
OA'C'W. §473 jT^"-'—-''*' 

Draw A'C. 

On AC, homologous to A'C, construct A ABC similar to A A'BfC. 

On AC, homologous to A'C, construct the quadrilateral ACDE simi- 
lar to the quadrilateral A'CDfE*. § 391 
ABC BE is the regular pentagon required. q. b. f. 

Ex. 576. To divide a straight line into two segments such that their prod- 
uct shall be the maximum. 

Since the maximum of isoperimetric polygons of the same number of 
sides is a regular polygon (§ 489), the maximum quadrilateral whose 
perimeter is equal to twice the given line is a regular quadrilateral, that 
is, a square ; and each side of the square is equal to half the given line. 

Therefore, bisect the given line, and the product of the two segments 
is the maximum. q. e. f. 

Ex. 577. To find a point in a semicircumference such that the sum of 
its distances from the extremities of the diameter shall be the maximum. 

Let ACB be a semicircle, C the middle point of 
the arc ACB, and D any other point. 
To prove that AC + BC> AD + BD. 
Proof. Produce AC to F, making CF equal to 
AC. Draw BF, and produce AD to E, making 
DE equal to DB. Draw EB, and produce it to 
meet AK drawn through A ± to EB. 

Since CA = CB = CF, B is on the semicircum- 
ference on A F as a diameter. 

.-. ABF is a rt. Z. 
ZACB = ZF+ZCBF=2ZF. 

..ZF = \ACB = $ADB. 

ZADB=ZE + ZDBE = 2ZE. 

.:ZE = $ADB = ZF. 

.: the rt. & AFB and AEK are similar. 

.-. AB : AK = AF : AE. 

But AB>AK(% 97). .-. AF>AE. 

That is, A C + BC > AD + BD. Q. e. f. 



-A\ 
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Ex. 578. To draw a common secant to two given circles exterior to each 
other such that the intercepted chords shall have the given lengths a, b. 



M-- 




C~-iV 



Let O and & be the centres 
of two (D exterior to each 
other. 

To draw a common secant 
so that the intercepted chords 
shall have the given lengths 
a and b. 

Construction. In the O whose centre is O, draw a chord AB equal to the 
given length a, and in the O whose centre is / , draw a chord CD equal 
to the given length b. Draw OE ± to AB and (/F JL to CD. 

With centre O and radius OE, describe a circumference, and with centre 
(/ and radius O'F, describe a circumference. 

Now any chord in the given O with centre O tangent to the concentric 
O is equal to a, and any chord in the given O with centre & tangent to 
the concentric O is equal to b. § 249 

Draw MN a common tangent to the auxiliary ©. Ex. 246 

MN is the common secant required, as is obvious from the construc- 
tion. Q. E. F. 

Discussion. Since the auxiliary CD are exterior to each other, two com- 
mon external and two common internal tangents may be drawn, each of 
which satisfies the given condition. 



Ex. 579. To draw through one of the points of intersection of two inter- 
secting circles a common secant which shall have a given length. 

Let O and & be the centres of the two given (D and P one of the points 
of intersection of the two <D. 

To draw through P a common secant 
which shall have a given length m. 

Construction. Draw the line of centres 
0(y, and on 0& as diameter describe a 
semicircle. 

With Cf as centre and radius equal to 
\ m, describe an arc, cutting the semicircle at C. 

Draw CO. 

Through P draw the common secant MN II to CO". 

Then MN is the common secant required. 

Proof. Produce OC to meet MN at A, and draw CfB ± to MN. 




TEACHERS 1 EDITION. 



207 



and 
But 



OA is JL to MN. 
.-. MA = AP, 

PB = BN. 
.:AB = iMN. 

AB=C(y = lm. 
.-. MN = m. . 



§107 
§245 
§180 

Q. E. F. 



Ex. 580. To construct an isosceles triangle, given the altitude and one 
of the equal base angles. 

Construction. At any point A of a straight 



* *- 



/ 



line AB draw AC JL to AB and equal to the 
given altitude. 

Draw CD II to AB. 
At A draw AE cutting CD at E, making 
Z EAB equal to the given base Z. 

With £asa qentre and radius EA, describe A * 
an arc, cutting AB at F. 

Then A AEF is the isosceles A required. 
Proof. The altitude is equal to the given altitude. 
EF=EA. 
.: ZEAF=Z EFA = given Z. 



D 



/ 



F 



Const. 

Const. 

§145 

Q. E. F. 



Ex. 581. To construct an equilateral triangle, given the altitude. 



Construction. Draw a straight line AO equal to f of 
the given altitude. 
With centre and radius OA, describe a O. 

Draw the diameter A OB. 
With centre B and radius OA, cut the O at C and D. 
Draw^lC, AD, CD. 
Then A ACD is the equilateral A required. 
Proof. Draw OC, OD, BC, BD. 

The A OBC is equilateral by construction. 
..ZBOC = 60°. 
.\ Z COD = 120°. 
Now Z AOC = Z A OD = 120°. 

.-. arc AC = arc AD = arc DC. 
..AC = AD = DC. 



"^ 



A ^:t¥ 



— D 



§146 

§85 
§236 
§241 

Q. E. F. 
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Ex. 582. To construct a right triangle, given the radius of the inscribed 
circle and the difference of the acute angles. 

Construction. Describe a O with the given K^- jy 

radius. Draw two diameters J. to each other, A \^ * N 
and draw a tangent to the O through one end j \ X,/^ 
of each. These tangents KC and EC form a !/*' [ /^n n \ 
rt.Z. At any point K of the tangent CK '™\--j£— • \\ 

draw KHy making Z CKH equal to the given J\\ \ s \\ 

difference of the acute A. Draw KD II to CE c ~\ ""£" B~" E 

and bisect the Z HKD. Let the bisector cut 

the tangent CE at E. Draw OF JL to KE, cutting the circumference at 
G. Through 6? draw a tangent meeting CK at A, and CE at B. 
Then A A BC is the rt. A required. 
Proof. CK is JL to KD, § 107 

.-. Z HKD - 90° - given difference. 
.-. Z EKD - \ (90° - given difference). 
.-. Z EKC = i (90° + given difference,). 
Now ZEKD = ZKEC, § 110 

and ZKEC = ZABC. § 112 

.-. ZABC =ZEKD. Ax. 1 

Again ZEKC = Z BAC. § 112 

.-. Z BAC — ZABC = the given difference. q. k. f. 

Ex. 583. To construct an equilateral triangle so that its vertices shall 
lie in three given parallel lilies. 

Let MN, PQ, and RS be any three II lines. 

To construct an equilateral A so that its j£ *£—N 

vertices shall lie in MN, PQ, and RS. p C^^--~"~ 



Construction. Draw AD ± to the II lines \^ /'' i 

MN, PQ, and RS. e^L j 

On AD as one side construct the equilat- \ s^, x / 

eral A ADE. \ \> ^ 



n-Q 



Draw CF ± to AE at E and terminated F B D ° 

by the II lines PQ and RS. 
Draw AC. 

Construct the Z CAB equal to 60°, and draw BC. 
Then the A ABC is the equilateral A required. 

Proof. Since the Z CAB = 60°, and the Z EAD = 60°, Const. 

Z CAE = Z BAD. Ax. S 

EA =AD. 
.-. rt. A CEA = rt. A BAD. § 142 



TEACHERS' EDITION. 



209 



.:AC = AB. 

Since the Z CAB = 60°, 

the ZACB = 60°. 
.*. the A ABC is equiangular. 
.-. the A ABC is equilateral. 



§128 

Const. 

§145 



§146 

Q. £. F. 

Ex. 584. To draw a line from a given point to a given straight line 
which shall be to the perpendicular from the given point as mm. 
Let AB be the given line, and PC the ± from the given point to AB. 
To draw a line from P to AB which shall be to PC as m : n. 
Construction. On PC take PE equal to n, and p 

through E draw MN II to AB. 

With centre P and radius m, cut MN at D. 
Draw PD, and produce it to meet AB at F. 

Then PF is the line required. 
Proof. PF:PD = PC:PE. §343 

..PF:PC = PD:PE. §330 
But PD = m, and PE = n. 

.-. PF:PC = m:n. 



E 



\B" 



JV 



Const. 

Q. £. F. 



Ex. 585. To find a point within a given triangle such that the perpen- 
diculars from the point to the three sides shall be as the numbers m, n, p. 

Let ABC be the given A. 

To find a point within the A ABC such that 
the J§ on AB, BC, AC shall be as m : n :p. 

Construction. Draw UK II to A B at a dis- 
tance equal to m from AB, LR II to BC at a 
distance equal to n from BC, and ST II to AC 
at a distance equal to p from AC. Let HK 
intersect LR at E, and ST at D. Let AD 
produced meet BE produced at P. 
Then P is the required point. 

Proof. From E draw EF and EG i. to AB 
and BC, respectively. 

From D draw 2)Af and DN± to AB and ^1 C, respectively. 

From P draw PX, PF, PZ JL to AB, BC, and ^C, respectively. 

A BPX and 2?2£F are similar, and in BPY and BEG are similar. 
.-. PX:EF=PB:EB = PY: EG. 
.-. PX :PY=EF:EG = m:n. 

Similarly, PX :PZ = m:p. 

.-. PX : PY :PZ=m:n.p. Q. e. f 




§366 
§351 
§330 
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Ex. 586. To draw a straight line equidistant from three given points. 

Let A, J?, C be the three given points. 

To draw a line equidistant from A, B, and C. 

Construction.- Draw AC and 
BC. A B 

Bisect AC and BC in K and N /! 

X, respectively. \ / ! 

Through K and L draw DF. 

Then DF is the required line. 

Proof. Draw AD, BF, CE ± 
toDF. 

The rt. & ADK and CEK are 
equal. § 141 

For AK = Off, Const. 

and Z AKD = Z CKE. § 93 

.-. ^1D = CE. § 128 

In like manner, CE = J5.F. q. b. f. 

Discussion. If the three given points are in a straight line, the required 
line is any line II to the line in which the points lie. 

Ex. 587. To draw a tangent to a given circle such that the segment inter- 
cepted between the point of contact and a given straight line shall have a 
given length. 

Let DE be the given O, m the given 
length, and AB the given line. 

To find a point on AB from which a 
tangent to the O shall be of the given 
length m. 

Analysis. Suppose C to be the required 
point on AB, and CD the required tan- 
gent. Join the centre O with C and D. 

Then OC 2 =OD 2 +C& § 371 

= 0& + m 2 . 

Construction. Draw NP ± to NQ, and take NP equal to m and NQ 
equal to OD. Draw QP. With as centre and QP as radius describe 
a O cutting AB in C. From C draw the tangent CD. 
Then CD is the tangent required. 

Proof. CD = y/cO 2 - OD 2 = Vo? 2 - W = NP = m. q.e.f. 

Discussion. From C another tangent CE may be drawn which will 

fulfil the required conditions. Two other tangents from H may also be 



Q 



N 
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drawn. So that there are in general four tangents possible, two from 
each of the points in which the constructed O cuts AB. It is evident 
that if the line AB is at the distance OC from the centre, the two points 
C and H coincide, and hut two tangents may be drawn ; and if the line 
AB is at a greater distance from the centre than OC, the constructed O 
does not meet AB and there is no solution. 




Ex. 588. To inscribe a straight line of a given length between two given 
circumferences and parallel to a given straight line. 

Let LP and NQ be the two given ©, AB the given straight line, and 
m the given length. 

To draw a line II to AB, so 
that the given length m shall 
be intercepted between the two 
circumferences. 

Analysis. Suppose LN the 
line required. Draw OL, and 
draw OC equal to m, and II to 
LN. Draw CN. 

Since LN= OC, and LN is 

II to OC, OCNL is a O. § 183 m 

.-. CN = OL and CN is II to OL. 
Construction. Draw OC equal to m, and II to AB. 
With C as centre and radius equal to the radius of the OLP, describe 
an arc cutting the O NQ in N. 

Draw OL II to CN, and cutting the O LP in L. 
Draw LN 
Then LN is the line required. 
Proof. CN is equal and II to OL. 

.-. LN is equal and II to OC. 
But OC is equal to m and II to AB. 
.*. LN is equal to m, and is II to AB. 
Discussion. Since, in general, the arc NK cuts the O NQ in another 
point K, a second line SK will fulfil the required conditions. 

If the arc NK touches the O NQ, LN and SK will coincide, and only 
one construction is possible. 
If the arc NK does not touch the O NQ, the problem is impossible. 

Ex. 589. To draw through a given point a straight line so that its dis- 
tances from two other given points shall be in a given ratio. 



Const. 

§183 

Const. 

Q. E. F. 
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Let A be the given point through which the straight line is to be drawn, 
B and C the other given points, and B 

m : n the given ratio. /\ 

To draw AF so that the Js from B /' 
and C shall be in the ratio m:n. & / 

Analysis. Suppose AF the line re- ^ I / K 

quired, and BE and CD ± to AF. [/' 

Draw BC, and let BC cut AF in K. c 

The rt. A BEE and CKD are similar, § 356 

For Z BEE = Z CKD. § 93 

.-. BK:CK=BE:CD = m:n. § 351 

Construction. Draw BC. Divide BC at X in the ratio mm. § 385 

Through A and J5T draw AF. 

Then .4 F is the required line. 

Proof. The rt. A BKE and CKD are similar. § 356 

.-. BE:CD = BK :CK = m:n. § 351 

Q. E. F. 

Ex. 590. To construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram. 

Construction. Construct a square equivalent to the A, by finding the 
mean proportional between the base and half the altitude of the A. § 422. 

Construct a square equivalent to the ZI7, by finding the mean propor- 
tional between the base and altitude of the O. § 421 

Then construct a square equivalent to the sum of the two squares. § 417 

Q. E. F. 

Ex. 591. To construct a rectangle having the difference of its base and 
altitude equal to a given line, and its area equivalent to the sum of a given 
triangle and a given pentagon. 

Construction. Construct a square equivalent to the given A. § 422 

Construct a square equivalent to the given pentagon. § 423 

Construct a square equivalent to the sum of these squares. § 417 

Then construct a rectangle equivalent to this last square and having 

the difference of its base and altitude the given line. § 425 

Q. E. F. 

Ex. 592. To construct a pentagon similar to a given pentagon and 
equivalent to a given trapezoid. 

This is a special case of § 426. q. e. f. 
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Ex. 593. To find a point whose distances from three given straight lines 
shall be as the numbers m, n, p. 



:£— -b 




Let CA, CB, ED be the three given lines. 

To find a point Q such that its distances to the three lines in order 
shall be as m, n, p. 

Construction. Construct CQ, the locus of a point whose distances from 
CA and CB are as m : n. Ex. 669 

Construct EQ, the locus of a point whose distances from CB and ED 
are as n : p. 

Let CQ and EQ intersect in Q. 

Then Q is the point required. 

Proof. Draw QH ± to CA, QF J_ to CB, and QK ± to ^D. 

By construction, QZT : QF : QK = m : n : p. Ex. 669 

Q. £. F. 

Ex. 594. Given an angle and two points P and P* between the sides of 
the angle. To find the shortest path from P to P* that touches both sides 
of the angle. 

Let BAC be the given Z, and P and P / the given points. 

To find the shortest path from PtoF that 
touches AB and AC. 

Construction. Draw PF J. to AB and pro- 
duce it to Q, making FQ equal to PF. 

Draw P / F / ± to AC and produce it to ty, 
making F'Q[ equal to P / F / . 

Draw QQ? cutting A B at D and A C at E. 
Draw PD and P / E. 

Then PDEP / is the shortest path required. 

Proof. Draw any other path PI/E / P / from 
P to P / touching AB and AC. 

Draw J/Q and JE'Q. 
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AB is the JL bisector of PQ and AC is the 



_L bisector of P'Q'. 


Const. 




.-. PD = DQ y 






P'E = Eq, 






PI/ = I/Q, 




and 


p^'= wq. 

.: PDEP* = Q<?, 


§160 


and 


pjywp* = q&E'q. 


Ax. 2 


But 


qq<qiywq. 


§49 




.:pdep / <pi/e / p / . 


Q. E. F. 




Ex. 595. To construct a triangle, given its angles and its area. 

Let BD be a given square, and B and S given A. 

To construct a A having an area BD, and two of 
its A equal to JR and S. 

Construction. Draw AF, making /.FAB equal to 
A B. Let AF cut DC in E. Take EF equal to AE, 
and draw FB. Draw FK, making the A AFK equal 
to A S, and cutting ^4J5 produced in K. On J.2T as a 
diameter describe a semicircle, cutting CB produced 
in H. Draw AH. Take AL on AK equal to J.H; 
Through L draw iJV II to KF. 

Then A -A-flTL is the A required. 

Proof. A ANL has the required A, since A NAL — AB and A ANL 
= AAFK(§ 112) = AS. 

Draw EB. A -4#B *c= * square BD. § 403 

Now, AAFB=c=2AAEB, since these & have the same altitude, and 
the base AF equal to 2 AE. Const. 




Again, 



That is, 



. A AFB*> square £Z). 
Zff 2 = AL 2 = 4JS x AK. 
AAKF:AALN=AK*:AL 2 . 
AK 2 :AB x AK = AK : AB = AAFK : AAFB. 

AAKF:AALN=AAFK:AAFB. 
.\ A ALN*> A AFB =0= square BD. 



§370 
§411 
§405 

Q. E. F. 



Ex. 596. To transform a given triangle into a triangle similar to an- 
other given triangle. 

To transform the A ABC into a A similar to the given A PQR. 

Analysis. Let AFG be the required A, constructed with the side AF 
in the line AB. 
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Draw CD II to AB, meeting AG in D, and draw DE II to GF. 

Then the &AED and AFG are similar. § 364 

.-. AAED : A AFG = AE 2 : AF*. § 411 

Now A AFG *> A ABC. Hyp. 

/. AAED: A ABC = Z^ 2 : ZF. 




Since the &AED and J.BC have equal altitudes, 

A AED .A ABC = AE : AB. § 406 

.-. AE* : AF* = A» : AB. Ax. 1 

.-. AF* = ABx AE. § 327 

That is, AF is the mean proportional between the two known lines 

AB and AE. 

Construction. Place the &ABC and PQR so that their bases AB and 
PQ shall lie in the same straight line. 

Draw A G II to PB, meeting at D the line through C II to AB. 
Draw IXE II to RQ, meeting AB at #. 
Find AF, the mean proportional between AE and ^15. 
Draw FG II to QB, meeting AG at G. 
Then the A ^.PC? is the A required, as is obvious from the construction. 

Q. E. F. 

Ex. 597. Given three points A, J?, C. To find a fourth point P such 
that the areas of the triangles APB, APC, BPC shall be equal. 

Let A, 2?, C be the three given 
points. 

To find a fourth point P, such that 
A APB ** A APC - A BPC. 

Analysis. Suppose the problem 



solved, and P the required fourth LiJJL V "Lti^i 



'r 






point. 

The A BPC and APB are equiv- \ j / - 

alent, and have a common base PB. \ I / yS 

Hence, their altitudes CN and \ j / ,/ 

AL are equal. § 405 \ y 
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In like manner, since the & APB and APC are equivalent, and have a 
common base AP, their altitudes BH and CK are equal. 
But since CN = AL, 
A C must be bisected by BP ; § 142 
and in like manner, since CK = BH, 
BC must be bisected by AP. 

Construction. Draw AB, BC, CA. 
Draw BP and AK through the 

middle points of AC and BC, re- 

spectively, intersecting at P. 
Then P is the fourth point required. 
Proof. Since BC is bisected by AP, 
Const, 
the two rt. A formed by the halves 
of BC and the Js BH and CK are equal. § 141 

.-. BH=CK. 
..A APB** A APC. §404 

In like manner, .-. A APB *> A BPC. 

.-. AAPB^AAPC^ABPC. q.e.f. 

Ex. 598. To construct a triangle, given its base, the ratio of the other 
sides, and the angle included by them. 

Let AB be the given base, m : n the given ratio, and ACB the given A. 

To construct a A ABC so that K 

CA:CB=m:n, ,^ \ 

and A ACB- the given A. .^"T^C \ 

Analysis. Since CA :CB=m:n, if /S^^^ f \ \ 

AB is divided harmonically at D and E, A d b b 

in the given ratio, C must lie on the circumference described on DE as 
diameter. Ex. 567 

Since A ACB = the given A, C must lie on the arc ALB, which con- 
tains the given A. § 318 

Hence, the point C is determined by the intersection of the arcs ALB 
and DKE. 

Construction. Divide AB harmonically at D and E. 

Upon DE as a diameter describe the semicircle DKE. 

Upon AB describe the segment ALB containing the given A. $ 318 
Let the arc ALB cut the arc DKE at C, 
Draw AC and CB. 
Then ACB is the required A. 

Proof. A A CB is equal to the required A, and CA : CB = m:n. Ex. 567 

Q. S. F. 
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Ex. 599. To divide a given circle into n equivalent parts by concentric 
circumferences. 

Solution. The method employed in Ex. 492 is applicable to the division 
of a O into any number of equal parts, the number of equal parts into 
which the radius is divided corresponding to the required number of 
parts of the O. q. b. f. 

Ex. 600. In a given equilateral triangle to inscribe three equal circles 
tangent to each other, each circle tangent to two sides of the triangle. 

Let ABC be an equilateral A. 

To draw three equal ©, each tangent to the other two and to two 
sides of the A. 

Analysis. Each of these © is evidently 
inscribed in a quadrilateral formed by the 
sides and altitudes of the A, as ECDS (S, 
not shown in the figure, being the intersec- 
tion of the altitudes). 

The centre of the O must lie on CF, as 
CF is the locus of all points equidistant 
from CA and CB. 

As this O must also touch BE, its centre 
lies on EO, the bisector of the Z CEB. 

Hence, the centre is at 0, the intersection of CF and EO, and the 
radius is OK, the JL from O upon CE, SE, SD, or CD. 

Construction. Draw the altitudes CF, BE, AD. 

Bisect the Z CEB by EO, intersecting CF in 0. 

From draw the ± OK to CA. 

Then with as centre and OK as radius describe a O. 

This O is inscribed in ECDS and is one of the required ©. 

The same construction may be repeated for each of the other quadri- 
laterals EAFS and FBDS. 

Proof. O is equidistant from CA and AB. § 162 

O is equidistant from EC and ES. § 162 

Since ECDS is symmetrical with respect to CS, § 212 

is equidistant from ES and DS. Q. e. f. 

Ex. 601. Given an angle and a point P between the sides of tJw angle. 
To draw through P a straight line which shall form with the sides of the 
angle a triangle with the perimeter equal to a given length a. 
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Let BAC be the given Z, and P the given 
point. 

Construction. On AB take AD equal to |a, 
and on A C take AM equal to \ a. 

At D and E erect DO and EO _L to 45 and 
u4C, respectively. 

With as centre and OD as radius describe a O. 

Through P draw HK tangent to the O and terminated by AB and AC. 
Then A AHK is the A required. 

Proof. AB and A C are tangent to the O at D and E, respectively. § 253 
Let the tangent HK touch the O at T. 

Then HD = HT, and KE = KT. § 261 

.-. AD + AE = AH+HT + AK + JST = 4J3> 41T + .HX. 

But 4D + AE = a. Const. 

.-. AH + u4X + J?JK" = a. q. e. f. 



Ex. 602. In a given square to inscribe four equal circles, so that each 
circle shall be tangent to two of the others and also tangent to two sides of 
the square. 

Analysis. Suppose the problem solved, and let ABCD be the given 
square and P, Q, B, 8 the centres of the re- 
quired ©. 

From the equality of the (D it is clear that 
their centres must be symmetrically arranged 
about 0, the centre of the square. 

Hence, we see that the A formed at by OP, 
OQ, OR, and OS are each 90°, and, therefore, 
that P, Q, B, 8 lie in the diagonals of the 
square. 

Construction. Draw the diagonals A C and BD, 
intersecting at O. 

Bisect OA, OB, OC, OD at P, Q, R, S, respectively. 

With P as centre and radius equal to the distance from P to the sides 
of the square describe a O. Construct similar <D with Q, R, S as centres. 
These © are the © required. 

Proof. The rt. A AEP and ABC are similar. § 356 

.-. PE : BC = AP : AC = 1 : 4. § 351 

Therefore, each O touches two others and two sides of the square. 

Q. E. F. 
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Ex. 603. In a given square to inscribe four equal circles, so that each 
circle shall be tangent to two of the others and also tangent to one side of 
the square. 

Let ABCD be the given square. 

To inscribe four equal © in ABCD so that 
each O shall be tangent to two of the others 
and also tangent to one side of the square. 

Construction. Draw the diagonals AC and 
BD, intersecting at O. 

The A A OB, BOC, COD, DO A are equal 
isosceles A. m § 143 

For OA = OB= OC= OD, §§ 432, 217 
and Z AOB = Z BOC = Z COD = Z DOA. 




Inscribe a O in each of these A. 

These d> are the <D required. 
Proof. From Q, the centre of one of these (D, draw QA and QB. 

The A A QB is isosceles. § 147 

For Z QAB = Z QBA, being halves of the equal A OAB and OB A. § 315 
.-. the radius QE bisects AB. § 149 

Since & AOB and BOC are equal, and since only one O can be inscribed 
in a given A, if the A BOC is folded over on OB as an axis, the A BOC 
will coincide with A BOA and R will coincide with Q. 
.-. R and Q are symmetrical with respect to OB as an axis. 
.-. RQ is Jl to OB. 

.*. the (D Q and R are tangent to each other. 
In like manner, each O is tangent to two others. q. e. f. 



Proof for the converse theorem of Ex. 54 which was only stated in 
Ex. 56, page 16 : 

If the bisectors of two angles of a triangle are equal, the triangle is 
isosceles. 

In the A ABC let BD bisect the ZABC and CE bisect the ZACB; 
• and let BD equal CE. 

To prove that AB = AC. 

Proof. The Z ABC is greater than, less than, or equal to E / \ D 
the Z AC B. 
% 1. If the Z ABC is greater than the ZACB, the A ABC 



is not isosceles, and BD is not equal to CE. 



Ex.55 
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2. If the Z ABC is less than the Z ACB, the A ABC is 
not isosceles, and BD is not equal to CE. Ex. 55 

But both these conclusions are contrary to the hypothesis 
that BD is equal to CE. 

Therefore, since the Z ABC is not greater than or less 
than the Z ACB, 

ZABC = ZACB. 
.\AB = AC. §147 

Q. E. D. 




BOOK VI. SOLID GEOMETRY. 

Ex. 604. Find the locus of points in apace equidistant from two given 
parallel planes. 

Let MN and PQ be any two II planes. / V Q 

To find the locus of points equidistant from these 



planes. j \z & 

Construction. At any point A in MN erect a i., j) l \ 

and produce it to meet PQ in some point, as B. i iHT 

Bisect AB, and through its middle point C pass a j^ l \ 

plane DE ± to AB. 

The plane DE is the locus required. 

Proof. The plane DE is II to MN. § 527 

Hence, the planes MN, DE, and PQ are all parallel. 

Any point in DE is at the distance A C from the plane MN. 

For like reason, any point in DE is at the distance BC from the 
plane PQ. 

But, by construction, AC — BC; hence, any point in the plane DE is 
equally distant from MN and PQ. 

Any point without the plane DE is evidently nearer one plane than the 
other ; hence, the plane DE is the required locus. q. b. f. 

Ex. 605. Find the locus of points in space equidistant from two given 
points, and also equidistant from two given parallel planes. 

Let A and B be any two given points in space, and MN and PQ any 
two given II planes. 

To find the locus of points equidistant from A 
and B, and also equidistant from the planes MN 
and PQ. 

Construction. Draw AB, bisect it; through C, 
its middle point, pass a plane BS JL to AB. 

Construct the plane DE II to MN and PQ, and "** ^ ^p 
midway between them. 

FG, the intersection of the planes RS and DE, is the locus required. 

Proof. Every point in the plane RS is equidistant from A and B. § 517 

Every point in the plane DE is equidistant from the planes MN and 
PQ. Ex. 604 
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Hence, every point in FG, the intersection of 
the planes RS and BE, is equidistant from the 
points A and B, and also from the planes MN 
and PQ. Therefore, FG is the required locus. 

Q. E. F. 

Discussion. If the line AB is Jl to the plane 

MN, there will be no locus unless the middle 

point of AB is midway between the planes MN and PQ; in which case, 

the locus is the plane BE. In all other cases the locus is a straight line. 

Ex. 606. Find the locus of aU lines drawn, through a given point, 
parallel to a given plane. 

Let MN be the given plane and P the given 
point. 

To find the locus of all lines drawn through 
P II to the plane MN 

Construction. Through P draw any two lines 
II to the plane MN, 

Through these lines pass the plane RS. 

The plane RS is the locus required. 

Proof. The plane RS is II to the plane MN. § 533 

The plane RS is the only plane that can be passed through the point 
P II to the plane MN. § 532 

Hence, the required locus is the plane through the given point parallel 
to the given plane. q. e. f. 

Ex. 607. Find the locus of points in a given plane which are equidistant 
from two given points not in the plane. 

Let MN be the given plane and P, Q the given points not in the 
plane MN 

To find the locus of points in the plane MN 
equidistant from P and Q. 

Construction. Draw PQ, and through the 
middle point of PQ pass the plane RS JL to 
PQ, intersecting the plane MN in the line AB. 

The line AB is the locus required. 

Proof. The plane RS is the locus of points in space equidistant from 
the points P and Q. ' § 517 

Therefore, AB, the intersection of the planes RS and MN, is the locus 
of points in the plane MN equidistant from P and Q. q. e. f. 

Discussion. If PQ is i. to MN, there is no locus. §§ 527, 504 
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Ex. 608. Find the locus of a point in space equidistant from three given 
points not in a straight line. 

Let A, B, and C be any three points in space. 

To find the locus of a point in space equidistant from A, B, and C. 

Construction. Draw AB and BC. At the 
middle point of AB draw the plane MN ± to 
AB, and at the middle point of BC draw the 
plane PQ ± to BC. Let the line ST be the 
intersection of the planes MN and PQ. 

Then S T is the locus required. 

Proof. Since S T is in the plane MN, any 
point in S T is equidistant from A and B. § 61 7 

For like reason, any point in S T is equidistant from B and C. 

Hence, any point in ST is equidistant from A, B, and C. 

Any point without this line is without one or both of the planes 
MN and PQ, and is therefore not equidistant from the points A, B, 
and C. 

Hence, ST is the locus required. Q. e. f. 

Ex. 609. Find a point in a plane such that the sum of its distances from 
two given points on the same side of the plane shall be a minimum. 

Let MN be the given plane, and A and B the given points on the same 
side of MN. 

To find a point in MN such that the sum of its distances from A and 
B shall be a minimum. 

Construction. From A draw AD ± to the plane MN, 
and produce it to A', making DA' equal to AD. Draw 
A' B, cutting MN in C, and draw A C. 

Then AC + BC is less than the sum of any other two 
lines drawn from A and B to any point in MN. 

Proof. Let F be any other point than C of the plane 
MN Draw FB, FA, and FA'. 

Now FA = FA', and CA = CA'. 

But BF + FA' > BC + CA'. 

..BF+FA >BC + CA. 




iN 



§617 
§49 

Q. E. F. 



Ex. 610. The line AB meets three parallel planes in the points A, 
E, B; and the line CD meets the same planes in the points C, F, D. 
If AE = 6 inches, BE = 8 inches, CD = 12 inches, compute CF and 
FD, 



224 



BOOK VI. SOLID GEOMETRY. 



AE:EB=CF:FD. 
.-. AE + EB:EB=CF + FD: FD. 
That is, AB:EB = CD: FD. 

14 : 8 = 12 : FD. 
F1) = L x i 2 = 48 = 

14 7 T 

CF = CD -FD = 12 - 6$ = 6f. 






.-. CF = 6f inches ; FD = 6 J inches. ^i?w. 




Ex. 611. To draw a perpendicular to a given plane from a given point 
without the plane. 

Let MN be the given plane and A the given point 
without the plane. 

To draw a X from A to the plane MN. 

Construction. From A draw any three equal lines to 
the plane MN, as AB, AC, and AD. 

In the plane MN find the point O equidistant from 
the points JB, C, D. Draw AO. 

Then A is the X required. 

Proof. The foot of the ± from A to the plane MN is equidistant from 
the feet of the equal oblique lines AB, AC, and AD. § 515 

§314 
§511 

Q. E. F. 



But is the only point in MN equidistant from B, C, and D. 
Hence, AO is the _L from A to MN. 



To erect a perpendicular to a given plane at a given point in 




Ex. 612. 

the plane. 

Let A be any point in the given plane MN. 
To erect a X to the plane MN at the point A. 
Construction. Through A draw any line BA 
in the plane MN 

Through A pass the plane ED ± to BA, cut- 
ting MN in FAK. 

In the plane ED draw AH ± to FK. 
Then AH is the ± required. 
Proof. Since BA is ± to the plane ED, it is ± to -4/T. 

But ^fl" is JL to FK. 
.-. -4B* is X to BA and FiK" of the plane MN at their intersection A. 

,-. AH is X to the plane MN at -4. § 507 

Q. E. F, 



§601 
Const. 
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Ex. 613. From a point A, 4 inches from a plane MN, an oblique line 
AC, 6 inches long, is drawn to the plane and made to turn around the 
perpendicular AB dropped from A to the plane. Find the area of the 
circle described by the point C. 

AB is JL to MN and, therefore, JL to BC. § 601 
.-. W = AC 2 - AB*. § 372 

.-. BC = -J AC 2 - AB 2 = V52 - 42 = 3. 
Area O = itB* = (3.1416 x 3 2 ) sq. in. § 463 

= 28.2744 sq. in. 



zm 



Ex. 614. From a point A, 8 inches from a plane MN, a perpendicular 
AB is drawn to the plane; with B as centre, and a radius equal to 
6 inches, a circle is described in the plane ; at any point C of this circum- 
ference a tangent CD, 24 incites long, is drawn. Find the distance from 
AtoD. 



Let AB, 8 inches long, be ± to the plane MN. 
described with B as centre and radius BC 
equal to 6 inches, and let DC 24 inches long 
be tangent to this circumference at C. 
To find the length AD. 

Now AB is -L to BC. 
.:AC 2 = AB 2 + BC* 

= 8 2 + 6 2 = 100. 
Now AB is ± to BC, 

and BC is _L to DC. 

.-. ^.Cis JLto CD. 
.-. AD 2 = AC 2 + CD 2 

= 100 + 242 = 100 + 676 = 676. 
.-. AD = V676 in. = 26 in. 



Let a circumference be 




§601 
§264 
§518 
§371 



Ex. 615. Describe the relative position to a given plane of a line if 
its projection on the plane is equal to its own length. 

Let CD be the projection of the line AB on the plane MN, and let CD 
be equal to AB. AB is II to CD and, therefore, 
II to the plane MN. Otherwise, either A or B 
would be nearer the plane than the other. 
Suppose BD<AC. 

Draw BE ± to AC. Then BE and DC, 
being both _1_ to AC, would be II. § 104 
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.*. BE and DC would be equal. 
But BE < BA. 
..DC<BA. 
But this is contrary to the hypothesis that BA 
and DC are equal. 
.-. AB is II to CD, and, therefore, to the plane MN. 

Ex. 616. Find the locus of points in space equidistant from two given 
intersecting lines. 

Let AB and CD be two lines in the plane of the paper intersecting 
at O. 

To find the locus of points in space equidistant 
from AB and CD. 

Construction. Draw OE in the plane of AB and 
CD bisecting the Z COB. Through OE pass the 
plane BS _L to the plane of AB and CD. 

The plane BS is one locus required. 

Proof. From P, any point in the plane BS, draw PF i. to OE. 

PF is also _L to the plane of AB and CD. § 551 

Draw FG and FH Jl to CD and AB, respectively. Draw PG and PH. 

PG and PH are ± to CD and AB, respectively. § 518 

Now the rt. & PFG and PFH are equal. § 144 

For PF=PF, Iden. 

and FG = FJJ. § 162 

.-. PG = PH. § 128 

That is, P is equidistant from CD and 4JB. 

In like manner, another locus is the plane MN passed through the 
bisector of the Z A OC i. to the plane of the lines AB and CD. q. b. f. 

Ex. 617. Find the locus of points in space equidistant from all points 
in the circumference of a circle. 

Let AB be the circumference of a O with centre D lying in the 
plane MN. 

To find the locus of points in space equidistant 
from all points in the circumference of the circle. 

Construction. At erect the ± OP to the plane 

mn. 

Then OP is the locus required. 

Proof. From any point P of this JL draw PA and PB to any points of 
the circumference, and PC to any point of the plane MN not in the cir- 
cumference. 

Now PA and PB are equal, § 514 

and PA and PC are unequal. § 514 

Therefore PO is the required locus. q. e. f. 
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Ex. 618. Find the locus of points in a plane equidistant from a given 
point without the plane. 

Let P be the given point and MN the given p 

plane. 

To find the locus of points in the plane MN 
equidistant from the point P. 

Construction. Draw PO _L to the plane MN. 

With O as centre describe any circumference. 

This circumference is the locus required. 

Proof. All lines drawn from P to this circumference are equal. § 614 

Q. E. F. 

Discussion. Since with for centre any number of circumferences 
may be described, the locus consists of an indefinite number of circum- 
ferences. 

Ex. 619. Find a point at equal distances from four points not all in the 
same plane. 

Let A, B, C, D be the four given points not all in the same plane. 
To find a point equidistant from A, B, C, 
D. V 

Construction. Draw AB, AC, BC, AD, CD, /f\ 

BD ' / \ B X 

Find M, N, the centres, respectively, of the Aj I |q >v 

© circumscribed about the A ABC, A CD. j^^- — f-~j^-----~>B 

Draw MR ± to the plane ABC and N8 _L to ^\}J^^^ 
the plane A CD. G 

MR is the locus of points equidistant from A, 
B, and C ; and N8 is the locus of points equidistant from A, C, and 
D. § 616 

Also MR and NS lie in the same plane. 
For, if a plane JL to AC is passed through its middle point, this plane 
will contain all points equidistant from A and C. § 617 

.*. MR and NS must lie in this plane. 
Again, MR and NS, being _L to planes which are not II, cannot be II, 
and must, therefore, meet at some point O. 

.-. is equidistant from A, B, C, D. Q. e. f. 

Ex. 620. Two dihedral angles which have their edges parallel and their 
faces perpendicular are equal or supplementary. 
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Let the plane HM be _L to the plane AD, and let the plane GE be i. to 
the plane AN. Let AB, the intersection of the planes AN and AD, 
be II to FE, the intersection of the planes HM and GE. 

To prove that the dihedral Z C-BA-D is equal 
to the dihedral Z G-EF-K and is supplementary 
to the dihedral Z G-EF-H. 

Proof. Pass the plane BHK _L to the line AB, 
cutting the planes CB, AD, HM, and GE in the 
lines BN, BD, HK, EP. 

The plane BHK is ± to the line FE. § 520 
NB and DB are ±toABa,t the same point B, and 
HK and PE are ± to FE at the same point E. 

§501 

/. Z NBD is the measure of the dihedral Z C-BA-D, 
Z HEP is the measure of the dihedral Z G-EF-H, 
and Z PEK is the measure of the dihedral Z G-EF-K. § 550 

But Z NBD is equal to Z PEK and supplementary to Z HEP. Ex. 90 

.-. dihedral Z C-BA-D is equal to dihedral Z G-EF-K and is supple- 
mentary to dihedral Z G-EF-H. q. e. r>. 




Ex. 621. The projections on a plane of equal and parallel lines are 
equal and parallel. 

Let AB and CD be equal and parallel lines, and let A'D and CI/ 
be the projections of AB and CD on any plane 
MN. 

To prove that A'& and CD are equal and 
parallel. 

Proof. Draw^C and BD. 

AB and CD lie in one plane. § 498 

Now AB and CD are equal and parallel. Hyp. 

.\ ABDC is a O and A C and BD are equal 
and parallel. § 183 

The planes AB", CD, AC', and BD are ± to the plane MN. § 564 

The planes AD and CD are II, otherwise AB and CD, the intersec- 
tions of these planes with the plane ABCD, could be made to meet, 
which is contrary to the hypothesis that AB and CD are II. 

In like manner, the planes AC and BD are parallel. 

.-. A'B? and CD are II. § 528 

.-. A'W and CD are equal. § 529 

Q. £. D. 




TEACHERS' EDITION. 



229 



dihedral 




Ex. 622. If two face angles of a trihedral angle are equal, the 
angles opposite them are equal. 

In the trihedral Z S-ABC, let the face A ASB and 
BSC be equal. 

To prove that the dihedral A SA and SC are equal. 

Proof. Draw SD bisecting the face ZASC. 

Pass the plane BSD through SB and SD. 

Then the trihedral A S-ABD and S-CBD are sym- 
metrical. § 582 

For Z ASB = Z CSB, Hyp. 

ZBSD = ZBSD, Iden. 

and Z DSA - Z DSC. Const. 

.-. dihedral Z SA = dihedral Z SC. § 679 

Q.E. D. 

Ex. 623. The planes that bisect the dihedral angles of a trihedral angle 
intersect in the same straight line. 

Let S-ABC be a trihedral Z, and let the planes SAD, SBF, and SCE 
bisect the dihedrals SA, SB, and SC, respectively. 

To prove that the planes SAD, SBF, SCE in- 
tersect in the same straight line. 

Proof. Let SAD and SBF intersect in the 
straight line SO. 

Then every point in SO is equally distant from 
the planes SAC and SAB. § 669 

For like reason, every point in SO is equally 
distant from the planes SBA and SBC. 

Hence, every point in SO is equally distant 
from the planes SCB and SCA. 

Therefore, SO is in the bisector of the dihedral SC. 

Hence, the planes SAD, SBF, SCE intersect in the same straight 
line SO. q. e. d. 

Ex. 624. If the face angle ASB of the trihedral angle S-ABC is 
bisected by the line SD, the angle CSD is less than half the sum of the 
angles ASC and BSC. S 

Let SD bisect the face Z ASB of the trihedral 
Z S-ABC. 

To prove that Z CSD <i(ZASC + Z BSC). 

Proof. Through H, any point in SD, pass a plane 
_L to SD, cutting the edges SA, SB, SC in the 
points E, F, G, respectively. 
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Since SH is _L to the plane EFG, it is ± to EF. § 501 

The rt. & SHE and SHF are equal. § 142 

For SH is common, 

and Z ESH = Z FSff. Hyp. 

.-. SE = SF and HE = HF. § 128 

Produce GH to J£, making HK equal to Gfl, and draw SK, EK, 

FK. 

Then FGEK is a £7. Ex. 68 

.-. KE = FG. 
Then A SEK and SFG are equal. 
For ICE = FG, SE = SF, 

and SK = SG. 

.:ZESK = ZFSG. 

Now ZKSH=ZGSH. 

.-. Z G/SJT = 2<98H 

.. =TZCSD. 

In the trihedral angle S-EKG, 

Z GSK is less than Z .&SG + Z JflMT. § 580 

That is, 2 Z CSD is less than Z ASC + Z .B-SC. 

.-. Z CSD is less than * (Z ASC + Z 2?SC). Ax. 7 

Q. £. D. 

Ex. 625. An isosceles trihedral angle and its symmetrical trihedral angle 
are superposable. 

Let S-ABC be an isosceles trihedral Z, having ZASB equal to ZBSC, 
and let S-A'&C the symmetrical trihedral Z. 
To prove that the trihedral A are superposable. 
Proof. Z ASJ3 = Z J?SC. Hyp. 

Z C'SB' = Z BSC. § 93 

.-. Z AS2? = Z C'&B'. Ax. 1 

For like reason, ZBSC = Z &SA'. 

Dihedral A-BS-C = dihedral &-&S-A'. § 547 
Revolve S-A'B'C about S until S.B' falls on SB, and 
the equal dihedrals SB / and £2? coincide. 
Then, since Z tf'&d/ = Z #SC, &A' will coincide with SC. 
For like reason, SG / will fall on &4. 

Hence, the edges of the trihedral A coincide. 

Therefore, the trihedral A coincide. q. e. d. 




Ex. 626. Find the locus of points equidistant from the three edges of a 
trihedral angle. 
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Let S-ABC be any trihedral Z. 

To find the locus of points equidistant from the three edges SA, SB, 
and SC. 

Construction. Lay off SA equal to SB equal to SC, 
and draw the lines AB, BC, and AC. 

In the plane ABC find the point equally distant 
from A, B, and C. § 314 

Draw SO. 
Then SO is the locus required. 

Proof. Since O is equally distant from A, B, and 
C, and SA = SB = SC, and OS is common, the 
A OSA, OSB, and OSC are mutually equilateral and equal. 

Hence, the A OSA, OSB, and OSC are equal. 

From P, any point in SO, draw the Js Pa, Pb, and Pc to the edges SA, 
SB, and SC, respectively. 

The rt. A SaP, SbP, and ScP are equal, since the side SP is common, 
and the A at S are equal. § 141 

.-. Pa = Pb = Pc. § 128 

.-. P is equally distant from the three edges SA, SB, and SC. 

The line drawn from S to any point without SO would not pierce the 
plane ABC at a point equidistant from A, B, and C, and, therefore, 
would not make equal A with the edges. § 155 

.•. the J§ from any point of this line to the edges would not be equal. 

§154 

Therefore, SO is the locus of all points equidistant from the edges SA, 
SB, and SC. q. e. f. 



Ex. 627. Find the locus of points equidistant from the three faces of a 
trihedral angle. 

Let S-ABC be any trihedral Z. 

To find the locus of points equidistant from the 
three faces SAB, SBC, and SAC. 

Construction. Draw the plane SBF, bisecting the 
dihedral Z SB ; also draw the plane SAD, bisect- 
ing the dihedral Z SA. Let SO be the intersection 
of these bisecting planes. 

Then SO is the locus required. 

Proof. Since any point in SO is in the plane 
SBF, it is equally distant from the faces SBA and 
SBC. § 659 
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For like reason, any point in SO is equally distant 
from the faces SAB and SAC. 

Hence, any point in SO is equally distant from 
the faces SAB, SBC, and SAC. 

Any point without SO is without one or both of 
the planes SBF and SAD, and is, therefore, not 
equally distant from the faces SAB, SBC, and 
SAC. 

Hence, SO is the locus required. q. e. f. 



Ex. 628. Two trihedral angles are equal when two dihedral angles and 
the included face angle of the one are equal, respectively, to two dihedral 
angles and the included face angle of the other, and similarly placed. 

In the trihedral A S-ABC and S'-A'B'C, let the dihedral A SA, SB, 
and the face Z ASB be equal, respectively, to 
the dihedral A S'A', S'R, and the face Z A'S'R, 
and similarly placed. 

To prove that the trihedral A S-ABC and 
S'-A'RC are equal. 

Proof. Place the trihedral Z S-ABC on the 
trihedral Z S'-A'RC so that the face ZASB 
shall coincide with its equal, the face Z A'S'R. 

Then the plane SBC will fall on the plane S'RC, since the dihedral 
Z SB = the dihedral Z S'R. Hyp. 

Also, the plane ASC will fall on the plane A'S'C, since the dihedral 
Z SA = the dihedral Z S'A'. Hyp. 

Then SC, the intersection of the planes SBC and ASC, must lie in 
both the planes S'RC and A'S'C and, therefore, must coincide with 
S'C, the intersection of the planes S'B'C and A'S'C. 

Therefore, the trihedral A coincide and are equal. § 577 

Q.E. D. 

Ex. 629. Two trihedral angles are equal when two face angles and the 
included dihedral angle of the one are equal, respectively, to two face 
angles and the included dihedral angle of the other, 
and similarly placed. 

In the trihedral A S-ABC and S'-A'B'C, let 
the face A ASB, BSC, and the dihedral ZSB be 
equal, respectively, to the face A A'S'R, RS'C, _ 
and the dihedral Z S'R, and similarly placed. B A B 

To prove that the trihedral A S-ABC and S'-A'B'C are equal. 
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Proof. Place the trihedral ZS-ABC on the trihedral ZS'-A'&C so 
that the vertex S shall fall on the vertex S', and the dihedral Z SB shall 
fall on the dihedral Z S'&. 

The face A A8B and A'S'R lie in the same plane A'S'B'. 

Then SA falls on S'A', since the A ASB and A'S'R are equal. Hyp. 

The face A B8C and RS'C lie in the same plane RS'C 

Then SC falls on S'C, since the A BSC and B'S'C' are equal. Hyp. 

Hence, the face A ASC and A' S'C coincide. § 497 

Therefore, the trihedral A coincide and are equal. § 577 

Q. E. D. 
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Ex. 630. The diagonals of a parallelopiped bisect one another. 

Let AG, EC, BH, and FD be the four diag- 
onals of the parallelopiped AG. * m 

To prove that the four diagonals bisect one 
another. 

Proof. Through the opposite and II edges AE . , 
and CG pass a plane intersecting the II bases in ^\fe*---~- --i*' 
the II lines AC and EG. 

The section ACGE is a O. 
.*. its diagonals AG and EC bisect each other. 

That is, is the middle point of AG and EC. 

In like manner, a plane passed through the opposite and II edges FG 
and AD will form a O AFGD. 

Hence, 0, the middle point of the diagonal AG, is also i/tie middle 
point of FD. , § 184 

Also, a plane passed through the opposite and II edges J?2T and BC will 
form a U EBCH. 

Hence, 0, the middle point of the diagonal EC, is also the middle 
point of BH. § 184 

Hence, the four diagonals bisect one another at the point 0. Qj e. d. 

Ex. 631. The lateral faces of a right prism are rectangles. 

Proof. The lateral edges of any right prism are ± to the planes of its 
bases. § 591 

Hence, these lateral edges are _L to the sides of the bases of the prism, 

or the A of the lateral faces are rt. A. § 501 

That is, these faces are rectangles. § 167 

Q. E. D. 

Ex. 632. Every section of a prism made by a plane parallel to the lateral 
edges is a parallelogram. 

Let abed be a section of the prism AG, made by the 
plane abc II to the lateral edges AE, BF, CG, and DH. 
To prove that abed is a O. 
Proof. The lines ab and dc are parallel. § 528 
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Since the plane abc and the edge BF are II, the lines be and FB cannot 
meet, however far they are produced ; hence, as they lie in the same 
plane ABF, these lines are parallel. 

For like reason, ad and HD are parallel. 
But DH and BF are parallel. 
.-. be and ad are parallel. § 521 

Therefore, abed is a O. § 166 

Q. E. D. 

Ex. 633. Find the lateral area of a right prism, if its altitude is 18 
inches and the perimeter of its base 29 inches. 

S = E x P = (18 x 29) sq. in. = 622 sq. in. § 608 

Ex. 634. Find the lateral area of a right prism, if its attitude is 20 
inches and its base is a triangle whose sides are 7 inches, 8 inches, and 9 
inches, respectively. 

S = E x P = 20 x (7 + 8 + 9) = 20 x 24 = 480. § 608 

480 sq. in. Ans. 

Ex. 635. Find the lateral area of a triangular prism, if its lateral edge 
is 20 inches, and its right section is a triangle whose sides are 9 inches, 10 
inches, and 12 inches, respectively. 

S = E x P = 20 x (9 + 10 + 12) = 20 x 31 = 620. § 607 

620 sq. in. Ans. 

Ex. 636. Find the total area of a right prism, if its altitude is 32 inches, 
and its base is a triangle whose sides are 12 inches, 14 inches, and 16 
inches, respectively. 

S = E x P = 32 x (12 + 14 + 16) = 32 x 42 = 1344. § 608 

Area of each base = Vs (s - a) (s - b) (s - c) Ex. 405 

= V21 x 9 x 7 x 6 
= 81.33. 
Total area = 1344 sq. in. + 2 x 81.33 sq. in. = 1506.66 sq. in. 

= 10 sq. ft. 66.66 sq. in. 

Ex. 637. Find the ratio of two rectangular parallelopipeds, if their 
altitudes are each 6 inches, and their bases 6 inches by 4 inches, and 10 
incJies by 8 inches, respectively. 

P 6x4 1 



r 10 x 8 4 



(619 
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Ex. 638. Find the ratio of two rectangular parallelopipeds, if their 
dimensions are 3, 4, 5, and 9, 8, 10, respectively. 
P _ 3x 4 x 5 1 
^"9 x8 x 10~12* 



§621 




Ex. 639. Two triangular prisms are equal if their lateral faces are 
equal, each to each, and similarly placed. 

Let ABC-DEF and A'B'C-D'E'F' be triangular prisms having their 
lateral faces AF and A'F', CE and CE', 
AE and A'Ef equal, respectively, and 
similarly placed. 

To prove that 

ABC-DEF = A'B'C-D'E'F'. 

Proof. The & ABC and A'RC are 
equal. § 160 

For AB = A'R, AC = A'C, and BC = B'C, 

being homologous sides of equal polygons. 

.-. ABC-DEF = A'B'C-D'E'F'. § 609 

For face AE = face A'E' and face AF = face A'F', Hyp. 

and base ABC = base A'RC. Q. e. d. 

Ex. 640. 7%e square of a diagonal of a rectangular parallelopiped is 
equal to the sum of the squares of the three dimensions. 

Let CE be a diagonal, and CD, CB, and 
CG the dimensions of the rectangular par- 
allelopiped E-ABCD. 

To prove that 

CE 2 = 'CD 2 + Cff + CG 2 . B 

Proof. Draw CA. 

Then the &ACD and J.OE are rt. &. 

Hence, CA 1 = Ctf 2 + AD* = CD* + C#*, § 371 

and Cl 2 = CZ a + ^ = CZ 2 + CG 2 . § 371 

.-. CE 2 = CD 2 + CB 2 + CG 2 . q. e. d. 

Ex. 641. The sum of the squares of the four diagonals of a parallel- 
opiped is equal to the sum of the squares of the twelve edges. 
Let AG, CE, BIT, DF be the four diagonals of the parallelopiped -46?. 




To prove that AG 2 + BE 2 + CE 2 + DF 2 -. 



:A1?+BC 2 + CD 2 + DA 2 



+ BF 2 + CG 2 + ZXH 3 + AE 2 + .EF 2 + F6T + ## + JWT. 
Proof. Draw AC, EG, FH, and BD. 
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Ax. 2. 

Hyp. 
Ex. 280 
Ex. 280 



2 + BF 2 



Since the sections A G and BH are H7, Ex. 630 
AG 2 + CE 2 = AE*+CG* + EG 2 + ZC 2 , 

Ex.280 
and BH 9 + 5F = 5P 2 + Sfl* + S5 2 + SD a . 

Ex. 280 
.-. I5 a + BH 2 + CE 2 + DF 2 
= AE 2 + CG 2 + BF 2 + DH 2 + I?G 2 + Zff 2 + AC* + Bff. 
Now, since the bases EG and AG are ZI7, 

#G 2 + FH 2 = EF 2 + FG 2 + GH 2 + HE 2 , 
and AC 2 + SS 2 = 2j? + 2*C 2 + CD 2 + 5Z 2 . 

Substitute these values for 2?G 2 + l^* 2 and AC 2 + BD 2 . 
Then AG 2 + tt 2 + m 2 + W' 2 = ^ + BC 2 +CD 2 + DA 
+ CG 2 + 55 2 + ZE 2 + ^F 2 + l^ 2 + OH 2 + HE 2 . Q.E.D. 

Ex. 642. TAe volume of a triangular prism is equal to half the product 
of any lateral face by the perpendicular dropped from the opposite edge 
on that face. 

Let ABC-DEF be a triangular prism, and let CK be a X dropped 
from any point C of the edge CF to the 
plane of the face AE. 

To prove that volume 

ABC-DEF = \AE x CK. 

Proof. Upon the edges AB, AC, AD 
construct the parallelopiped AH. 

Then prism ABC-DEF ** £ parallel- 
opiped AH. § 616 

But volume parallelopiped AH = AE x CK. 
.-. volume prism ABC-DEF = £ AE x CK. 

Ex. 643. If the edge of a cube is 16 inches, find the area of the total sur- 
face of the cube. 

Area of each face = (16 x 16) sq. in. § 398 

Hence, total area = 6 x (15 x 16) sq. in. = 1360 sq. in. 

Ex. 644. If the length of a rectangular parallelopiped is 10 inches, its 
width 8 inches, and its height 6 inches, find the area of its total surface. 
Perimeter of base = 2 x (10 in. + 8 in.) = 36 in. 
Lateral area = (6 x 36) sq. in. = 216 sq. in. § 608 

Area of bases = 2 x (10 x 8) sq. in. = 160 sq. in. § 398 

.-. total area = 216 sq. in. -f- 160 sq. in. = 376 sq. in. 




§626 

Q. E. D. 
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Ex. 646. Find the volume of a right triangular prism, if its height is 14 
inches, and the sides of the base are 6, 5, and 6 inches. 

Area of base = V8 x 2 x 3 x 3 sq. in. = 12 sq. in. Ex. 406 

V= (14 x 12)cu. in. = 168 cu. in. § 628 

Ex. 646. The base of a right prism is a rhombus, one side of which is 10 
inches, and the shorter diagonal is 12 inches. The height of the prism is 
15 inches. Find the entire surface and the volume. 



i longer diagonal of base = VlO 2 - 6 a = 8. § 372 

Base = i (16 x 12) = 96. Ex. 369 

8 = 4 x 10 x 15 = 600. § 608 

Bases = 2 x 96 = 192. 

T = 600 sq. in. + 192 sq. in. = 792 sq. in. 

V = (16.x 96) cu. in. = 1440 cu. in. § 626 

Ex. 647. Find the volume of a regular prism whose height is 10 feet, if 
each side of its triangular base is 10 inches. 

Base = ^-^sq. in. = 25 V3sq. in. = 43.3sq. in. = ^sq. ft Ex. 404 
4 144 

V = (lO x — W ft. = — cu. ft. = 3 cu. ft. § 628 

\ 144 / 144 

Ex. 648. How many square feet of lead will be required to line a cistern, 
open at the top, which is 4 feet 6 inches long, 2 feet 8 inches wide, and con- 
tains 42 cubic feet? 

4 ft. 6 in. = 4| ft.; 2 ft. 8 in. = 2} ft. 

Height = 42 ft. = 3* ft. 
6 4i x 2* ^ 

8 = 3i x 2 x (4* + 2|) sq. ft. = 60J sq. ft. § 608 

B = (4| x 2|) sq. ft. = 12 sq. ft. § 398 

50J sq. ft. + 12 sq. ft. = 62J sq. ft. 

Ex. 649. An open cistern 6 feet long and 4| feet wide hMs 108 cubic 
feet of water. How many square feet of lead will it take to line the sides 
and bottom f 

B=(6x 4|) sq. ft. = 27 sq. ft. § 398 

Height = *& f t. = 4 ft. 

S = 4 x 2 x (6 + 4i) = 84 sq. ft. § 608 

27 sq. ft. + 84 sq. ft. = 111 sq. ft. 
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Ex. 660. An open cistern is made of iron 2 inches thick. The inner 
dimensions are : lengthy 4 feet 6 inches ; breadth, 3 feet ; depth, 2 feet 
6 inches. What will the cistern weigh (i) when empty? (ii) when full of 
water f (The specific gravity of the iron is 7.2.) 

Outside length = 4 ft. 6 in. + 4 in. = 4 ft. 10 in. = 4| ft. 

Outside width = 3 ft. + 4 in. = 3 ft. 4 in. = 3 \ ft. 

Volume of bottom = (4| x 3J x J) cu. ft. = 2|J cu. ft. 
Volume of sides = 2 x (4| x Z\ x J) cu. ft = 4^ cu. ft. 
Volume of ends = 2 x (3 x 2\ x \) cu. ft. = 2J cu. ft. 

2|J cu. ft. + 4^ cu. ft. + 2| cu. ft. = Oft 3 * cu. ft. 
Weight when empty = 9^ x7Jx 62J lb. = 4145£ lb. 
Weight of water = 4J x 3 x 2\ x 62* lb. = 2109| lb. 
Weight when full = 4146J lb. + 2109|~lb. = 6255& lb. 

Ex. 651. Find the volume of a right hexagonal prism, if its height is 
10 feet, and each side of the hexagon is 10 inches. 

a = VlO 2 - 62 = VlOO - 25 = V76 = 8.66026. 
Base = 6 x i(10 x 8.66026) sq. in = 269.8076 sq. in. § 459 
Altitude = 10 ft. = 120 in. 

V = (120 x 259.8076) cu. in. = 31176.9 cu. in. § 628 
= 18 cu. ft. 73 cu. in. 

Ex. 652. Find the length of an edge of a cubical vessel that will hold 
2 tons of water. 

2 t. = 2 x 2000 lb. = 4000 lb. 
The volume of water required to weigh 4000 lb. is 

— cu.ft. =64cu. ft. 
62* 

.-. the edge of the cube = VST ft. = 4 ft. 

Ex. 653. One edge of a cube is a. Find the surface, the volume, and 
the length of a diagonal of the cube. 

T = 6 x ax a = 6a*. 
V=axaxa = a*. 
If d denotes the diagonal of the cube, 

4d2 = i2a 2 . Ex.641 

.-. d? = Sa*. 
.-. d = a Vs. 
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Ex. 654. A diagonal of one of the faces of a cube is a. Find the 
volume of the cube. 
Let x = the edge of the cube. 
Then a 2 = x 2 + x 2 = 2x a . §372 

* <* 2 
■■■* = I- 

.-. x = |oV2. 
V = x 8 = (i<z V2)» = ia 8 V2. § 623 

Ex. 666. The three dimensions of a rectangular parallelopiped are a, 6, 
c. Find the area of its surface, its volume, and the length of a diagonal. 
T=2ab + 2ac + 2bc = 2(ab + ac + bc). 
V=abc. §622 

.-. diagonal = Va 2 + ft 2 + c 2 . Ex. 640 

Ex. 656. The volume of a parallelopiped is V, and the three dimensions 

are asm imp. Find the dimensions. 

Let a, b, c be the three dimensions. 

Then aim = b:n = c.p. 

.-. an = bm, and bp = en. § 327 

6m , bp 
.-. a = — i and c = — . 
n n 

Now F = a x 6 x c. § 622 

-- bm , bp b*mp 

n n n 2 



mp 



.•. a = -\/ » and c = \ - — . 

\ no \ mn 



np 

Ex. 657. Find the lateral area of a regular pyramid, if the slant height 
is 16 feet and the base is a regular hexagon with side 12 feet. 

S = \L x P = i x 16 x (6 x 12) = 676. § 643 

576 sq. ft. Ans. 

Ex. 658. Find the lateral area of a regular pyramid, if the slant height 
is 8 feet and the base is a regular pentagon with side 5 feet. 

S = ±L x P = i x 8 x (5 x 6) = 100. § 643 

100 sq.ft. Ans. 
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Ex. 659. Find the total surface of a regular pyramid, if the slant height 
is 6 feet and the base is a square with side 4 feet. 

8 = \L x P = i x 6 x (4 x 4) = 48. § 643 

B = 4 x 4 = 16. § 398 

T = 48 sq. ft. + 16 sq. ft. = 64 sq. ft. 

Ex. 660. The slant height of a regular pyramid is divided in the ratio 
1 : 3 by a plane parallel to the base. Find the ratio of the base to the 
section. 
The plane II to the base divides the altitude in the ratio 1:3. § 645 

If the upper segment of the altitude is the larger, 

base : section = 4 2 : 3 2 = 16 : 9. § 646 

If the lower segment of the altitude is the larger, 

base : section = 4 2 : l 2 = 16 : 1. § 646 

Ex. 661. The section of a pyramid made by a plane parallel to the base 
is half as large as the base. Find the ratio of the segments into which the 
altitude is divided by the plane. 
Let x = the distance of the plane from the vertex. 

Then H — x — the distance of the plane from the base. 

.-. base : section = 2 : 1 = IT 2 : x 2 . § 646 

.-. H.x = V2: VT = 1.414 : 1. §338 

.-. H - x : x = 1.414 -1:1= 0.414 : 1. § 333 

Ex. 662. Find the volume in cubic feet of a regular pyramid when Us 

base is a square, each side measuring 3 feet 4 inches, and its height is 

9 feet. 

3 ft. 4 in. = 3£ ft. 

V = \B x H = J x (3J x 3J x 9)cu. ft. = 33J cu. ft. § 652 

Ex. 663. Find the volume in cubic feet of a regular pyramid when its 
base is an equilateral triangle, each side measuring 10 feet, and its height 
is 15 feet. 

B = 1??—? sq. ft. = 26 V§ sq. ft. Ex. 404 

4 

V = J x (16 x 25 V3) cu ft. = 125 Vs cu. ft. = 216.5 cu. ft. § 652 

Ex. 664. Find the volume in cubic feet of a regular pyramid when its 
base is a regular hexagon, each side measuring 4 feet, and its height is 
20 feet. 

r = i R Vs = i x 4 Vs = 2 V§. Ex. 442 

#=irxP = £x2V3xffx4 = 24V3. §459 

V = i B x H = i x (24 V3 x 20) = 160 Vs = 277.1. § 652 

277.1 cu. ft. Ans. 
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Ex. 665. Find the total surface in square feet of a regular pyramid 

when each side of its square base is 10 feet, and the slant height is 18 feet. 

S = ii x P = i x 18 x (4 x 10) = 360. § 643 

B = 10 x 10 = 100. § 398 

T = 360 sq. ft. + 100 sq. ft. = 460 sq. ft. 

Ex. 666. Find the total surface in square feet of a regular pyramid 
when each side of its triangular base is 8 feet, and the slant height is 16 
feet. 

8 = ii x P = i x 16 x (3 x 8) = 192. § 643 

B = ±a 2 V3 = i x 8 a x V§ = 16 V3 = 27.7. Ex. 404 

T = 192 sq. ft. + 27.7 sq. ft. = 219.7 sq. ft. 

Ex. 667. Find the total surface in square feet of a regular pyramid 
when each side of its square base is 32 feet, and the perpendicular height 
is 72 feet. 

L = V72* + 162 = V6440 = 73.76. § 371 

S=±LxP=$x 73.75 x 4 x 32 = 4720. § 643 

B = 32 x 32 = 1024. § 398 

T = 4720 sq. ft. + 1024 sq. ft. = 6744 sq. ft. 

Ex. 668. Find the height in feet of a regular pyramid when the volume 
is 26 cubic feet 936 cubic inches, and each side of the square base is 3 feet 
6 inches. 

26 cu, ft. 936 cu. in. = 26Jf cu. ft. 
3 ft. 6 in. = 3| ft. 
F=ifl'x3ix3i. §652 

...JT=_*!iL_ft.=6lft. 

Ex. 669. Find the height in feet of a pyramid when the volume is 20 
cubic feet, and the sides of its triangular base are 5 feet, 4 feet, and 3 feet. 



B = V6 x 1 x 2 x 3 = 6. Ex. 405 

V = $BxH. § 652 

20 = £ x 6H. 

.:H = -^tt. = lOft. 

1x6 

Ex. 670. The base edge of a regular pyramid with a square base meas- 
ures 40 feet, tTie lateral edge 101 feet. Find Us volume in cubic feet. 
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Diagonal of base = V40 2 + 40 2 = 40 V2. § 371 

iof 40V2ft. =20V2ft. 

H = VlOl 2 - (20 V2)2 = Vl0201 - 800 = V9401 = 96.9687. § 872 
V= i X 40 2 X 96:9587 = 51,711.31. § 652 

61,711.31 cu. ft. Ans. 

Ex. 671. Find the volume of a regular pyramid whose slant height is 
12 feet, and whose base is an equilateral triangle inscribed in a circle that 
has a radius of 10 feet. 
Let 2 x denote a side of the triangle. 

The altitude of the triangular base is 15 ft. Ex. 27 

Then 4s 2 = x 2 + 16 2 . 

3x 2 = 226. 
x 2 = 76. 
x = 8.660. 
2x= 17.320. 
if = Vl2 2 -5 2 = V144 - 25 = Vll9 = 10.908. 
V = i x i (15 x 17.320) x 10.908 = 472.3164. § 652 

472.32 cu. ft. Ans. 

Ex. 672. Having given the base edge a, and the total surface T, of a 
regular pyramid with a square base, find the volume V. 

L= V±a 2 + JJ 2 . 
T = 2 aL + a 2 . 



V±a 2 + H 2 = 

±a 2 + H 2 = 

J3 2 = 



.-. T = 2 a Via 2 + H 2 + a 2 . 
T-a 2 



2u 
r 2 -2a 2 r + a 4 

4a 2 
T 2 -2a 2 r 



4a 2 

.-. H= — Vr(T-2a 2 ). 
2a v ' 

F= ia 2 IT= ia 2 x — Vr(2\-2a 2 ) = ? VT(T-2a 2 ). § 652 
2a 6 

Ex. 673. The base edge of a regular pyramid whose base is a square is 
a, the total surface T. Find the height of the pyramid. 

H = 2a Vr ( r - 2a2 )- Ex - 672 
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Ex. 674. The eight edges of a regular pyramid with a square base are 
equal in length, and the total surface is T. Find the length of one edge. 



i= V* 2 -T=V?=^- 



.-. T = a 2 V§ -f a 2 . 
T 



a 2 = 



V3 + 1 



^Vs + i ^ 2 



Ex. 675. Find the base edge a of a regular pyramid with a square base, 
having given the height H and the total surface T. 



T = 2aL + a 2 . 



- r = 2 «Vf 



-flT 2 + a 2 . 



4 



- + H* = T 



4 2a 

a 2 , rro T 2 -2a 2 r + a* 

-4- xz — ■ — -• 

4 4a 2 

a* + 4a 2 IT 2 = r 2 - 2a 2 r + a*. 
a 2 (2T + 4H 2 )= T 2 . 

t 2 2 r 2 

a 2 = - =• — 

2T + 4H 2 4(r-f2£T 2 ) 



T I : 

' = 2\rT 



227 2 

Ex. 676. The homologous edges of two similar tetrahedrons are as 
6 : 7. Find the ratio of their surfaces and of their volumes. 

8 : S' = 6 2 : 7 2 = 36 : 49. § 670 

V: F'=6* : 7*= 216:343. §671 

Ex. 677. If the edge of a tetrahedron is a, find the homologous edge of 
a similar tetrahedron twice as large. 

V :V' = a*:2a*. §671 

Edge of V = a V2. 
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Ex. 678. The diameter of a well is 6 feet, and the water is 7 feet deep. 
How many gallons of water are there in the well, reckoning 7£ gallons to 
the cubic foot f 

V=7tB?H §700 

= 3.1416 x (32 x 7)cu. ft. 
= 3.1416 x 3 2 x 7 x 7.6 gal. = 1484.4 gal. 

Ex. 679. When a body is placed under water in a right circular cylinder 
60 centimeters in diameter, the level of the water rises 40 centimeters. 
Find the volume of the body. 

V = TtEPH = 3.1416 x (30 2 x 40)<*"> = 113,097.6ccm. § 700 

Ex. 680. How many cubic yards of earth must be removed in construct- 
ing a tunnel 100 yards long, whose section is a semicircle with a radius 
of 18 feet f 

18 ft. = 6 yd. 
V = ±itB*H=:\ x 3.1416 x (6 2 x 100) cu. yd. = 5664.88 cu. yd. § 700 

Ex. 681. How many square feet of sheet iron are required to make a 
funnel 18 inches in diameter and 40 feet long f 
18 in. = 1* ft. 
S = 2 TtRH = 3.1416 x (H x 40) sq. ft. = 188.5 sq. ft. § 698 

Ex. 682. Find the radius of a cylindrical pail 14 inches high that will 
hold exactly 2 cubic feet. 

2 cu. ft. = 2 x 1728 cu. in. = 3466 cu. in. 

V=7tB*H. §700 

3466 = xR* x 14. 

#2 _ ?*5? _ 246f x 0.31831 = 78.5771. 
14 it 



.-. R = V78.6771 in. = 8.86 in. 

Ex. 683. The height of a cylindrical vessel that will hold 20 liters is equal 

to the diameter. Find the altitude and the radius. 

20 1 = 20,000 ccm . 

V = 7tR*H. § 700 

20000 = itW x 2 R = 2 TtR*. 

90000 
.-. JS* = f^2^ = 10000 x 0.31831 = 3183.1. 
lit 



.-. R = V3183.1«« = 14.71° m . 
H = 2 R = 2 x 14.7l cm = 29.42 cm . 
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Ex. 684. If the total surface of a right circular cylinder is T, and the 

radius of the base is R, find the height of the cylinder. 

T = 2 TtRH + 2 it&. § 698 

2xRH = T-2nR*. 

T 

..H = — R. 

2itR 

Ex. 686. If the lateral surface of a right circular cylinder is S, and the 
volume is V,find the radius of the base and the height. 

5 = 2 TtRH. § 698 

V=7tR*H §700 

SR = 2 itR*H. 
2V=2nE?H. 
.-. SR = 2 V. 

— ¥• 

2V 
.:S = 2itx — xH. 

S 

• H= S = ffl 
2*x — 

Ex. 686. ^ the circumference of the base of a right circular cylinder is 
C, and the height H, find the volume T. 

R = — - § 458 

2?r 

.-. F= *#>#=*( — )H=^=-. §700 

\2^/ 4?r 

Ex. 687. Having given the total surface T of a right circular cylinder, 
in which the height is equal to the diameter of the base, find the volume V. 
H=2R. 

V = itR*H = 2 nR\ § 700 

T = 2 itRH + 2nW § 698 

= 4itR? + 2 7tR* = 67tR*. 
T 

•••* = jjr~ 

\6^ 

,.*. r /Z. 

6* \6*r 
6*\6* 8\6* 18* 
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Ex. 688. If the circumference of the base of a right circular cylinder 
is C, and the total surface is T, find the volume V. 

V=nR 2 H. §700 

T = 2 itW + 2 itRH. ' § 698 

C = 27tR. § 468 
C 



and 



.-. R = 


2n 










.-. V = 


It X 


(.-.)'< 


xU = 


C*H 

1i' 




T = 


2* 


«<&y 


+ 2?r x — x 
2?r 


H 


*= 


02 
2it' 


f CJT. 








. CH = 


T- 


C2 

2*r* 








C*H _ 


CT 


03 








4* ~ 


'' \it 


8**' 








.-. F = 


CT 

\it 


08 

8 7T2* 








.:. V = 


C 
8 a? 


(2nrr- 


C2). 







ExI 689. 2/" the volume of a right circular cylinder is V, and the alti- 
tude is H, find the total surface T. 

V = itR*H. § 700 

V I V 

/. R* = — and R= x \ — . 

T=2xRI£+27tR* §698 

= 27t\ /-^- x H+2n x-^- 

= 2 ^JT- + ^r 



2V 



= 2^7tVH + 

H 

Ex. 690. If V is the volume of a right circular cylinder in which the 
altitude equals the diameter, find the altitude H and the total surface T. 
H=2R. 

,.* = * 
2 
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■-•( 



J9\2 XT * H * 

— ) x H= 

2/ 4 



V = *R 2 H = it(- ) x#=^— §700 



4F 

. ..#8=^1. 

T=2*RH+2itR* §698 

= 2*xfxif + 2*(f) 

= 3^2*7*. 

Ex. 691. If T is the total surface, and H the altitude of a right circu- 
lar cylinder, find the radius R and the volume V. 

T=2itBH+2itR*. §698 

2itR* + 2xRH=: T. 
4 it*E* _j_ 4 ^tfjy + ^2jgr2 = 2 7rr-f^ir2. 



2xR = -7cH + V2itT+n*H*. 

12=--+ — y/2nT+**W. 
2 2?r 

V=itB*H §700 

\ 4 2* 2*4/ 

= ?rff (— - — V2*r+**J5r* + — ") 
V2 2*r 2?r/ 

= - (jrira - ff V2 * T + t^JI 2 + T). 

Ex. 692. 2%e radii of the bases of the frustum of a right circular cone 
are 20 inches and 13 inches, respectively. If the altitude of the frustum is 
15 inches, and is bisected by a plane parallel to the bases, what is the lateral 
area of each frustum made by the plane f 
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L = Vl6* + 7 2 = V274 = 16.662. § 371 

The slant height of each frustum = \ of 16.662 = 8.276. 
The radius of the mid-section = * (20 + 13) = 16.6. §§ 187, 189 

The lateral area of the lower frustum = i(C+c)xI § 727 

= i (2 tcR + 2 tit) x L 

= xL(R + r) 

= 3.1416 x 8.276 x (20 + 16.6) 

= 948.9956784. 
The lateral area of the upper frustum = 3.1416 x 8.276 x (16.6 + 13) 

= 766.9966072. 

949 sq. in. ; 767 sq. in. Ans. 

Ex. 693. The radius of the base of a right circular cone is 8 feet, and 
the altitude is 10 feet. Find the area of its lateral surface, the area of 
its total surface, and the volume. 

L = Vl02 + & = Vl64 = 12.806. § 371 

S = xRL = 3.1416 x (8 x 12.806) sq. ft. = 321.86 sq. ft. § 723 

B=tcB* = 3.1416 x (8 2 ) sq. ft. = 201.06 sq. ft. § 463 
T= 321.85 sq. ft. + 201.06 sq. ft. = 622.91 sq. ft. 

V = i 7tB*H = i x 3.1416 x (82 x 10) cu. ft. = 670.21 cu. ft. § 725 

Ex. 694. The height of a right circular cone is equal to the diameter of 

its base. Find the ratio of the area of Vie base to the area of the lateral 

surface. 

B=itR* = i7tW. §463 



371 



S = \icH x \HVl = ±itH*>/l. § 723 

8 iirH*V& V5 

Ex. 695. The slant height of a right circular cone is 2 feet. At what 
distance from the vertex must the slant height be cut by a plane parallel to 
the base, in order that the lateral surface may be divided into two equiva- 
lent parts? 

S = nRL = 2tcR. § 723 

8 : S' = 2 : 1. 
.-. L : L' = V2 : 1. 
2:2/= V2:l. 
.\ L' = V2 = 1.414. 1.414 ft. Ans. 
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Ex. 696. What does the volume V of a circular cone become, if the atti- 
tude is doubled ? If the radius of the base is doubled f If both the attitude 
and the radius of the base are doubled f 

V = ItcK*H. §726 
If IT is doubled, V is multiplied by 2. 

If R is doubled, V is multiplied by 2 2 or 4. 

If H and R are both doubled, V is multiplied by 2 x 4 or 8. 

Ex. 697. The slant height L of a right circular cone is equal to the 
diameter of the base. Find the total surface T. 
2R = L. 
.-. R = \L. 

T=itRL + itR* §723 

= *(*£)£ + *(ii)2 

Ex. 698. If T is the total surface of a right circular cone whose slant 
height equals the diameter of the base, find the volume V. 
2R = L. 
T=*RL + xR 2 §723 

= nR{2R) + itR* 

T 

\3# 
£2 = H 2 + U 2 . § 371 

(2R)* = W + R*. 
/. H* = SR*. 
.:H=rVs 

V = l7tR 2 H §725 



, / T \ If T If 



Ex. 699. If T is the total surface of a right circular cone, and R is the 
radius of the base, find the volume V. 

T=itRL + itR?. §723 

But L 2 = JET 2 + i? 2 . § 371 
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.-. i = Vlf2 + JR2. 






. T = itRy/H* + IP + 7T2P. 
T-itR* 

ttJ2 
r2-2jr2Pr+7r*JJ* 



**1P 
ra-2 7rJg 2 r 



icR 
But V = \nIPH §725 

= *7riP x — VT(T- 2 7riP) 



J2 



= -Vr(r-2 7ri^). 

Ex. 700. If T is the total surface of a right circular cone, and S is the 
lateral surface, find the volume V. 

T= icRL + itB* = *R(L + R), § 723 

and 8 = ttBX. § 723 

But Z»= gg + lP. §371 

..h=Vl*-r*. 



V = lxIPH = iTTi^Via _ ija 5725 

= i 7riJ«V(i + i2)(i-i2) 
= * Vu (£ + jR) (kB?) (*R) (L - R) 



-hi- 



[icR (L + jR) ] [?f E 2 ] [*2g (X - R) ] 



r(r-ff)(2S- T) 



/" Ex. 701. fiftoio Mat the prismatoid formula can be used for finding the 
volume of the frustum of a cone, for finding the volume of a cone, for find- 
ing the volume of a cylinder. 
The formula for the volume of the frustum of a cone is 



V=iH(B + b+VBxb). §729 

If we inscribe the frustum of a pyramid in the frustum of the cone, 
and increase the number of its sides indefinitely, by the Method of the 
Theory of Limits, we have 

I H(B + b + 4 M ) = $H(B + b + VjB x b). § 734 
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By the same method, inscribing in the cone a pyramid with base a 
regular polygon, and inscribing in the cylinder a prism with bases regular 
polygons, we have V = l TtB^H, § 725 

and V = itlPH. § 700 

Ex. 702. How many square feet of tin are required to make a funnel, if 
the diameters of the top and bottom are 28 inches and 14 inches, respectively, 
and the height is 24 inches f 

L = V24 2 + 7* = V576 + 4ff= V625 = 25. §371 

8 - itL (B + R*) § 727 

= 3.1416 x 26 x (14 + 7) = 1649.34. 
1649.34 sq. in. = 11 sq. ft. 65.34 sq. in. Ans. 

Ex. 703. Find the expense, at 60 cents a square foot, of polishing the 
curved surface of a marble column in the shape of the frustum of a right 
circular cone whose slant height is 12 feet, and the radii of whose bases are 
3 feet 6 inches and 2 feet 4 inches, respectively. 

S=7tL(R + K) = 3.1416 x 12 x (3} + 2*) § 727 

= 219.912. 
Cost = 219.912 x $0.60 = $131.96. 

Ex. 704. The slant height of the frustum of a regular pyramid is 20 feet ; 
the sides of its square bases 40 feet and 16 feet. Find the volume. 



IT = V202- 12* = V400- 144 = V256 = 16. §372 

V = lH(B + b+VEb) =*il(40 2 + 16 2 + 40 x 16) §667 

= IH (1600 + 256 + 640) 
= i x 16 x 2496 
= 13,312. 13,312 cu. ft. Ans. 

Ex. 705. If the bases of the frustum of a pyramid are regular hexagons 
whose sides are 1 foot and 2 feet, respectively, and the volume of the frus- 
tum is 12 cubic feet, find the altitude. 

Vl 2 _ (|)2 - Vi = $Vs = 0.866. 

b = 6 x i (1 x 0.866) = 2.598. § 459 

b : B = l 2 : 22 = 1 : 4. § 446 

.-. B = 4 x 2.698 = 10.392. 
V = iH(B + b+ VM). §667 

12 = $H (10.392 + 2.698 + 6.196). 
36 = 18. 186 B. 
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Ex. 706. The frustum of a right circular cone 14 feet high has a volume 
of 924 cubic feet. Find the radii of its bases if their sum is 9 feet. 
Let r and 9 — r be the radii. 

V = i jtH(22 2 + r 2 + Rr). § 730 

924 = * x ^ x 14 [22* + (9 - 22)2 + 22 (9 - #)] 

= Y (22* + 81 - 18 22 + 22* + 922 - 22*). 
63 = 2*2 _ 9 22 + 81. 
22* -922 = -18. 
42J2_() + 81 = 9. 

222-9= ±3. 
222 = 12 or 6. 
22 = 6 or 3. 
9 - 22 = 3 or 6. 
Therefore, the radii are 6 ft. and 3 ft. 

Ex. 707. From a right circular cone whose slant height is 30 feet, and 
the circumference of whose base is 10 feet, there is cut off by a plane 
parallel to the base a cone whose slant height is 6 feet. Find the lateral 
area and the volume of the frustum. 

If the circumference of the section is denoted by C, 
C' = ^ofl0 = 2. 

Then S = * x 24 (10 + 2) = 12 x 12 = 144. § 727 

Now 2 TtB = 10, and 2 icr = 2. 

.-. 22 = — , and r = — . 

Tt Tt 

V = i*H(R* + r*+Rr) §730 
= **x23.966(g + l + -L) 

q-i 

= i x 23.966 x — 

Tt 

= i x 23.966 x 31 x 0.31831 

= 78.829. 78.83 cu. ft. Ans. 

Ex. 708. Find the difference between the volume of the frustum of a 
pyramid whose bases are squares, 8 feet and 6 feet, respectively, on a side 
and the volume of a prism of the same altitude whose base is a section of 
the frustum parallel to its bases and equidistant from them. 
F=*2T(£-f-& + V2ft) = *fl'(64 + 36 + 48) = i2a r x 148 = 49£IT. §667 

V = 49 R. .-. V - V = ±H cu. ft. 
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Ex. 709. A Dutch windmill in the shape of the frustum of a right cone 
is 12 meters high. The outer diameters at the bottom and the top are 16 
meters and 12 meters, the inner diameters 12 meters and 10 meters. How 
many cubic meters of stone were required to build it ? 

V = lxH(K* + r 2 + Br) = *tt x 12 (64 + 36 + 48) = 4* x 148 = 592 n. 

V = \it x 12 (36 + 26 + 30) = 4 k x 91 = 364 jr. 

692 % - 364 n = 228 n = 716.2848. 

716.28cbm. Ans. 

Ex. 710. The chimney of a factory has the shape of a frustum of a 
regular pyramid. Its height is 180 feet, and Us upper and lower bases 
are squares whose sides are 10 feet and 16 feet, respectively. The flue is 
throughout a square whose side is 7 feet. How many cubic feet of material 
does the chimney contain f 

V=±H{B + b+ Vw>) = |xl80(256 + 100+ 160) §657 
= 60 x 616 = 30,960. 
V = 180 x 7 2 = 180 x 49 = 8820. § 624 

30,960 cu. ft. - 8820 cu. ft. = 22,140 cu. ft. 

Ex. 711. Find the volume V of the frustum of a cone of revolution, 
having given the slant height L, the height H, and the lateral area S. 

S = icLR + itLr. § 727 

r = R - Via _ H 2, 

S = icLR + TtLR - xL Vi* - H\ 

S = 2 TtLR - nL VL* - If 2. 



S 



.i2 = ^ 7 + iVi2_ J3 -2, 



and r = -^- - \ Vl* - H*. 

2xL 



V = ItcH(R* + r 2 + Rr) § 730 



ffl S Vi 2 - H* 

: it*IJ* + 2 1tL 

S 2 S Vi2 _ JJ2 



r S 2 8 vl,2 _ jj2 

=**<4-Sl2+H^ + ^-* 2 > 

~° + ±(z, 2 -zr 2 ) 
-±(x*-ir 2 )] 



4 it*L* 2 nL 

' 4tt 2 L 2 

3S 2 



- ixH [^ +i ^ -»*>]■ 
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Ex. 712. A cube each edge of which is 12 inches is transformed into a 
right prism whose base is a rectangle 16 inches long and 12 inches wide. 
Find the height of the prism, and the difference between its total area and 
the total area of the cube. 

V = (12 8 ) cu. in. = 1728 cu. in. § 623 

B = (16 x 12) sq. in. = 192 sq. in. § 398 

II = (1728 -*- 192) in. = 9 in. 
T = 6 x (12 x 12) sq. in. = 864 sq. in. 
T' = 2(16 x 12 + 16 x 9 + 12 x 9) sq. in. 
= 2 (192 + 144 + 108) sq. in. 
= 2 x 444 sq. in. = 888 sq. in. 
T' - T = 888 sq. in. - 864 sq. in. = 24 sq. in. 

Ex. 713. The dimensions of a rectangular parallelopiped are a, 6, c. 
Find (i) the height of an equivalent right circular cylinder having a for the 
radius of Us base; (ii) the Jieight of an equivalent right circular cone having 
a for the radius of its base. 

(i) V=abc = na*H. §§ 622, 700 

__ abc _ be 
~~ no; 2 ~~ lea 
(ii) V=abc = $itB*H. §725 

_ Sabc _ 36c 
~~ ita 2 ~ ita ' 

Ex. 714. A regular pyramid 12 feet high is transformed into a regular 
prism with an equivalent base. Find the height of the prism. 

V = iBH = lBx 12. §652 

V = BH. § 628 
IB x 12 = BH. 

jff = ^ = 4. 4 ft. Ans. 

Ex. 715. The diameter of a cylinder is 14 feet, and its height is 8 feet. 
Find the height of an equivalent right prism the base of which is a square 
with a side 4 feet long. 

V = 7tB?H § 700 
= 3.1416 x 7 2 x 8 = 1231.61. 

V = BH. § 628 
1231.51 =42#=16 J ff. 

... H = 1231 ' 51 = 76.97. 76.97 ft. Ans. 
16 
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Ex. 716. If one edge of a cube is a, what is the height II of an equiva- 
lent right circular cylinder whose radius is Rf 

V = a 8 . § 623 

V = itR?H. § 700 

/. a» = xIPH. 
a 8 

Ex. 717. The heights of two equivalent right circular cylinders are in the 
ratio 4:9. If the diameter of the first is 6 feet, what is the diameter of the 
other? 

V=7tB?H=7tZ*H = 9 7cH. §700 

2 /9g\ _ 9xK*n: 

\ 4 / 4 

QnR'W 



V' = tcRv{ 



4 

E'2 = 4, R' = 2. 
Diameter = 2 R' = 4 f t. 

Ex. 718. A right circular cylinder 6 feet in diameter is equivalent to a 
right circular cone 7 feet in diameter. If the height of the cone is 8 feet, 
what is the height of the cylinder ? 

V = \7tR*H = I *(J)2 x 8 = *~ § 725 

o 

V = xK*H' = n 3 2 H' = 9 *B.\ § 700 

3 

.-. H' = f f ft. = 3.63 ft. 

Ex. 719. 7%6 frustum of a regular pyramid 6 /ee£ ftigrA fats for bases 
squares 6 /ee£ and 8 /ee£ on a side. Find the height of an equivalent regu- 
lar pyramid whose base is a square 12 feet on a side. 

V = iR(B-\-b-\-\ r Eb) §657 
= I x 6 (64 + 25 + 40) 

= 2 x 129 = 258. 

V = $&!!'. §662 
258 = *xl44#'. 

.-. H' = 5| ft. 

Ex. 720. The frustum of a cone of revolution is 5 feet high, and the 
diameters of its bases are 2 feet and 3 feet, respectively. Find the height 
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of an equivalent right circular cylinder wftose base is equal in area to the 
section of the frustum made by a plane parallel to its bases, and equidistant 
from the bases. 

V = \itH(IP + r 2 + Rr) § 730 

= **x6(J + l + f) 

= 95ar 
12 
V = itK*U'. § 700 

12 r * 

.-. H ; = 6^ ^ 

Ex. 721. Find the edge of a cube equivalent to a regular tetrahedron 
whose edge measures 3 inches. 

Altitude of base = V9 - f = V*£ = f V3. § 372 

$ of f Vs = Vs. 

fl' = V32_(V3)2 = V9 - 3 = V5. §372 

£=i X 3x|V3 =|V3. §403 

F = i x f V3 x V6 § 652 

= |V2 = f x 1.41421 = 3.181073. 
An edge = V& 181973 in. = 1.47 in. 

Ex. 722. Find the edge of a cube equivalent to a regular octahedron 
whose edge measures 3 inches. 

Let H denote the altitude of each of the two pyramids into which the 
octahedron can be divided, and V the volume of each pyramid. 

Then H = \/3 2 - (f ^2) 2 = V9 - f = | V§, §372 

and T = } x 3 2 x |V2 = |V2. §662 

.-. 2 V = 9 V2 = 9 x 1.41421 = 12.72789. 
An edge = Vl2.72789 in. = 2.33 in. 

Ex. 723. The dimensions of a trunk are 4 feet, 3 feet, 2 feet. Find the 
dimensions of a trunk similar in shape that will hold four times as much. 
1 : 4 = 4« : x 8 . § 672 1 : 4 = 3 8 : x 8 . § 672 1 : 4 = 2 8 : x 8 . § 672 
x 8 = 266. x 8 = 108. x 8 = 32. 

x = 6.36 ft. x = 4.76 ft. x = 3.17 ft. 
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Ex. 724. By what number must the dimensions of a cylinder be multi- 
plied to obtain a similar cylinder (i) whose surface shall be n times that of 
the first ; (ii) whose volume shall be n times that of the first ? 

(i) Vn\ § 701 (ii) Vn. § 701 

Ex. 725. A pyramid is cut by a plane parallel to the base which passes 
midway between the vertex and the plane of the base* Compare the volumes 
of the entire pyramid and the pyramid cut off. 

V : 7' = 2« : 1 = 8 : 1. § G72 

Ex. 726. The height of a regular hexagonal pyramid is 36 feet, and one 
side of the base is 6 feet. What are the dimensions of a similar pyramid 
whose volume is fa that of the first f 

20:1=36 8 :H 8 . §672 20:l=6 8 :a 8 . §672 

H* = — = 2332.8. a 8 = — = 10.8. 

20 20 

H = V2332.8 ft. =13.2625 ft. a = Vl08ft. = 2.2104 ft. 

Ex. 727. The length of one of the lateral edges of a pyramid is 4 meters. 
How far from the vertex will this edge be cut by a plane parallel to the base, 
which divides the pyramid into two equivalent parts f 

V : 7' = 4 8 : z*. § 672 

2:l=64:x 8 . 
.-. a 8 = 32. 
.-. x = 3.17«. 

Ex. 728. A lateral edge of a pyramid is a. At what distances from the 
vertex will this edge be cut by two planes parallel to the base that divide the 
pyramid into three equivalent parts f 

V:V' = a*:a'*. §672 7 : 7' = a 8 : a" 8 . §672 

3 : 1 = a 8 : a ,s . 3 : 2 = a 8 : a" 8 

3a ,8 = a 8 . 3a" 8 = 2a 8 . 

.-. a' = aV$. .-. a" = a Vf. 

Ex. 729. A lateral edge of a pyramid is a. At what distance from the 
vertex will this edge be cut by a plane parallel to the base that divides the 
pyramid into two parts which are to each other as 3 : 4 ? 

V:V' = a*: a /8 . § 672 

7 : 3 = a 8 : a /8 . 
7a /8 = 3a 8 . 

.-. a' = aVf. 
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Ex. 730. The volumes of two similar cones are 64 cubic feet and 432 
cubic feet. The height of the first is 6 feet ; what is the height of the other f 

V64 : Vi§2 = 6:H. §726 

1 : Vg = 6 : H . 
1 : 2 = 6 : JI. 
.-. H = 12 ft. 

Ex. 731. Two right circular cylinders have their diameters equal to their 
heights. Their volumes are as 3 : 4. Find the ratio of their heights. 

V = 7tR*H = 2 nR*. § 700 

V : V = 2 TtR* : 2 icRK 
1 : f = iJ« : B'8. 
R:R' = l:Vi = 1:0.90866. 

Ex. 732. Find the dimensions of a right circular cylinder }$ as large as 
a similar cylinder whose height is 20 feet. , and diameter 10 feet. 

H:H'=Vv: Vjr. § 701 2R:2R'=VV: Vp. § 701 

20 : H' = 1 : V||. 10 : 2 B' = 1 : Vf|. 

20 : W = 1 : 0.97871. 10 : 2 iF = 1 : 0.97871. 

.-. H' = 20 x 0.97871 ft. .-. 2 22' = 10 x 0.97871 ft. 

= 19.5742 ft. = 9.7871 ft. 

Ex. 733. The height of a cone of revolution is H, and the radius of its 
base is R. Find the dimensions of a similar cone three times as large. 

H:H' = ^V:Vv'. §726 R : R' = Vv : V^'. §726 

H: H' = 1 : y/s. R : R' = 1 : V3. 

.-. H' = Hy/s. .-.r / = rVs. 

Ex. 734. The height of the frustum of a right cone is \ the height of the 
entire cone. Compare, the volumes of the frustum and the cone. 
Let V be the volume of the cone, 
V be the volume cut off, 
V" be the volume of the frustum. 
V:V' = H*:H'* §726 

= 58 : 3» = 125 : 27. 
V" : V = 125 - 27 : 125 = 98 : 125. 

Ex. 735. The frustum of a pyramid is 8 feet high, and two homologous 
edges of its bases are 4 feet and 3 feet, respectively. Compare the volume 
of the frustum and that of the entire pyramid. 

V xV =43:3 8 = 64:27. §672 

V"\Y = 64 - 27 : 64 = 37 : 04. 
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Ex. 736. Every point in a great circle which bisects a given arc of a 
great circle at right angles is equidistant from the extremities of the given 
arc. 

Let A C be any given arc of a great 0, and let PBP* 
be the great O which bisects the arc AC at right 
angles. 

To prove that every point in the great PBP / is 
equidistant from A and C. 

Proof. Draw the chords AB, AC, BC. 

Chord AB = chord BC. § 241 

O PBP* passes through the poles of arc AC. §754 

But the poles of arc A C are equidistant from A and C, the distances 
being measured on straight lines. 

Hence, the plane of the O PBP / is ± to the chord AC at its middle 
point. §§ 496, 617 

Therefore, every point in the great O PBP* is equidistant from the 
points A and C. q. b. d. 

Ex. 737. The radius of a sphere is 4 incites. From any point on the 
surface as a pole a circle is described upon the sphere with an opening of 
the compasses equal to 3 inches. Find the area of this circle. 

Let O be the centre of the sphere, P the pole, and A a point in the O. 

In the plane A POA, PO= OA= 4, and PA = 3. 

Area of A POA = V5* x 1* x 1* x 2* Ex. 405 

= 6.56. 
Also area of A POA = \ x4 x h = 2h. §403 

.-. 6.56 = 2 h. 
.-.r = h = 2.78. 
Area small O = at 2 § 463 

= 3.1416 x 2.782 = 24.28. 

24.28 sq. in. Ans. 

Ex. 738. The edge of a regular tetrahedron is a. Find the radii R, R* 

of the inscribed and circumscribed spheres. 

Let D-ABC be the given regular tetrahedron whose edge is a. 

The radius of the circumscribed about each face of the tetrahedron 

abc a 8 a ,, Mtr 

ig = — T?~x ^15 

4 y/s(s-a)(s-b)(s-c) 4V(|a) (*a) (\a)($a) V3* 

260 
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Let M be the centre of the O circumscribed about the AACD, and 
if' be the centre of the O circumscribed about the A ABC. Erect the 
_fe MO and M'O to the faces ACD and ABC, respectively. 

In the rt. A BMC, MC = -^-, and BC = a. 

V3 

.-. BM=yJa* - (^) 2 = ^f = *«^6. § 372 

.:R = OM = i BM=i of iaVQ = T \ a y/6. 
In the rt. A OMC, OM=&a Ve, and MC = -^. 

Ex. 739. Find the diameter of the section of a sphere 10 inches in 
diameter made by a plane 3 inches from the centre. 

Let r denote the radius and d the diameter of the O made by the 
intersecting plane. § 743 

The plane A formed by drawing the radii of the sphere to the extremi- 
ties of a diameter of the section is an isoscles A with legs each 5 in. 
long, and with altitude 3 in. 

.-. r = V5 2 - 3 2 in. = Vl6 in. = 4 in. § 372 

.-. d = 2r = 2 x 4 in. = 8 in. 

Ex. 740. At a given point in a given arc of a great circle, to construct 
u spherical angle equal to a given spherical angle. 

Let A / be any point in the arc ED, and BAC any given Z. 

To construct an Z equal to BAG having ^ 

A / as its vertex, and A'D as one side. 

Construction. With A as pole and a 
quadrant as radius arc, draw the arc BC. 

With A' as a pole, draw the arc of a 
great O Rm. 

On this arc lay off &C equal to BC, and through A' and C draw the 
arc of a great O A'C. Then BfA'C is the Z required. 

Proof. The arcs BC and B'C are the measures of the A A and A', 
respectively. § 779 

But BC = B?C. Const. 

.-. ZB'A'C' = ZBAC. 

Another Z BfA'C" may be constructed below the line A'D. q. e. f. 
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Ex. 741. To inscribe a circle in a given spherical triangle. 

Let ABC be any spherical A. 

To inscribe a O in the spherical A ABC. 

Construction. With B as pole, and BA as radius arc, 
describe the arc AG. 

From A and G as poles, and with a radius arc greater 
than \AG, describe arcs intersecting in K. 

Through K and B draw an arc of a great O. 

In like manner, draw CE. 

From O, the intersection of BK and CE, let fall the arc of a great 
O OD ± to the side BC. 

With O as pole, and OD as radius arc, draw the O DFH. 

Then the O DFH is the O required. 

Proof. Draw the arcs of great © KA and KG. 

Lay off BF equal to BD, CH equal to CD, and draw the arcs of great 
©OF and OH. 

Since the & BAK and BGK are mutually equilateral, Const, 

they are therefore mutually equiangular, § 810 

and Z OBF = Z. OBD. 

.: A OBF and OBD are equal. § 808 

Hence, OF is _L to A B and equal to OD. 

In like manner, we may prove that OH is ± to AC and equal to AD. 

It remains to prove that the Js OD, OF, and OH measure the shortest 
distances from O to the sides CB, AB, and AC, 
respectively. 

To do this, let PD be the less of the two _fe from 
P to the arc ADB, and let PH be any other arc of a 
great O from P to ADB. 

Then PD < PH. 

For HP = HP*. Ex. 736 

.-. PD + P'D < PH" + BP 7 . § 816 

..2PD<2PH, or PD<PH. 

Hence, the O described lies within the given A ABC, and touches its 
sides at D, F, and H, respectively. Q. e. f. 

Ex. 742. To circumscribe a circle about a given spherical triangle. 

Let ABC be any spherical A. 
To circumscribe a O about the spherical A ABC. 
Construction. Witli A as pole, and radius arc greater than ±AB, draw 
the arcs ab and cd. 
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With B as pole, and the same radius arc, draw the ^— CL 

arcs cf and gh, intersecting the first arcs in P and P / . /' y\ \ 

Through P and P* draw the arc of a great O OP'P. ( h Q V£\ 

In like manner, draw the arc of a great O DE. \ ^/^J0; \ j 

With 0, the intersection of PP* and ED, as pole, and X \^^N^/ 
OB as radius arc, draw the O BCA. ^ "^fe ^ 

Then the O J3CM is the O required. aA^e 

Proof. Since P and P' are equidistant from A and J3, Const, 

the distances being measured on arcs of great circles, they are equidistant 
from A and B, distances being measured on straight lines. 

The centre of the sphere is also equidistant from A and B. 

Hence, the plane of the arc PP / is perpendicular to the chord AB at 
its middle point. §§ 496, 517 

Therefore, is equidistant from A and B, distances being measured 
on straight lines, and, therefore, equidistant, distances being measured 
on arcs of great (D. § 517 

In like manner, is equidistant from B and C. 

Hence, the circumference of the O described with as pole, and OB 
as radius arc, will pass through A, B, and C. Q. e. p. 

Ex. 743. Given a spherical triangle whose sides are 60°, 80°, and 100°. 
Find the angles of its polar triangle. 

The A of polar A are 120°, 100°, and 80°. § 793 

Ex. 744. Given a spherical triangle whose angles are 70°, 75°, and 95°. 
Find the sides of its polar triangle. 

The sides of polar A are 110°, 105°, and 85°. § 793 

Ex. 745. Find the ratio of two homologous sides of two mutually equi- 
angular triangles on spheres whose radii are 12 inches and 20 inches. 
12 : 20 = 3 : 5. 

Ex. 746. To bisect a spherical angle. 

Let BAG be any spherical Z. 

To bisect the spherical A BAG. 

Construction. With A as pole and a quadrant radius arc 
describe arcs intersecting AB and A G at B and C, respec- 
tively. 

With B and G as poles and equal radius arcs greater than 
half the spherical distance BG describe arcs intersecting at B. 

Through A and D draw the arc of a great O. 

Then DA bisects the spherical Z BAG. q. e.p. 
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Ex. 747. To construct a spherical triangle, having given two sides and 
the included angle. 

Construction. Draw AB, the arc of a great O, B. 

equal to one of the given sides. / ^*\ 

Draw AC, the arc of a great O, making the / ^XC 
A BAC equal to the given Z. A *- ^ 

Take A C equal to the second of the two given sides. 

Draw the arc of a great O through B and C. 

Then the A ABC is the spherical A required, as is obvious from the 
construction. q. e. f. 

Ex. 748. To construct a spherical triangle, having given two angles and 
the included side. 

Construction. Draw AC, the arc of a great O, -5^ 

equal to the given side. / "*"\ 

From A and C draw AB and CB, arcs of great / X> \P 

CD intersecting at B, making the A CAB and ACB A u -~^ 

equal to the two given A. 

Then the A ABC is the spherical A required, as is obvious from the 

construction. q. e. f. 

Ex. 749. To construct a spherical triangle, having given the three sides. 

Construction. Draw AC, the arc of a great O, ?^ 

equal to the first of the given sides. / ^"\ 

With A and C as poles and radius arcs equal to / ^NP 

the second and the third of the given sides respec- A c — ^" 

tively, describe arcs intersecting at B. 

Through A and B and through C and B pass arcs of great ©. 

Then the A A BC is the spherical A required, as is obvious from the 
construction. q. b. f. 

Ex. 750. To construct a spherical triangle, having given the three angles. 

Construction. Now in each of two polar & each side of one is the sup- 
plement of the A opposite in the other. § 793 

.-. construct a spherical A with the three sides equal to the supplements 
of the given A. Ex. 749 

Then with each vertex of this A as poles and quadrant radii draw arcs 
of great (D forming a spherical A. 

This A is the spherical A required, as is obvious from the construction. 

Q. E. F. 
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Ex. 751. To pass a plane tangent to a spliere at a given point on the 
surface of the sphere. 

Let O be the centre of the given sphere and P a point 
of the surface. 

To pass a plane tangent to the sphere at the point P. 

Construction. Draw the radios OP. 

Pass the plane M N J. to OP at P. 

Then M N is the plane required. § 765 

Q. E. F. 





Ex. 752. To pass a plane tangent to a sphere through a given straight 
line without the sphere. 

Let AB be any given straight line without the sphere 
whose centre is 0. 

To pass a plane through AB tangent to the sphere. 

Construction. Through the line AB and the centre 
pass a plane. 

Let this plane be represented by the plane of the 
paper. 

Its intersection with the sphere is a great O of the sphere. 

Let P*SPR be this great O. 

From any point JV in AB draw NRK, a tangent to the O P'SPR. 

Through N and draw NOP", and through P 7 draw P*K ± to P'JV. 

While AB remains fixed, conceive the figure NKP* to revolve about 
NP f as an axis. 

The semicircle PRP / will generate the given sphere, and the A NKP* 
will generate the circumscribed circular cone. 

Through the line AB pass planes tangent to this cone. 

Then these two planes are the required tangent planes to the sphere. 

Proof. Every element of the cone has one, and only one, point in 
common with the surface of the sphere. 

Hence, any plane tangent to the cone and embracing AB and only one 
of these elements has one, and only one, point in common with the sur- 
face of the sphere, and is, therefore, a tangent plane to the sphere. § 741 

Q. E. F. 




266 BOOK VIII. SOLID GEOMETRY. 

Ex. 753. The three medians of a spherical triangle meet in a point. 

Let ABC be any spherical A, and let AE, BD, 
and CF be the medians of the A ABC. 

To prove that AE, BD, and CF intersect in the 
same point. 

Proof. The chords AE, BD, and CF, being the 
medians of the plane A ABC, intersect in a point. 

.*. the arcs AE, BD, and CF intersect in a point. 

Ex. 754. To construct a spherical surface with a given radius that 
passes through three given points. 

Let R be the given radius, and A, B, and C any three given points. 

To construct a spherical surface with radius R, which shall contain A, 
B, and C. 

Analysis. The centre of the sphere must be at the distance R from 
each of the points A, B, and C ; hence it is in the surface of the spheres 
having A, B, and C as centres, and R as radius. 

Construction. Construct a sphere with A as centre and R as radius, 
also spheres with B and C as centres and R as radius. 

The spheres having as centres the points common to the surfaces of 
the three spheres, and the given radius R, will embrace in its surface the 
three given points. 

Proof. The distances of the points A, B, and C from either of these 
common points are equal to the given radius R ; hence these points are in 
the surfaces of spheres having these points as centres and R as radius. 

Q. E. F. 

Discussion. If one of the three spheres cuts the intersection of the 
surfaces of the other two, there will be two solutions. 

If one simply touches the intersection, or the point of contact of the 
other two, there will be one solution. 

If the surfaces of the three spheres have no point in common, there 
will be no solution. 

Ex. 755. To construct a spherical surface xoith a given radius that passes 
through two given points and is tangent to a given plane. 

Let R be the given radius, MN the given plane, and A and B the two 
given points. 

To construct a spherical surface with radius R through the points A 
and B tangent to the plane MN. 

Analysis. The centre of the sphere must be at the distance R from each 
of the points A and B. 
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Hence, it is in the surfaces of the spheres having A and B as centres 
and R as radius. 

The centre must also be at the distance R from the plane MN. 

Hence, it is in one of the planes II to MN at the distance R. 

Construction. Construct a sphere with A as centre and R as radius, also 
a sphere with B as centre and R as radius. 

Construct also the planes II to the plane MN at the distance R. 

The spheres having as centres the points common to the surfaces of the 
two spheres and either of the two planes, and the given radius R will pass 
through the two points and be tangent to the given plane. 

Proof. The surface of each of these spheres passes through the points 
A and B, since by construction A and B are at the distance R from its 
centre. 

The plane MN is tangent to each sphere, since by construction R is the 
_L distance of its centre from the plane MN. q. e. f. 

Discussion. If the intersection of the spheres A and B lies in one of the 
planes II to MN, the problem is indeterminate. 

If one of the planes II to MN cuts the intersection of the two spherical 
surfaces, there will be two solutions. 

If one of these planes touches this intersection, there will be one solu- 
tion. 

If the two spheres have no point in common with either plane, there 
will be no solution. 

If the points are on opposite sides of the plane, or if both are in the 
plane, there will be no solution. 

Ex. 756. To construct a spherical surface with a given radius that passes 
through two given points and is tangent to a given sphere. 

Let R be the given radius, A and B any two given points, and the 
centre «of a sphere whose radius is R'. 

To construct a spherical surface with radius R through the points A and 
B tangent to the sphere 0. 

Analysis. The centre of the sphere must be at the distance R from each 
of the points A and B. 

Hence, it is in the surfaces of the spheres having A and B as centres 
and R as radius. 

That the constructed sphere may be tangent to the given sphere the 
distance between their centres must equal the sum or difference of their 
radii. 

Construction. Construct the spheres with A and B as centres and R as 
a common radius. 
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Construct also the spheres with O as a common centre and with R + R' 
and R ^ K as radii. 

The spheres having as centres the points common to the surfaces of 
the first two spheres and that of either of the second two, and the given 
radius R, will pass through the two points and be tangent to the given 
sphere. 

Proof. The surface of each of these spheres will pass through the points 
A and 2?, since by construction A and B are at the distance R from its 
centre. 

The sphere O and each of the spheres drawn will be tangent, since by 
construction the distance between their centres is equal to the sum or the 
difference of their radii. q. e. f. 

Discussion. There will be four, three, two, one, or no solution, accord- 
ing as the spherical surfaces A and B have four, three, two, one, or no 
points in common with the constructed spherical surfaces having O as 
their centre. 

Ex. 757. All arcs of great circles drawn through a pole of a given great 
circle are perpendicular to the circumference of the great circle. 

Let P be the pole of the great O ABC, and let PA be an arc of a great 
O drawn through P intersecting O ABC at A. 

To prove that PA is JL to ABC. 

Proof. Now the measure of the spherical Z PAB is the arc of a great O 
described with A as pole and included between its sides. § 779 

.*. the Z PAB is measured by a quadrant (the distance from P to the 
OABC). 

.: Z PAB is a rt. spherical Z. Q. b. d. 

Ex. 758. The smallest circle whose plane passes through a given point 
within a sphere is the one whose plane is perpendicular to the radius through 
the given point. 

Let P be a point within the sphere whose centre is O. 

To prove that the smallest O through P is JL to the 
radius through P. 

Proof. Pass a plane through P and the centre of the 
sphere. 

The chord AB J. to OP is the shortest chord that can be drawn 
through P in this great O. Ex. 109 

Hence, AB is a diameter of the smallest O through P. 

.-. the smallest O through P is _L to the radius through P. q. b. d. 
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Ex. 759. Given the radius of a sphere 10 inches. Find the area of a 
lune whose angle is 30°. 

£ = *gM = 3.Hl 6 xl0»x30 = 10472 
90 90 

104.72 sq. in. Ans. 

Ex. 760. Given the diameter of a sphere 16 inches. Find the area of a 
lune whose angle is 76°. 

L = «*A = 3.1416 x 8* x 75 

90 90 * 

167.55 sq. in. -4 us. 

Ex. 761. TPfarf part b/ Me surface of a sphere is a triangle whose angles 
are 120°, 100°, and 95° ? What is its area in square inches, if the radius 
of the sphere is 6 inches f 

E = 120° + 100° + 95° - 180° = 136°. 

* = »=«. §835 

8 720 16 

A = *g*g = 3.1416 x 6^ x 135 

180 180 

84.82 sq. in. ^Ins. 

Ex. 762. Find the area of a spherical triangle whose angles are 100°, 
120°, 140°, if the diameter of the sphere is 16 inches. 

E = 100° + 120° + 140° - 180° = 180°. 
A = *g ! g = 3.1416 x 82 x 180 

180 180 * 

201.06 sq. in. Ans. 

Ex. 763. If the radii of two spheres are 6 inches and 4 inches respec- 
tively, and the distance between their centres is 5 inches, what is the area 
of the circle of intersection of these spheres f 

Let 8 denote the area of the A formed by the line of centres and the 
radii to any point of the circumference of the section. 

8 = V Y x i x f x i = V- V7. Ex. 405 

8 = iR. §403 
.-.|iJ = yV7. 
.-. R = f V7. 

Area of circle = xK 2 = 3.1416 x (f V7)* = 49.4802. § 463 

49.48 sq. in. Ans. 
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Ex. 764. Find the radius of the circle determined in a sphere of 5 incites 
diameter by a plane 1 inch from the centre, 

B = V(2*)2 - ia in. = i V26 - 4 in. = * V21 in. § 372 

Ex. 765. If the radii of two concentric spheres are B and B', and if a 
plane is drawn tangent to the interior sphere, what is the area of the section 
made in the other sphere f 
Let B be the radios of the larger sphere. 

r = V/P-iT 2 . § 372 

Area, = itr* = jt(B*-B'*). §463 

Ex. 766. Two points A and B are 8 inches apart. Find the locus in 
space of a point 6 inches from A and 7 inches from B. 
Let B denote the ± from any point C of the locus to AB. 



Then JB = - V«(s - a) (s - b) (s - c) Ex. 312 

c 



= $Vl0 x 3 x 6 x 2 = \ of 10 V§ = |V3. 
Hence, the locus is the circumference described with B as radius and 
the foot of B as centre. 

Ex. 767. The radii of two parallel sections of the same sphere are a and 
&, respectively, and the distance between these sections is d. Find the radius 
of the sphere. 
Let OA and OB be the J& from the centres to the planes, respectively. 
04=Vi*2-a 2 ; OJ5=V J R2-62. 
OA-OB = d = ViJ2-a 3 -Vi22-62. 

... d + Vi*2-&2 = Vi*2 _ a 2. 



d 3 + 2 d V&-b* + ij2 _ 52 _ £2 _ a 2. 



2dViP-&2 = 62 _ a 2 _ <J2. 
4dW - 4&2rf2 _ fl 4 + &4 + d 4 _ 2a 262 _ 2 &2tfJ + 2 a ?(P. 

4d2^2 = a * + &* + d* + 262(j2 + 2a 2d2 - 2aW. 



1 



E = — Va* + & 4 + d* + 262d2 + 2 a 2 d2 ~ 2 a 2 ** 
2d 

Ex. 768. Find the surface of a sphere if the diameter is (i) 10 inches; 
(ii) I foot 9 inches; (Hi) 2 feet 4 inches; (in) 7 feet; (v) 10.6 feet, 
(i) 8 = 4 *JR2 = 4 x 3. 1416 x 6 2 = 314. 16. § 824 

314.16 sq. in. Ans. 
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(ii) 1 ft. 9 in. = If ft. 

8 = 4 relP = 4 x 3.1416 x (J) 2 = 9.6212. § 824 

9.62 sq. ft. Ana. 
(Hi) 2 ft. 4 in. = 2* ft. 

S = 4 tfJR 2 = 4 x 3.1416 x (J) 2 = 17.1043. § 824 

17.10 sq. ft. Ana. 

(iv) S = 4 itm = 4 x 3.1416 x (|) 2 = 163.9384. § 824 

153.94 sq. ft. Ana. 
(v) 8 = 4 rem = 4 x 3.1416 x (5.26) 2 = 346.3614. § 824 

346.36 sq. ft. Ana. 

Ex. 769. Find the diameter of a sphere if the surface is (i) 616 aquare 
inches; (ii) 38* aquare feet; (Hi) 9856 aquare feet. 

(i) S = 4 7tB? = itlfi. § 824 (ii) 8 = arD 2 . 

616 = 3.1416 xD 2 . 38* = 3.1416 x D 2 . 

I) 2 - G16 x 0.31831 § 481 D 2 = 38* x 0.31831 

= 196.07896. = 1 2.254935. 

.-. D = V196.07896 = 14. .-. D = V12.254935 = 3. 5. 

D=14in. D = 3.6ft. 

(Hi) 8 = nTP. 

9856 = 3.1416 x D 2 . 
D 2 = 9856 x 0.31831 
= 3137.26336. 



.-. D = V3137.26336 = 66. 
D = 56 f t. 

Ex. 770. The circumference of a dome in the shape of a hemisphere ia 
66 feet. How many aquare feet of lead are required to cover it f 

S = 2rtE* = MR. §824 

R=™ =33x0.31831. §458 

S = 66 x 33 x 0.31831 = 693.27918. 

693.28 sq. ft. Ana. 

Ex. 771. If the ball on the top of St. PauVa Cathedral in London ia 6 
feet in diameter, what would it cost to gild it at 7 centa per aquare inch f 
S=nIP = 3.1416 x (6) 2 sq. ft. § 824 

= 113.0976 sq. ft. 
= 16,286.0544 sq. in. 
Cost = 16,286.0544 x $0.07 = $1140.02. 
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Ex. 772. What is the numerical value of the radius of a sphere if its sur- 
face has the same numerical value as the circumference of a great circle t 
S = 4itR*. §824 

C = 2 * JR. §468 

.%4arJP = 2arJR. 
2.8 = 1. 
R = i. 

Ex. 773. Find the surface of a lune, if its angle is 30°, and the total 
surface of the sphere is 4 square feet. 

L : S = 30 : 360. § 829 

L : 4 = 1 : 12. 
.\ L = ^ sq. ft. = ^ sq. ft 

Ex. 774. What fractional part of the whole surface of a sphere is a 
spherical triangle whose angles are 43° 27', 81° 57', and 114° 36' ? 
E = 43° 27' + 81° 57' + 114° 36' - 180° = 60°. 
A = A= 60 =1 
8 720 720 12 * 

Ex. 775. The angles of a spherical triangle are 60°, 70°, and 80°. The 

radius of the sphere is 14 feet. Find the area of the triangle. 

E = 60° + 70° + 80° - 180° = 30°. 

^ A = g*g = 3.1416 xl4»x 30 

180 180 

102.63 sq. ft. Ans. 

Ex. 776. The sides of a spherical triangle are 80°, 74°, and 128°. The 
radius of the sphere is 14 feet. Find the area of the polar triangle in 
square feet. 

The A of the polar A are 100°, 106°, 62°. § 793 

.-. E = 100° + 106° + 52° - 180° = 78°. 

. A itBPE 3.1416 x 14 2 x 78 aaQ on -_. 

Area polar A = = = 266.82656. § 836 

180 180 

266.83 sq. ft. Ans. 

Ex. 777. Find the area of a spherical polygon on a sphere whose radius 
is 10+ feet, if its angles are 100°, 120°, 140°, and 160°. 
B = T - (n - 2) 180°. 
T = 100° + 120° + 140° + 160° = 620°. 
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B - 520° - (2 x 180°) 
= 620° - 360° = 160°. 

±~ = !!» = ?■ §837 

S . 720 9 

8 = 4 itW = 4 x 3.1416 x 10.5 x 10.6. § 824 

. Area = 2x4x3.1416x10.5x10.5 = 

9 

307.88 sq. ft. Ans. 

Ex. 778. The planes of the faces of a quadrangular spherical pyramid 
make with each other angles of 80°, 100°, 120°, and 150° ; and the length 
of a lateral edge of the pyramid is 42 feet. Find the area of its base in 
square feet. 

E=T-{n-2) 180°. 
T = 80° + 100° + 120° + 150° = 450°. 
E = 450° - (2 x 180°) 
= 450° - 360° = 90°. 

*~=*>. = 1. §837 

S 720 8 * 

S = 4 7tB* = 4 x 3.1416 x 42*. § 824 

4x3.1416x422 af7 ^ OMn 

.-. Area = = 2770.8912. 

8 

2770.89 sq. ft. Ans. 

Ex. 779. The planes of the faces of a triangular spherical pyramid 
make with each other angles of 60°, 80°, and 100°, and the area of the base 
of the pyramid is lit square feet. Find the radius of the sphere. 

E = 60° + 80° + 100° - 180° = 60°. 

A itWE itB 2 x 60 , M 
Area A = — — = — — — = $ieB?. §836 

180 180 

.-. 4*r = i*rl*2. 
.-. IP = 12. 
.-. R = Vl2 = 3.46. 3.46 ft. Ans. 



Ex. 780. The diameter of a sphere is 21 feet. Find the curved surface 
of a segment whose height is 6 feet. 

Area = 2 reRH = 2 x 3.1416 x 10.5 x 5 = 329.8680. § 826 

329.87 sq. ft. Ans. 
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Ex. 781. In a sphere whose radius is R, find the height of a zone whose 
area is equal to that of a great circle. 

Z = 2 itRH. § 826 

Great circle = arU 2 . - § 463 

.-. 2 TtRH = *iP. 
2H=R. 
H = +R. 

Ex. 782. What is the area of a zone of one base whose height is h, and 
the radius of the base r f What would be the area if the height were twice 
as great f 

Area = it x (chord)* = it x ( Vfc 2 + r 2)2 _ n ^ + r 2). § 8 28 

If the height were twice as great, the area would be 2 it (h 2 + r 2 ). 

Ex. 783. The altitude of the torrid zone is 3200 miles. Find its area, 
assuming the earth to be a sphere with a radius of 4000 miles. 

Z = 2 itRH = 2 x 3.1416 x 4000 x 3200 = 80,424,960. § 826 

80,424,960 sq. mi. Ans. 

Ex. 784. A plane divides the surface of a sphere of radius R into two 
zones, such that the surface of the greater is the mean proportional between 
the entire surface and the surface of the smaller. Find the distance of the 
plane from the centre of the sphere. 

The altitudes of the two zones are 2 R — H and H. 

Tbm 2tt*(2fi-g) = 2*gg ^ 



2 itRH 4 itR* 




33 <■ 


2R-H H 






H 2R 






4R?-2RH=H*. 






£T 2 + 2RH +& = $&. 






h + r = rV&. 






h = rV&-r. 






Distance from centre = R V5 — R - 


-U = E(V6- 


-2). 



Ex. 785. If a sphere of radius R is cut by two parallel planes equally 
distant from the centre, so that the area of the zone comprised between the 
planes is equal to the sum of the areas of its bases, find the distance of 
either plane from the centre. 

Let a denote the radius of each section. 

Then o = VB 2 _ ±u*. § 372 
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Z = 2 itRH. 
2B = 27ta 2 = 2tt(R?- * JT2). 
.-. 2 nRH = 2it(R*- ± JT2). 
±rtRH=±itIP-7tW. 
JET2 4. ±RH = 4R*. 
H* + 4RH + 4R* = SR*. 

H+2R = 2RV2. 

H=2RV2-2R. 
iU = RV2 -R = R{V2-1). 



§826 
§463 



Ex. 786. Find the area of the zone generated by an arc of 30°, of which 
the radius is r, and which turns around a diameter passing through one of 
its extremities. 

Let AC denote the radius and AB the distance from the centre to the 
section. 



Then 



That is, 



^ = ^-Q 2 = v^=rv3. 



BC 



: r _ I V3. 
2 



JT = I(2-V3). 
Z = 2 itRH 
= 2 itr x '(2 - V5) = *rr 2 (2 - V3). 



§372 



§826 



Ex. 787. Find the area of the zone of a sphere of radius R, illuminated 
by a lamp placed at the distance h from the sphere. 

In the similar & ABB and ABC, 
AD AB 
AB~ AC 
AD R 
R 



351 



That is, 



AD = 



R + h 
R? 

R + h' 



DE = R 



£2 



Rh 



Z = 2itRx 



R+h R+h 
Rh 2 rtRth 



R+h R+h 




,826 
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Ex. 788. How much of the earth's surface would a man see if he were 
raised to the height of the radius above it f 

z= ^^. Ex . 787 

R + h 
But h = R. 

2R 
£ = 4*1^. §824 

Z _ TtW _\ 
S~~ *7tR?~ 4 

Ex. 789. To what height must a man be raised above the earth in order 
that he may see one sixth of its surface f 

S = ±itR*. §824 



But Z = . Ex. 787 



.'. Z: 


=f=t«K 


Z 


2 7tR?h 
R + h 


2nR*h 


2nR* 


R + h 


3 


h 
R + h 


1 
~3* 


.:Sh 


= R + h. 


.-. h 


= *R. 



That is, 



Ex. 790. The square on the diameter of a sphere and the square on an 
edge of the inscribed cube are as 3 : 1. 

Let a denote an edge of the inscribed cube. 
The diameter of the sphere = 2 R = the diagonal of the cube. 
But the diagonal of the cube = a V§. Ex. 663 

.-. 212 = aV3. 
.-. (2E) 2 : a 2 = {aVs)* : a 2 = 3a 2 : a 2 = 3 : 1. 

. Ex. 791. Find the volume of a sphere if the diameter is (i) 13 inches; 
(ii) Sfeet 6 inches; (Hi) 10 feet 6 inches; (iv) 14.7 feet, 

(i) V = J *D» = i x 3.1416 x 133 = H50.3492. § 846 

1160.35 cu. in. Ans. 
(H) V = J *D» = J x 3.1416 x (£) 8 = 22.44935. § 845 

22.45 cu. ft Ans. 
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(Hi) V = i teE* = i x 3. 1416 x (^) 8 = 606. 13245. § 845 

606.13 cu. ft. Ans. 
(it?) V = J tfJD 8 = i x 3.1416 x (14. 7) 8 = 1663.2274428. § 845 

1663.23 cu. ft. Ans. 

Ex. 792. Find the diameter of a sphere if the volume is (i) 75 cubic feet 
1377 cubic inches ; (it) 179 cubic feet 1152 cubic incites; (Hi) 1047.816 
cubic feet; (iv) 38.808 cubic yards. 

(i) 75 cu. ft. 1377 cu. in. = 130,977 cu. in. 

V = i tfD 8 . § 845 

130,977 = J x 3.14162) 8 . 

2)8 = 6 x 0.31831 x 130977 = 260,147.73322. 
D = 63 in. 
(ii) 179 cu. ft. 1152 cu. in. = 310464 cu. in. 

Y=\itJP. §845 

310,464 = \ x 3. 1416 J) 8 . 

D* = 6 x 0.31831 x 310464 = 592,942.77504. 
D = 84 in. 
(iti) F=i^JD8. §845 

1047.816 = £ x 3. 1416 JD 8 . 

J) 8 = 6 x 0.31831 x 1047.816 =2001.18186576. 
D = 12.6 ft. 
(iv) J^JtfJD 8 . §845 

38.808 = 4 x 3.1416 J) 8 . 

J) 8 = 6 x 0.31831 x 38.808 = 74.11784688. 
D = 4.2 yd. 

Ex. 793. Find the volume of a sphere whose circumference is 45 feet. 

1 45 8 1 

V = iitB» = =-x ic x ™ = =■ x 0.318312 x 45 8 = 1638.8. §845 

1538.8 cu. ft. Ans. 

Ex. 794. JPind Mc volume V of a sphere in terms of the circumference 
C of a great circle. 

V=iitIP. §845 

C=jeD. § 458 

,.D=5. 

It 

6 ar» 6*2 
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Ex. 795. Find the radius R of a sphere, having given the volume V. 

V = $ nRK § 845 




Ex. 796. Find the radius R of a sphere, if its circumference and its 
volume have the same numerical value. 
$icR* = 2itR. 
fi2 2 = l. 
2122 = 3. 

R* = 1.5. 
.-. R = VT5 = i V6 = 1.2247. 

Ex. 797. The volume of a sphere is to the volume of the circumscribed 
cube as it is to 6. 
Let a denote the edge of the circumscribed cube. 
Then a = 2 R. 
Volume of sphere = J ttJR 8 . § 845 

.-. | nW :a 8 = $ xR* : (2 JR)8 = J 7tR* :8E» = it : 6. 

Ex. 798. An iron ball 4 inches in diameter weighs 9 pounds. Find the 
weight of an iron shell 2 inches thick, whose external diameter is 20 inches. 
V \V" = 20* : 4« = 6» : 1» = 126 : 1. § 846 

.-. V weighs 125 x 9 lb. = 1125 lb. 

V : V" = 16 8 :48 = 48 : 1 = 64 : 1. § 846 
.-. V weighs 64 x 9 lb. = 676 lb. 

V - V = 1126 lb. - 576 lb. = 549 lb. 

Ex. 799. " The radius of a sphere is 7 feet. What is the volume of a 
wedge whose angle is 36°? 

W_ 36° 1 

F~360°~*10' 
V = i xR* = $ x 3.1416 x 7 8 = 1436.7684. § 845 

.-. W = A of 1436.76 cu. ft. = 143.68 cu. ft. 

Ex. 800. What is the angle of a spherical wedge, if its volume is one 
cubic foot, and the volume of the entire sphere is 6 cubic feet ? 
W __ 1 __ angle of wedge 
"F~6~" 360° 

.-. angle of wedge = J of 360° = 60°. 
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Ex. 801. Find the volume of a spherical sector, if the area of the zone of 
its base is 3 square feet, and the radius of the sphere is 1 foot. 

V = \BZ = $ x (1 x 3) cu. ft. = 1 cu. ft. § 848 

Ex. 802. The radius of the base of a segment of a sphere is 16 inches, 
and the radius of the sphere is 20 inches. Find the volume of the segment. 

The J_ from the centre of the sphere to the base 

= V202 - 16« = Vlii = 12. § 372 

.-. a = 20 - 12 = 8. 
V = \itr*a + \ita* = i x 3.1416 x 16* x8 + \ x 3.1416 x 8* § 849 
= 3216.9984 + 268.0832 
= 3486.0816. 3485.08 cu. in. Ans. 

Ex. 803. The inside of a washr-basin is in the shape of a segment of a 

sphere ; tTie distance across the top is 16 inches, and its greatest depth is 

6 inches. Find how many pints of water it will hold, reckoning 7 J gallons 

to the cubic foot. 

V = \itr*a + \ita* §849 

= i x 3.1416 x 82 x 6 -J- \ x 3.1416 x 6« 

= 3.1416 x (192 -J- 36) 

= 3.1416 x 228 

= 716.2848. 

, 1floo , Q . 716.2848 _ 716.2848 _ ' A 

716.2848 cu. in. = cu. ft. = x 71 x 8 pt. 

1728 1728 F 

= 24.87 pt. 

Ex. 804. What is the height of a zone, if Us area is S, and the volume 
of the sphere to which it belongs isVf 

§846 
§826 




\ lit 
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Ex. 805. The radii of the bases of a spherical segment are 6 feet and 
8 feet, and Us height is Sfeet. Find its volume. 

V = 5 (nr* + ur-*) + ^f- = f (*6 2 + *&) + ^ § 849 

= 3.1416 x (150 + 4.5) 

= 485.3772. 485.38 cu. ft. Ans. 

Ex. 806. Find the volume of a triangular spherical pyramid if the 
angles of the spherical triangle which forms its base are each 100°, and the 
radius of the sphere is 7 feet. 

E = Sx 100° - 180° = 120°. 
Area A = 5^ = 3-U16x7 2 xl20 = 102 0266 g36 

180 180 * 

F=i.Rx£ = ix7x 102.6256 = 239.4697. § 847 

239.46 cu. ft. Ans. 

Ex.- 807. The circumference of a sphere is 28 it feet. Find the volume 
of that part of the sphere included by the faces of a trihedral angle at the 
centre, the dihedral angles of which are 80°, 105°, and 140°. 

= 2*3 = 28*. §458 

.-. B = 14. 

E = 80° + 105° + 140° - 180° = 145°. 

Area A = «»* = 31416 X U ° * 146 = 496.0237. §836 

180 180 

V=±RxB = i£x 496.0237 = 2314.7773. § 847 

2314.78 cu. ft. Ans. 

Ex. 808. The planes of the faces of a quadrangular spherical pyramid 
make with each other angles of 80°, 100°, 120°, and 150°, and a lateral 
edge of the pyramid is 3£ feet. Find the volume of the pyramid. 

E = 80° + 100° + 120° + 160° - 360° = 90°. 
Area _ 90 _ 1 
8 ~ 720" 8' 

8 = 4 jrfi* = 4 x 3.1416 x (J) 2 . § 824 

.-. Area = }x4x 3.1416 x (J) 2 . 

F = ii2xJB = ixJxJx4x 3.1416 x (J) 2 

= 22.44935. § 847 

22.45 cu. ft. Ans. 



§837 
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Ex. .809. Having given the volume V, and the height h, of a spherical 
segment of one base, find the radius R of the sphere. 

V = ith* (B - |) = nh*R - ±fth*. § 849 

p = r+j«y = V h 
nh* nh* Z 

Ex. 810. Find the weight of a sphere of radius R, which floats in a liquid 
of specific gravity s, with one fourth of its surface above the surface of the 
liquid. (The weight of a floating body is equal to the weight of the liquid 
displaced.) 

Z = 2 tcRH. § 826 

iS=itR? = 27tRH. §824 

/. H = \R. 

(U\ 
5-— J §849 

4 V 6/ 

_itW bR _ 6itR* 
4 X 6 ~ 24 " 
Volume of sphere = $ jrJR 8 . . 
Therefore the volume of the liquid displaced 

= f*£»- £*£■ = !*£». 
This weighs f itRPs. 
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MISCELLANEOUS EXERCISES. 

Ex. 811. Determine a point in a given plane such that the difference of 
Us distances from two given points on opposite sides of the plane shall be 
a maximum. 

Let A and B be any two points on opposite sides of the plane MN. 

To find the point in the plane MN the difference of 
whose distances from A and B shall be a maximum. 

Construction. From A draw AF perpendicular to the 
plane MN, and prolong it to C, making FC equal to 
AF. 

Through C and B draw a line meeting the plane in 
some point D. 

Then D is the required point. 

Proof. Let E be any other point of the plane MN. 

Draw EA, EC, EB, and AD. 

Then DC = DA, 

and EC = EA. 

.-. DA-DB = DC-DB = BC. 

Also EA - EB = EC - EB< BC. 

Hence, DA - DB > EA - EB. 

Discussion. If the points A and B are equally distant from the plane, 
the difference of distances is the constant zero, and there is no maximum 
difference of distances. 




§617 
§138 

3. E. F. 



Ex. 812. The portion of a tetrahedron cut off by a plane parallel to any 
face is a tetrahedron similar to the given tetrahedron. 

Let A'&C be a section II to the face ABC of the tetrahedron S-ABC. 

To prove that S-A'&C is similar to S-ABC. 

Proof. A'&, RC\ C'A' are II, respectively, to AB, 
BC, CA. § 528 

Hence, the faces SA'&, S&C, and SC'A' are simi- 
lar, respectively, to SAB, SBC, and SCA. § 364 

The trihedral Z S is common to the two tetrahe- 
drons, and the trihedral A A', B', and C are equal to 
A, B, and C, respectively. § 682 

Since the tetrahedrons have their solid A equal, 
and their faces similar and similarly arranged, they are similar. 
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Ex. 813. Two symmetrical tetrahedrons are equivalent. 

Let S-ABC and S'-ABC be two tetrahedrons sym- 
metrical with respect to the plane of their common 
face ABC. 

To prove that S-ABC =c= S'~ABC. 

Proof. These tetrahedrons have a common base ABC, 
and equal altitudes HS and HS'. 

.-. S-ABC =c= S'-ABC. § 660 

Q. £. D. 

Ex. 814. Two symmetrical polyhedrons may be decomposed into the same 
number of tetrahedrons symmetrical each to each. 

Let A and B be any two symmetrical polyhedrons. 

To prove that they may be decomposed into the same number of tetra- 
hedrons symmetrical each to each. 

Proof. Divide A into tetrahedrons by drawing diagonals from any 
vertex, and divide B into tetrahedrons by drawing in it the homologous 
diagonals. 

Any two corresponding tetrahedrons thus formed have their vertices 
symmetrical each to each, and are, therefore, symmetrical each to each. 

Q. £. D. 

Ex. 815. Two symmetrical polyhedrons are equivalent. 
Let A and B be any two symmetrical polyhedrons. 
To prove that A =c= B. 

Proof. Two symmetrical polyhedrons may be decomposed into the 

same number of tetrahedrons symmetrical each to each. Ex. 814 

Now any two symmetrical tetrahedrons are equivalent. Ex. 813 

.-. A =c= B. Q. b. D. 

Ex. 816. If a solid has two planes of symmetry perpendicular to each 
other, the intersection of these planes is an axis of symmetry of the solid. 

Let MN and RS, intersecting in the line YY', 9 

be two perpendicular planes of symmetry of any 
solid. 

To prove that YY is an axis of symmetry of 
the solid. 

Proof. Through any point P of the surface of 
the solid pass a plane ± to the intersection YY'. 

This section is ± to each of the planes MN 
and RS. § 555 

Hence, the points that are the symmetrical points of P, with respect 
to each plane, lie in this section. 



J& 
^ 



4 



p> 



7N 



k* 



'i>' 



7.0 



-Mf 



7^ 
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Let p' and p be the symmetrical points of P 
with respect to the planes JOf and RS, respec- z y 

tively, and let XX' and ZZ' be the intersections / 

of the plane of the section with the planes MN Jl£ 

and RS. 3^\ 

Then the lines Pp' and Pp are bisected at rt A Zx 

by XX' and ZZ', respectively. ** 

Hence, the section is symmetrical with respect 
to the rectangular axes XX' and ZZ', 

Therefore, the section is symmetrical with respect to the point O as a 
centre of symmetry. § 213 

Now the lines joining symmetrical points of this section with respect 
to O are bisected at rt. A by YY'. 

Hence, as P is any point in the surface of the given solid, YY' is an 
axis of symmetry of the solid. § 208 

Q. E. D. 

Ex. 817. If a solid has three planes of symmetry perpendicular to each 
other, the three intersections of these planes are three axes of symmetry of 
the solid ; and the common intersection of these axes is the centre of sym- 
metry of the solid. 

Let a solid be symmetrical with respect to the planes A, B, and (7, 
which are ± to each other. 

To prove that their intersections are axes of symmetry, and that their 
common point is a centre of symmetry. 

Proof, (i) From Ex. 816, the intersection of the planes A and B is an 
axis of symmetry. 

For like reason, the intersection of A and C, and that of B and C, are 
axes of symmetry. 

(if) Let P be any point in the surface of the solid. 

Construct P', the symmetrical of P with respect to the common point 
of the planes of symmetry, as a centre of symmetry. 

Through P and P' pass planes parallel to each of the planes of sym- 
metry, thus forming a rectangular parallelopiped. 

The vertices of this parallelopiped all lie in the surface of the given 
solid, since any two vertices on the same edge are symmetrical with 
respect to the plane ± to that edge, and since P is in the surface. 

Hence, any point P of the surface of the solid has its symmetrical point 
P' in the surface. 

Therefore, the intersection of the planes of symmetry is a centre of 
symmetry. q. b. d. 
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Ex. 818. The volume of a sphere is to the volume of the inscribed cube as 
it is to \ V3. 

Let a denote the edge of the inscribed cube. 

Then 2 R = a V5. Ex. 790 

...a = ^ = *BV5. 

.-. the volume of the cube = ($ R V5) 8 = § i2 8 V3. § 623 

The volume of the sphere = $ itR*. § 846 

.\ sphere : cube = £ itR* : 1 22 8 V3 = it : f V3. q. e. d. 

Ex. 819. Find the area of the surface of the sphere inscribed in a regu- 
lar tetrahedron whose edge is 6 inches. 

R =— V6 = ^V6 = i V6. Ex. 738 

S = 4 7tR? = 4 x 3.1416 x (i V5) 2 = 4 x 3.1416 x 1.5 = 18.8496. § 824 

18.85 sq. in. Ans. 

Ex. 820. If a zone of one base is the mean proportional between the 
remainder of the surface of the sphere and the total surface of the sphere, 
find the distance of the base of the zone from the centre of the sphere. 

Let U = the altitude of the zone. 
Then 2 R - H = the altitude of the zone Z'. 

Then 2R-H:H = H;2R. §827 

.:4R*-2RH = H*. §327 

H* + 2RH = ±R*. 
H* + 2RH+IP = 5R*. 
H + R = R V5. 
.-. H=R(VE-1). 
..H-R = R(V5-2). 

Ex. 821. Fiyd the difference between the volume of a frustum of a 
pyramid and the volume of a prism each 24 feet high, if the bases of the 
frustum are squares with sides 20 feet and 16 feet, respectively, and the 
base of the prism is the section of the frustum parallel to the bases and 
midway between them. 



Volume of frustum = £ H (B + b + V.B x b) § 657 

= i X 24 (202 + 16 2 + V202 x 16 2 ) 
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= ix 24(400 + 266 + * 
= i x 24 x 976 
= 7808. 
Volume of prism = B x H § 628 

= [J (20 + 16)] 2 x 24 
= 18« x 24 
= 7776. 
7808 cu. ft. - 7776 cu. ft. = 32 cu. ft. 

Ex. 822. If the earth is assumed to be a sphere of 4000 miles radius, 
how far at sea can a lighthouse 100 feet high be seen f 
100 ft. = #ft mi. = 7 f ¥ mi. 
AB = AE = 4000, CE=^; AC = 4000j| ? . 

BC = \/AC 2 - ZB 3 = V(AC + AB)(AC-AB) 

= V(4000^ ¥ + 4000) (4000^ - 4000) 



= VSOO Ogfrr x rf y = 5i ? V2112005 x 5 
= !r i 1 Vl0660025 = 2 J T x 3249.6 = 12.3. 

12.3 mi. 




Ans. 



Ex. 823. If the atmosphere extends 50 miles above the surface of the 
earth, and the earth is assumed to be a sphere of 4000 miles radius, find 
the volume of the atmosphere. 
Volume of the earth and atmosphere = $ itR* § 845 

= J x 3.1416 x 4060* = 4.1888 x 66,430,125,000. 
Volume of the earth 

= | itE* = } x 3.1416 x 4000 8 = 4.1888 x 64,000,000,000. 
Hence, volume of the atmosphere 

= 4.1888 x (46,430,125,000 - 64,000,000,000) 
= 4.1888 x 2,430,125,000 = 10,179,307,600. 

10,179,307,600 cu. mi. Ans. 

Ex. 824. Draw a line through the vertex of any trihedral angle, making 
equal angles with its edges. 

Let S-ABC be any trihedral Z. 

To draw a line through S, making equal A with the 
edges SA, SB, and SC. 

Construction. Take SA equal to SB equal to SC, 
and draw the lines AB, BC, and AC. 

In the plane ABC draw the Ji MO and NO to the 
sides AB and BC at their middle points, respectively. 
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Connect their common point O with the vertex S. 
Then OS is the line required. 

Proof. The point lies in the plane ABC and is equally distant from 

the three points A, B, and C. § 160 

Hence, is the foot of the ± from the point S to the plane ABC. § 515 

.-. the A OSA, OSB, and OSQ are equal. § 515 

q. e. r. 

Ex. 825. In any trihedral angle, the three planes passed through the 
edges and the respective bisectors of the opposite face angles intersect in 
the same straight line. 

Let S-ABC be any trihedral Z, and SD, SE, and SF be the bisectors 
of its face A. 

To prove that the planes ASE, BSF, and CSD 
intersect in the same straight line. 

Proof. Take SA equal to SB equal to SC, and 
draw the lines AB, BC, and CA. 

Draw also AE, BF, and CD, D, E, and F being 
the points in which SD, SE, and SF cut AB, BC, 
and CA, respectively. 

The A SAB, SBC, and SCA are isosceles. Const. 

.-. the bisectors SD, SE, and SF are medians of the 
respective A. § 149 

Hence, AE, BF, and CD are the medians of the A ABC. f 

These medians intersect in some point O. '" Ex. 27 

Hence, the planes ASE, BSF, and CSD have two points and S in 
common, and therefore intersect in the straight line SO. q. e. d. 




Ex. 826. In any trihedral angle, the three planes passed through the 
bisectors of the face angles, and perpendicular to these faces, respectively, 
intersect in the same straight line. 

Let S-ABC be any trihedral Z, and SD, SE, and 
SF the bisectors of its face A. 

To prove that the planes through SD, SE, and 
SF, and ± respectively to the faces A SB, BSC, 
and CSA, intersect in the same straight line. 

Proof. Take SA equal to SB equal to SC, and 
draw the lines AB, BC, and CA. 

Let D, E, and F be their points of intersection 
with SD, SE, and SF, respectively, 
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In the A ABC, at the points D, E, and F, draw 
Js to the sides AB, BC, and CA, respectively. 

The A SAB, SBC, and SCA are isosceles. Const. 

.-. the bisectors SD, SE, and SF are ± to 4.B, 
2?C, and CA, respectively, at their middle points. 

. §149 

Hence, the Js at D, E, and F, in the plane ABC, 
intersect in some point O. Ex. 25 

Since AB is ± to DS and DO, it is ± to the plane 
SDO. § 507 

Hence, the plane ABS is -L to the plane SDO. 

§554 

For like reason, the plane OES is ± to the plane BSC, and the plane 
OFS to the plane CMS. 

Hence, the three planes passed through the bisectors of the face A of 
the trihedral /., and _L to these faces, respectively, have the two points O 
and S in common, and therefore intersect in the straight line OS. q. b. d. 




Ex. 827. In any trihedral angle, the three planes passed through the 
edges, perpendicular to the opposite faces, respectively, intersect in the 
same straight line. 

Let S-ABC be any trihedral /.. 

To prove that the three planes passed through the edges SA, SB, and 
SC, ± to the opposite faces SBC, SCA, and SAB, 
respectively, intersect in the same straight line. 

Proof. Let the ± planes through SC and SB inter- 
sect in the line SO. 

Through SA and SO pass a plane cutting the plane 
SBC in the line SE. 

Through O, any point in SO, pass a plane ± to SO. 

Let AB, BC, and AC be its intersections with the 
faces of the trihedral Z, and AE, BF, and CD its in- 
tersections with the planes through the lateral edges. 

Each of the planes SAE, SBF, SCD is ± to the plane ABC. 

Now SCD is ± to SAB. 

.-. AB is ± to the plane SDC. 

Therefore, CD is J_ to AB. 

For like reason, BF is ± to AC. 

Hence, in the A ABC, BF and CD are lines drawn from the vertices 
B and C ± to the opposite sides AC and AB, respectively. 




§654 
Hyp. 

§601 
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.-. AE, which is a line from the vertex A through the intersection of 
the two Js BF and CD, is ± to the side BC. Ex. 26 

Since the plane SAE is ± to the plane ABC, and BE is ± to AE, 
BE is ± to the plane AES. § 551 

Hence, the plane BSG is ± to the plane ASJ0, or ^i&E is a plane 
through &4 _L to the opposite face SBC. § 554 

Hence, the three planes through the edges SA, SB, and SC, ± to the 
opposite faces, respectively, intersect in the straight line SO. q. e. d. 

Ex. 828. In a tetrahedron, the planes passed through the three lateral 
edges and the middle points of the opposite sides of the base intersect in a 
straight line. 

Let S-ABC be any tetrahedron, and D, E, and F 
the middle points of the sides of its base. 

To prove that the planes SAE, SBF, and SCD 
intersect in the same straight line. 

Proof. The lines AE, BF, and CD must intersect 
in some point 0. Ex. 27 

Hence, the three planes SAE, SBF, and SCD have 
two points S and O in common, and therefore inter- 
sect in the straight line SO. q. e. d. 

Ex. 829. The lines drawn from each vertex of a tetrahedron to the point 
of intersection of the medians of the opposite face all meet in a point, called 
the centre of gravity, which divides each line so that the shorter segment is 
to the whole line in the ratio 1:4. 

Let S-ABC be any tetrahedron, and AQ and SO the lines drawn from 
A and S to the intersections Q and O of 
the medians of the opposite faces BSC and 
ABC, respectively. 

To prove that AQ and SO intersect, and 
divide each other in the ratio 1 : 4. 

Proof. Draw OQ. The lines AQ and SO 
are drawn in the A AES from the vertices 
A and S to the opposite sides ; hence, they 
intersect in some point F. 

Now 

EO = $EA, and EQ = $ES. 
Hence, the & OEQ and AES are similar. 

Therefore, OQ = $ AS, 

and OQ and AS are parallel. 
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Hence, the A OFQ and AFS are mutually 

equiangular and therefore similar. § 354 

.-. OF=±FS, and QF = ±FA. §351 

That is, OF = ± 05, and QF = ± QA. 

In like manner, it can be shown that the 
lines drawn from B and C to the intersection 
of the medians of the opposite faces pass 
through F and are divided at that point so 
that the shorter segment is to the whole line 
in the ratio 1:4. q. e. d. 





Ex. 830. The straight lines joining the middle points of the opposite 
edges of a tetrahedron all pass through the centre of gravity of the tetra- 
hedron, and are bisected by the centre of gravity. 

Let S-ABC be any tetrahedron in which 
DR connects the middle points of the oppo- 
site edges AB and SC. 

To prove that DR is bisected by the centre 
of gravity of the tetrahedron. 

Proof. Let be the intersection of the 
medians AE and CD of the face ABC. 

Draw SO, and through B draw RH II to 
SO. 

Since SO and RD lie in the plane DCS, 
they evidently intersect in some point F. 

Now HC = OH, and RH =±SO. § 342 

But DO = i OC. Ex. 27 

Hence, DO = OH. 

Whence, OF=z$HR = iSO, and DF = FR. 

For the & OFD and HRD are similar, and OD = $DH. 

That is, F is the centre of gravity of the tetrahedron and bisects DR. 

In like manner, we may prove that the line joining the middle points 
of any other two opposite edges is bisected by the centre of gravity. 

Q. E. D. 

Ex. 831. The plane which bisects a dihedral angle of a tetrahedron 
divides the opposite edge into segments proportional to the areas of the faces 
that include the dihedral angle. 

Let the plane SBD bisect the dihedral Z A-SB-C of the trihedral 
Z S-ABC. 
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To prove that 



AD 
DC' 



A SAB 




A SBC 

Proof. Since the tetrahedrons S-ABD and S-DBC 

have the same altitude, they are to each other as their 

bases. § 663 

. S-ABD _ A DBA 

lbfttlS ' S^BC~ADBC' 

Since the & DBA and DBC have the same altitude, they are to each 

other as their bases. § 405 

A DBA ._ DA 

A DBC ~ DC 

S-ABD _ DA 

" S-DBC ~ DC 

Consider D as the common vertex of the tetrahedrons S-ABD and 

S-DBC, and SAB and SBC as their bases, respectively. 

Then their altitudes are equal. 

„ D-SAB A SAB S-ABD A SAB 
Hence, = , or 



That is, 



Ax. 1 



D-SBC 



A SBC 

""' DC '' 



S-DBC 

A SAB 
'' A SBC ' 



A SBC 



§559 
§658 

Q. E. D. 



Ex. 832. The altitude of a regular tetrahedron is equal to the sum of 
the four perpendiculars let fall from any point within the tetrahedron upon 
the four faces. 

Let O be any point within the regular tetrahedron S-ABC. 

To prove that the sum of the four Js from O upon the faces of the 
tetrahedron is equal to the altitude of the tetrahedron. 

Proof. Through pass the plane A'&C II to the face ABC. 

Then S-A'&C is another regular tetrahedron. Ex. 812 

The altitude of S-ABC is equal to that of 
S-A'B'C plus the _L from upon the face 
ABC. 

Through pass the plane S'A"B" II to the 
face SAB. 

Then S'-A"B?'C, or C'-S'A"B", is a regular 
tetrahedron. Ex. 812 

The altitude of C'-SA'B' is equal to that of 
C'-S'A"B" plus the _L from O upon the face 
SAB. 




292 



BOOK VIII. SOLID GEOMETRY. 



Again through pass the plane OS"C" II to 
the face SA C. i 

Then B"-OS"C" is a regular tetrahedron. 

Ex. 812 

The altitude of B"-A"S'C is equal to that 
of B?'-OS"C" plus the _L from O upon the face 
SAC, and the altitude of B"-OS"C'\\b equal to 
the ± from O upon the face SBC. 

Hence, the altitude of S-ABC equals the 
sum of the four Js from O upon the. four faces 
of the tetrahedron. 




Q. E. D. 



Ex. 833. Within a given tetrahedron, to find a point such that the planes 
passed through this point and the edges of the tetrahedron shall divide the 
tetrahedron into four equivalent tetrahedrons. 

Let S-ABC be any tetrahedron. 

To find a point within the tetrahedron such that the planes passed 
through it and the edges of the tetrahedron shall divide the tetrahedron 
into four equivalent tetrahedrons. 

Construction. Construct a plane II to ABC at a dis- 
tance equal to one fourth the distance of S from 
ABC. 

Construct a second plane II to SAB at a distance 
equal to one fourth the distance of C from SAB, 

Construct a third plane II to SAC at a distance 
equal to one fourth the distance of B from SAC. 

Let O be the intersection of these three planes. 

Then O is the point required. 

Proof. By construction this point O is within the tetrahedron. 

The pyramid having ABC as base and as vertex *©= i S-ABC, since 
it has the same base and one fourth the altitude of S-ABC. § 663 

For like reason, O-SAB =o= * C-SAB ** i S-ABC, 
and O-SA C ~ £ B-SA C~i S-ABC. 

/. O-SBC^i S-ABC. 
.-. O-ABC =c= O-SAB *> O-SA C o O-SBC. q. b. p. 




Ex. 834. To cut a cube I 
hexagon. 



' a plane so that the section shall be a regular 



Let A-HEFG be any cube. 

To cut the cube by a plane so that the section shall be a regular hexagon. 
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Construction. Draw AF, the diagonal of the cube, and through its middle 
point pass a plane X to it, forming the section KLMNPB. 
The section KLMNPB is the regular hexagon required. 
Proof. The point P is equally distant from A 



and .F. 

But 
and 

Hence, 



AP* = AD 2 + DP 2 , 



§617 



4 B 



FP 2 = FC 2 + 



CP 2 . § 371 

DP* = ~Cp, or DP = CP. 
That is, P is the middle point of the edge DC. 
For like reason, N is the middle point of BC, 



1*3 



4^K 



M 



etc. 



E 



189 



Hence, PN = | DB. 

Or each side of the section is equal to one half the diagonal of a face. 

The section through 0, II to DAHE, is equal to DA HE and passes 
through P and L. 

Hence, 0P= 0L = $ diagonal DH. 

Hence, the A OPR, ORK, etc., are equilateral A, and, therefore, the 
A BPN, PNM, etc., are each equal to 120°. 

Hence, the section is a regular hexagon. § 429 

Q. £. F. 

Ex. 835. Two tetrahedrons are similar if a dihedral angle of one is equal 
to a dihedral angle of the other, and the faces that include these angles are 
respectively similar, and similarly placed. 

Let S-ABC and s-abc be two tetrahedrons having the dihedral Z SB 
equal to the dihedral Zsb, and the faces 
SAB and SBC similar, respectively, to sab 
and sbc. 

To prove that S-ABC and s-abc are 
similar. 

Proof. Place the tetrahedron s-abc on 
S-ABC so that their vertices and equal 
dihedral A coincide. 

Then, since the Z BSA = the Z bsa, and 
the ZBSC = Zbsc (§ 361), sc will fall on 
SC, and sa on SA. 

Let S-A / RC / denote the position of s-abc. 

Then A'& and B?C are II to AB and BC, respectively, since the faces 
SAB and SBC are similar to sab and sbc, respectively. 

Hence, A'B'C is a section II to the face ABC. § 634 

Therefore, S-A'B'C, or s-abc, is simUar to S-ABC. Ex. 812 

Q. E. D. 
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Ex. 836. To cut a tetrahedral angle so that the section shall be a paral- 
lelogram. 
Let S-ABCD be any tetrahedral Z. 

To cut S-ABCD by a plane so that the section shall be a O. 
Construction. Let ESF be the intersection of 
the planes of the opposite faces BSC and ASD, 
and IISG that of the planes of the opposite faces 
ASB and CSD. 

These two lines of intersection determine a plane 

RSE through the vertex S. § 497 

Through K, any point in the edge SA, pass a 

plane II to the plane HSE, forming the section 

KMNO. 

Then KMNO is the O required. 

Proof. The lines KM and HG are parallel. 

# For like reason, ON and HG are parallel. 

Hence, KM and ON are parallel. 
Similarly, MN and K O are parallel. 
Hence, KMNO is a O. 




§528 



521 



§166 

Q. E. F. 

Discussion. The cutting plane may be made to pass through any point 
on the side of the plane ESH on which the tetrahedral angle lies. 
Thus, there is an indefinite number of solutions of the problem. 

Ex. 837. Two polyhedrons composed of the same number of tetrahedrons, 
similar each to each and similarly placed, are similar. 

Let OD and O'l/ be two polyhedrons 
composed of the same number of tetrahe- 
drons, similar each to each and similarly 
placed. 

To prove that OD and C/IZ are similar. 

Proof. Any two corresponding solid A, as 
B and B\ are made up of equal solid A of 
the similar tetrahedrons similarly placed. 

Hence, both the solid A and the face A are equal respectively. 

Moreover, from the similar tetrahedrons we have 

A'& ~ PR ~ &C ~ 6 * J 
that is, the homologous edges are proportional. 

Hence, the corresponding solid A being equal, and the corresponding 
faces similar, the polyhedrons are similar. § 664 

Q. E. D. 




1667 
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Ex. 838. If the homologous faces of two similar pyramids are respec- 
tively parallel, the straight lines which join the homologous vertices of the 
pyramids meet in a point. 

Let the homologous faces of the two similar pyramids S-ABC and 
s-abc be II, respectively. 

To prove that the lines Ss, Aa, 
Bb, and Cc through the homologous 
vertices meet in some point O. 

Proof. Since the homologous faces 
are parallel, the homologous edges 
are also parallel. 

Let O be the point in which Aa meets Ss. 

Then the & OSA and Osa, are similar. § 364 

Hence, OS : Os = AS : as. § 361 

.-. OS-Os:SO = AS-as:AS. § 333 

That is, Ss : SO = AS - as : AS. 

Again, let C be the point in which Cc cuts Ss produced. 

Then CTS : Cs = CS :cs = AS :as. 

.-. Ss : SO* = AS - as : AS. § 333 

.-. SO* = SO. 

That is, Cc cuts Ss in the same point that Aa cuts Ss. 

In like manner, it may be shown that Bb cuts Ss in the same point 
that Cc cuts Ss. 

Hence, all the lines Ss, Aa, Bb, and Cc meet in a point. q. e. d. 

Ex. 839. The volume of a right circular cylinder is equal to the product 
of the lateral area by half the radius. 

3 = 2 ttRH. § 698 

V = nR*H = £ R (2 TtRII) =$RS. § 700 

Q. E. D. 

Ex. 840. The volume of a right circular cylinder is equal to the product 
of the area of the rectangle which generates it, by the length of the cir- 
cumference generated by the point of intersection of the diagonals of the 
rectangle. 

Let R be the radius, H the altitude, and V the volume of any right 
circular cylinder. 

Then R is the base and H the altitude of the generating rectangle. 

Since the diagonals of a E3 intersect midway between its parallel sides, 
\ R is the radius of the circumference generated by the point of inter- 
section of the diagonals. 
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Now the area of rectangle = RH. § 398 

The circumference described by the intersection of the diagonals 
equals TtR. § 458 

V = jrB*H = (RH) (TtR). § 700 

That is, the volume is equal to the product of the area of the generat- 
ing rectangle by the length of the circumference generated by the point 
of intersection of its diagonals. q. e. d. 

Ex. 841. If the altitude of a right circular cylinder is equal to the diam- 
eter of the base, the volume is equal to total area multiplied by a third of 
the radius. 

Let R be the radius of the base of a right circular cylinder, 2 R the alti- 
tude, V the volume, and T the total area. 

To prove that V = * RT. 

Here T = 2 TtR 2 + (2 TtR) 2 R = 6 TtR 2 , § 698 

and V= (icR*)2R = lR (GxR 2 ) = ±RT. §700 

Q. E. D. 

Ex. 842. Show that the prismatoid formula can be used for finding the 
volume of a sphere. 

F=iJ2"(£ + & + 4Jf). §733 

In a sphere B and 6 = 0, and M is a great circle. 

.-. 4 M = 4 TtR 2 § 463 

.-. V=\ X 2JB x47tR 2 = SitR*. §845 

Ex. 843. Find the altitude of a zone equivalent to a great circle. 

Z = 2 tcRH. § 826 

Great O = TtR 2 . § 463 

.-. 2 nRH = TtR 2 . 
2H = R. 
..H=iR. 

Ex. 844. Find the area of a spherical pentagon whose angles are 122°, 
128°, 131°, 160°, 161°, if the surface of the sphere is 160 square feet. 
E=T-(n-2) 180°. 

T = 122° + 128° + 131° + 160° + 161° = 702°. 
E = 702° - 3 x 180° = 162°. 
.-. area pentagon = ^fj of 160 sq. ft. = 33f sq. ft. 

Ex. 845. Construct a spherical surface with a given radius passing 
through a given point and tangent to two given planes. 

Let R be any given radius, A any given point, and MN and PQ any 
two given planes. 
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To pass a spherical surface with radius R through the point A, tangent 
to the planes MN and PQ. 

Analysis. The centre of the sphere must be in the surface of the sphere 
having A as centre and R as radius. It must also be in the plane II to 
the plane MN at the distance R, on the side of which A lies, and in the 
plane II to the plane PQ at the distance R on the A side. 

Construction. Construct the sphere with A as centre and R as radius. 
Construct the plane II to the plane MN at the distance R on the A side ; 
also the plane II to the plane PQ at the distance R on the A side. 

The spheres having as centres the points common to the intersection of 
these constructed planes and the surface of the constructed sphere, and 
the given radius R will pass through the point A and be tangent to each 
of the planes MN and PQ. 

Proof. The surface of each of these spheres will pass through the point 
A, since by construction A is at the distance R from its centre. 

Each of these spheres will be tangent to each of the planes MN and 
PQ, since by construction R is the perpendicular distance from its centre 
to each of the planes MN and PQ. q. e. f. 

Discussion, (i) When the two given planes are not parallel : (1) If the 
given point lies in either of the dihedral A formed by the given planes, 
there will be two, one, or no solution, according as the surface of the 
constructed sphere has two, one, or no points in common with the inter- 
section of the constructed planes. (2) If the given point is in either given 
plane, there will be a solution if the _L to the given plane at the given 
point cuts either intersection of the constructed planes at the distance R 
from the given point. Otherwise there will be no solution. 

(ii) When the two given planes are parallel : If the distance between 
the two planes is 2 E, and the given point lies between them, there will 
be an unlimited number of spheres fulfilling the given conditions ; that is, 
the problem will be indeterminate. If the given point lies in either of the 
parallel planes, there will be one, and only one, solution. There will be 
no solution when the point does not lie between the planes, or in one of 
them, or when the distance between the planes is not 2 R. 

Ex. 846. Construct a spherical surface with a given radius passing 
through a given point and tangent to two given spheres. 

Let R be any given radius, A any given point, and O and 0' the cen- 
tres of any two given spheres whose radii are R' and R", respectively. 

To pass a spherical surface with radius R through the point A, tangent 
to the spheres and (/. 

Case I. Point without both spheres, neither of which is within the other. 
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Construction. Construct the sphere with A as centre and R as radius. 
Construct also the two spheres with and Cf as centres and R' -f R and 
R" + R as radii, respectively. 

The spheres having as centres the points common to the surfaces of 
these three constructed spheres, and the given radius R will pass through 
the point A and be tangent to each of the spheres and / . 

Proof. The surface of each of these spheres will pass through the point 
A, since by construction A is at the distance R from its centre. 

Each of these spheres will be tangent to each of the spheres O and (X, 
since by construction the distances of its centre from and (X are 
R' + R and R" + E, respectively. 

Case II. Point and one sphere within the other sphere. 

Suppose the point A and the sphere are within the sphere (X. 

Construction. Construct the sphere with A as centre and R as radius. 
Construct also the two spheres with and O' as centres and R' + R and 
R" — R as radii, respectively. 

The spheres having as centres the points common to the surfaces of 
these three constructed spheres, and the given radius will pass through 
the point A and be tangent to each of the spheres O and (Y. 

The proof is similar to that in Case I. 

Case III. Point in surface of one sphere. 

This will fall under Case I or II, according as the second sphere lies 
without or within the first. q. e. f. 

Discussion. If the point lies within one sphere, and the other sphere lies 
without, or if one sphere lies within the other and the point lies without, 
there will be no solution. 

Ex. 847. Construct a spherical surface with a given radius passing 
through a given point and tangent to a given plane and a given sphere. 

Let R be any given radius, A any given point, MN any given plane, 
and O the centre of any given sphere whose radius is R'. 

To pass a spherical surface with radius R through the point A, tangent 
to the plane MN and the sphere O. 

Construction. Construct the sphere with A as centre and R as radius. 
Construct also the spheres with O as centre and R' + R and Rf — R as 
radii, respectively ; and construct the planes II to the given plane at the 
distance R from it. 

The spheres having as centres the points common to the sphere A, 
either of the constructed parallel planes, and either of the spheres con- 
structed with O as centre, and the given radius ft, will pass through the 
point A, be tangent to the given sphere and the given plane MN. 
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Proof. The surface of each of these spheres will pass through the point 
A , since by construction A is at the distance R from its centre. 

Each of these spheres will be tangent to the plane M N, since by con- 
struction R is the perpendicular distance from its centre to the plane MN. 

Each will be tangent to the given sphere 0, since by construction the 
distance of its centre from O is R' + R or R' — R. q. e. f. 

Ex. 848. Construct a spherical surface with a given radius tangent to 
three given planes. 

Let R be any given radius, and MN, PQ, and RS any three given planes. 

To construct a spherical surface with radius jR, tangent to the three 
planes MN, PQ, and RS. 

Construction. Construct the two planes II to the plane MN at the dis- 
tance JB from it. Construct also the planes. II to the planes PQ and RS, 
respectively, at the distance R from each. 

The spheres having as centres the points common to any three of the 
six constructed planes, and the given radius JB, will be tangent to each of 
the three given planes. 

Proof. Each of these spheres will be tangent to each of the given planes, 
since by construction R is the perpendicular distance from its centre to 
each of the planes MN, PQ, and RS. q. e. f. 

Discussion, (i) If the given planes have but a single point in common, 
there will be eight different spheres. 

(ii) If the given planes have a line in common, or if they are parallel, 
there will be no solution. 

Ex. 849. Construct a spherical surface with a given radius tangent to 
three given spheres. 

Let R be any given radius, and 0\, 2 , and 8 the centres of any three 
given spheres whose radii are R\, E 2 , and R 8 , respectively. 

To construct a spherical surface with radius R tangent to the three 
given spheres O u 2 , and 8 . 

Construction. Construct the sphere with 0\ as centre and R\ + R as 
radius ; construct also the spheres with 2 and 8 as centres and R 2 + JB 
and R s + JB as radii, respectively. 

The spheres having as centres the points common to the surfaces of 
these three constructed spheres and the given radius R will be tangent to 
each of the three given spheres 0\, 2 , and 8 . 

Proof. Each of these spheres will be tangent to each of the given 
spheres, for the distance between the centre of each and each of the 
given spheres is equal to the sum of their radii. q. e. f. 
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Discussion. There will be two, one, or no solution, according as the 
surfaces of the three constructed spheres have two, one, or no points in 
common. 

If the three constructed spheres intersect in the same O, the problem 
is indeterminate. 

If one of the given spheres lies within, and another without, the third, 
the problem is impossible. 

If two of the given spheres lie within the third 8 , construct the spheres 
with Oi, O2, and 8 as centres and Ui + R, R* + R, and R s — R as radii, 
respectively. The points common to the surfaces of these three spheres 
will be the centres of the required spheres. 

Ex. 850. Construct a spherical surface with a given radius tangent to 
two given planes and a given sphere. 

Let R be any given radius, MN and PQ any two given planes, and O 
the centre of a sphere whose radius is R\ 

To construct a spherical surface with radius R tangent to each of the 
planes MN and PQ, and to the sphere O. 

Construction. Construct the spheres with as a common centre, and 
R' + R and R ~** R as radii, respectively. Construct the two planes II to 
the plane MN at the distance R ; also construct the two planes II to the 
plane PQ at the distance R. 

The spheres having as centres the points common to either two of these 
constructed planes and either one of the constructed spheres, and the 
given radius R will be tangent to each of the planes MN and PQ and to 
the sphere O. 

Proof. Each of these spheres will be tangent to each of the planes MN 
and PQ, since by construction R is the perpendicular distance from its 
centre to each of these planes. 

Each will be tangent to the sphere O, since the distance between its 
centre and the centre is R' + R or JR' *** R. q. e. f. 

Discussion, (i) When the two given planes intersect. If the intersec- 
tion of the two planes passes through the given sphere, there may be as 
many as sixteen different spheres constructed. If both planes do not cut 
the sphere, there may be two, one, or no solution. 

(it) When the two given planes are parallel. If the distance between 
the planes is 2 R, the problem is indeterminate, has one or no solution, 
according as the plane midway between the given planes cuts, is tangent 
to, or has no point in common with the surface of the sphere whose 
radius is jR' + R. If the distance between the planes is greater or less 
than 2E, there will be no solution. 
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Ex. 851. Construct a spherical surface with a given radius tangent to 
two given spheres and a given plane. 

Let R be any given radius, MN any given plane, and 0\ and 2 the 
centres of two spheres whose radii are R\ and JR 2 , respectively. 

To construct a spherical surface with radius R tangent to the plane 
MN and to the spheres Oi and 2 . 

Construction. Construct the two planes II to the plane MN at the distance 
R ; also construct the spheres with 0\ and 2 as centres and R\ + R and 
R 2 + R as radii, respectively. 

The spheres having as centres the points common to either of the two 
planes and both the constructed spheres, and the given radius R, will be 
tangent to the plane MN and to the spheres 0\ and 2 . 

Proof. Each of these spheres will be tangent to the plane MN, since 
by construction R is the perpendicular distance of its centre from this 
plane. 

Each will be tangent to the spheres 0\ and 2 , since the distances of 
its centre from 0\ and 2 are R\ + R and R 2 + R, respectively, q. e. f. 

Discussion. If the given spheres are not on opposite sides of the given 
plane, there may be two, one, or no solutions. 

If the given spheres are on opposite sides of the given plane, the problem 
is impossible, except when they are tangent to the given plane at the 
same point, when there are two solutions. 

If one sphere is within the other, the problem is impossible, except when 
the given plane is tangent to or cuts the greater sphere. 

If the intersection of the constructed spheres 0\ and 2 coincides with 
either plane II to MN, the problem is indeterminate. 

Ex. 852. Through a given point to pass a plane tangent to a given 
circular cylinder. 

Case I. When the given point is in the curved surface of the cylinder. 

Let AC be a given circular cylinder, and let the given point be a point 
in the element A A\ 

To pass a plane tangent to the 
cylinder, embracing the element 
AA'. 

Construction. Draw the radius 
OA, and A T tangent to the base. 

Pass a plane RT through AA' 
and AT. 

The plane RT is the plane required. 
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Proo*. Through any point P in this plane, not in the element A A', pass 
a plane II to the base, intersecting the cylinder in the MN, and the 
plane RT in MP. 

From the centre of the MN 
-draw QM. 

MP and M Q are II, respectively, 

to^randO^l. $ 628 

.\ZPMQ = ZTAO. §634 

Therefore, PM is tangent to the 
OMN at M. §263 

Therefore, P lies without the 
O MN, and hence without the cylinder. 

Therefore, the plane RT contains the element AA', but does not cut 
the cylinder, and is therefore tangent to the cylinder. § 686 

Case II. When the given point is without the cylinder. 

Let P be the given point. 

To pass a plane through P tangent to the cylinder. 

Construction. Through P draw the line PT II to the elements of the 
cylinder, meeting the plane of the base at T. 

From T draw TA and TC tangents to the base. § 317 

The planes A TP and CTP are the required tangent planes. 

Proof. Since AA' is II to PT (Const.), the plane RT, passing through 
PT and the point A, will contain the element AA'. 

Since RT also contains the tangent AT, it is a tangent plane to the 
cylinder. Case I 

In like manner, the plane TS' is a tangent plane to the cylinder, q. e. f. 

Ex. 853. Through a given point to pass a plane tangent to a given 
circular cone. 

Case I. When the given point is in the curved surface of the cone. 

Let S-BD be a given circular cone, and let the given point be a point 
in the element BS. 

To pass a plane tangent to the cone embracing the element BS. 

Construction. Draw the radius OB, and the tangent AB to the base at 
B, and pass a plane through BS and AB. 

Then the plane ABS is the tangent plane required. 

Proof. Through any point P in this plane, not in the element BS, pass 
a plane II to the base, intersecting the cone in the O be, and the plane 
ABS in Pb. §§ 718, 606 

From the centre Q of the O be draw Qb. 
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Pb and Qjb are II, respectively, to 

AB and OB. § 628 

..ZPbQ = ZABO. §634 

Hence, Pb is tangent to the O be 
at b. § 263 

Therefore, P lies without the be, 
and hence without the cone. 

Hence, the plane ABS contains 
the element BS, but does not cut 
the cone, and is therefore tangent 
to the cone. § 709 

Case II. When the given point is without the cone. 

Let P be the> given point without the cone S-BD. 

To pass a plane through P tangent to the cone. 

Construction. Draw SP, and produce it to meet the plane of the base 
in some point A. 

From A draw AB and AD tangents to the base, and through SA and 
these tangents pass the planes ABS and ADS. 

Then ABS and ADS are the tangent planes required. 

Proof. Since the lines SB and SD are elements of the cone, each of 
the planes ABS and ADS is the plane of an element and a tangent to 
the base at the foot of the element. 

Hence, by the proof in Case I, each of these planes is tangent to the 
cone. q. e. f. 

Scholium. When the given point is without the cone the problem may 
be stated as follows : Through a given line passing through the vertex of 
a cone to pass a plane tangent to the cone. 



Ex. 854. Find the radius and the surface of a sphere whose volume is 
one cubic yard. 

.V=±7tKK §845 

.-. R = JrY = J/iL = Vo.75 x 0.31831 = Vo. 2387325 = 0.62035. 

\4* \4jr 



S = 4 TtB* = 4 x 3.1416 x 0.62035 2 = 4.836. 

.-. B = 0.62036 yd. ; S = 4.836 sq. yd. 



§824 



Ex. 855. Find the centre of a sphere whose surface passes through three 
given points and touches a given plane. 




304 BOOK VIII. SOLID GEOMETRY. 

Let A, B, and C be any three given points in space, and MN any 
given plane. 

To find the centre of a sphere whose 
surface shall pass through A, B, and C, 
and be tangent to the plane MN. 

Analysis. The centre must be equally 
distant from A and B; hence, it must 
be in the plane _L to the line AB at its 
middle point. - § 617 

For like reason, it must be in the plane 
_L to BC at its middle point. 

Therefore, the centre is m the line of intersection of these two planes. 

Again, the centre must be equally distant from the point C and the 
plane MN. 

Hence, it is the point in this intersection that is equally distant from 
the point C and the plane MN. 

Construction. Draw AB and BC, and bisect each of them. 

Through the middle points D and E pass the planes SOF and ZOF _L 
to AB and BC, respectively. 

Let FP be the intersection of these planes, which meets MN in K 

Through FP pass a plane X to the plane MN, intersecting it in KB. 

Draw CK, and from any point P in KF draw PH _L to KR. 

With P as centre and radius equal to PH, strike an arc in plane FKC, 
cutting KC in the points I and Q. 

Draw PI and through C draw CO II to IP, intersecting FP at O. 

Then is the centre of the spherical surface through A, B, and C, 
and tangent to the plane MN, and OC is its radius. 

Proof. The point is equidistant from A, B, and C. § 617 

From O draw OL _L to KR. 

Then OL is _L to the plane MN. § 651 

The lines PR and OL are parallel. § 104 

Hence, the & KPH and KOL are similar. § 354 

.:KP:KO = PH:OL. §351 

The & KPI and KOC are also similar. § 354 

.-. KP:KO = PI:OC § 351 

.-. PH : OL = PI : OC. Ax. 1 

But PH = PI. Const. 

.-. OL = OC. 

Hence, the spherical surface with centre 0, and with radius OL or OC, 
will pass through the three points A, B, and 0, and be tangent to the 
plane MN, q. b. f. 
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Discussion. There is no solution if two points are in the plane MN or 
on opposite sides of it. 

When one point, as -4, is in the plane, there is one or no solution, 
according as the line _L to MN at A cuts or does not cut the intersection 
of the planes _L to AB and BO at their middle points. 

When the three points are on the same side of the plane there will be 
two solutions, one solution, or no solution, according as the Z CKF is 
less than, equal to, or greater than the Z FKB. 

Ex. 856. Find the centre of a sphere whose surface touches two given 
planes and passes through two given points which lie between the planes. 

Let A and B be any two points between the planes MN and PQ. 

To find the centre of a spherical surface which shall pass through the 
points A and B and be tangent to the planes MN and PQ. 

Analysis. The centre must be equidistant from A and B, and, there- 
fore, in the plane _L to A B at its middle point. 

The centre must be equidistant from the planes MN and PQ, and, 
therefore, in the plane bisecting the dihedral Z included between them. 

Hence, the centre is in the line of intersection of these two planes. 

Again, the centre must be equidistant from the point B and the plane MN. 

Hence, it is the point in this line of intersection that is equidistant from 
the point B and the plane MN. 

Construction. Bisect the dihedral Z between the planes MN and PQ, 
draw AB, and bisect it with a perpendicular plane. 

Let FK be the intersection of this plane with the plane bisecting the 
dihedral Z between the given planes. 

Find, as in Ex. 865, the point in FK at equal distances from B and 
the plane MN. 

Then O is the centre of the spherical surface through the points A and 
B, tangent to the planes MN and PQ. 

Proof. Since is in the plane bisecting the Z included between the 
given planes, it is equidistant from these planes. § 559 

Since is in the plane _L to AB at its middle point, it is equidistant 
from A and B. § 617 

O is equidistant from the point B and the plane MN. Const. 

Hence, is equidistant from the points A and B and the planes MN 
and PQ, and is, therefore, the centre of the spherical surface which passes 
through A and B and is tangent to the planes MN and PQ. q. e. f. 

Discussion. If the given planes are parallel, instead of the bisecting 
plane, we draw a plane midway between the parallel planes. 

As in Ex. 855, when the points are both on the same side of the plane, 
there may be two solutions, one solution, or no solution. 
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Ex. 857. The volume of a sphere is two thirds the volume of the circum- 
scribed cylinder, and its surface is two thirds of the total surface of the 
cylinder. 

Let V denote the volume, and S the surface of any sphere ; and let I r/ 
denote the volume, and T the total surface of the circumscribed cylinder. 



To prove 


that 


V = 


: * V, and S = 


*T. 




Proof. 




Now IT = 
V = 


:2B. 






§845 






V' = 


zlt&H: 


= 2tcR* 




§700 






Y _ 


i nB * _ 


2 










""' V " 


•2 7T1J3 


V 










.-. v= 


• tv. 








Again, 




s = 


: 4*22*. 






§824 






T = 


-2 7tR(H+R) : 


= 6*2*2. 


§698 






s_ 


. 4 Ttm _ 


_2 










" T 


QnR? 


3* 










.\S = 


-$T. 






Q. £. D. 



Ex. 858. Given a sphere, a cylinder circumscribed about the sphere, and 
a cone of two nappes inscribed in the cylinder. If any two planes are 
drawn perpendicular to the axis of the three figures, tlie spherical segment 
between the planes is equivalent to the difference between the corresponding 
cylindrical and conic segments. 

Let LFK be any O, RGPQ a circumscribed square, RP and GQ its 
diagonals, LK a diameter of the II to 
RQ, and AB and CD any two lines cut- 
ting the O J. to LK. 

Then, if the figure is revolved about 
LK as an axis, the O will generate a 
sphere, the square the circumscribed cyl- 
inder, the & ORG and OPQ the inscribed 
cone of two nappes, and AB and CD the 
planes _L to the axis LK. 

To prove that, when the figure is re- 
volved about LK, the spherical segment 
generated by IIFEM is equivalent to the 

difference between the cylinder generated by HACM and the frustum of 
a cone generated by IIINM. 

Proof. Let OK = R, OH = a, OM - b. 

The spherical segment generated by IIFEM is equivalent to the differ- 
ence between the spherical segments generated by HFEK and MEK. 
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If h denotes the altitude of a spherical segment of one base, from § 849 
we have for the volume of a spherical segment of one base 
V=7th?(R-±h). 
If h = HK = R-a, 

V = it {R - a)*[R - l(R - a)] 

= 7t(lR*-aR* + ia*). (1) 

If h = MK = R-b, 

V = 7t (R -b)*[R - l(R -b)] 

= 7r(*i**-6E2 + *#>). (2) 

Subtract (2) from (1). 

Then volume HFEM = nR*(b~ a) -\it (6 8 - a 8 ). (3) 

Since MC = R, and M H = OM - OH =b - a, we have, by § 700, 

volume HA CM = nR? {b-a). (4) 

Since PK = OK = R, NM = MO = 6, and IH = OH = a, the volume 
generated by HINM is equal to the cone generated by OMN diminished 
by the cone generated by OHI. 

Cone OMN = $MO x TtNM 2 = £ xb*. § 725 

Cone OHI = ±OHx TtlH 2 = i ita\ 
.-. volume HINM = * it (6 s - a 8 ). (5) 

From (3), (4), and (5) we obtain 

volume HFEM = volume HA CM - volume HINM. 
When the planes are on opposite sides of the centre O, as those gener- 
ated by A'& and CD, the volume of the spherical segment generated by 
H'F'EM is equal to the volume of the entire sphere diminished by the 
volume of the segments generated by EMK and F'H'L, respectively. 

Hence, if OH' = a, 
volume H'F'EM = £ ttB 8 - it (* iJ 8 - aR 2 + *a 8 ) - it (* B 8 - bW + $b*) 
= %R* (a + 6) - \ it (a 8 + 6 s ) 
= volume MH'A'C - volume OH'I' - volume OMN. 

Q. E. D. 

Ex. 869. A sphere 12 inches in diameter has an auger hole 3 incites in 
diameter through its centre. Find the remaining volume. 

The volume of the sphere = \ TtIP = \x 3.1416 x 12 8 = 904.7808. 

§845 

The hole is composed of a cylinder of revolution and two equal spherical 

segments of one base. 

The height of the cylinder = Vl2* _ 32 = Vl36 = 11.6189. § 372 

The volume of the cylinder = 7tR 2 H = 3.1416 x (|) 2 x 11.6189 § 700 

= 82.1294. 
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The height of each spherical segment = | of (12 — 11.6189) 

= £ of 0.3811 = 0.1905. 

The volume of each spherical segment = Tta 2 (r — -\ § 849 

= 3.1416 x 0.19052 x U - ±™®L\ = 3.1410 x 0.19052 x 5.9365 

= 0.6768. 
Therefore, the volume of the hole = 82.1294 cu. in. + 2 x 0.6768 cu. in. 

= 82.1294 cu. in. + 1.3536 cu. in. 

= 83.4830 cu. in. 
Therefore, the remaining volume = 904.7808 cu. in. — 83.4830 cu. in. 

= 821.2978 cu. in. 

Ex. 860. Find the area of a solid generated by an equilateral triangle 
turning about one of its sides, if the length of the side is a. 
Let ABC be an equilateral A whose sides are each a. £ 

To find the area of the solid generated by the revolution 
of the A ABC about AB as an axis. 
Let fall the ± CD from C to the side AB. A D B 

Then BD = $a, §149 

and CD = yjWj 2 - BD* = *aV3. §372 

Now it is evident that the area of the solid generated by the revolution 
of the A ABC about AB is twice the convex surface of the cone gener- 
ated by the revolution of the rt. A CBD about BD. 

Now the convex surface of the cone generated by the revolution of the 
rt. A CBD about BD is 

itRL = 7txCDxBC = 7tx iaV5 x a = **ra 2 V3. § 723 

.*. the required surface = 2 x £ ita 2 Vs = Tea 2 V3. 

Ex. 861. Compare the volumes of the solids generated by a rectangle 
turning successively about two adjacent sides, the lengths of these sides 
being a and b. 
If the rectangle is revolved about the side a, E — a, and R = 6. 

.-. V = 7tR*H = 7tb*a. § 700 

If the rectangle is revolved about the side &, 2Z" = 6, and R = a. 

.-. V = 7tR?H = 7ta*b. § 700 

V _ Ttb 2 a _ b 
" V " Tta?b ~ a ' 

Ex. 862. An equilateral triangle revolves about one of its altitudes. 
Compare the lateral area of the cone generated by the triangle and the sur- 
face of the sphere generated by the inscribed circle. 
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Let HDE be the O inscribed in the equilateral A ABC, each of whose 
sides is a. 

Since the A is equilateral, each of the altitudes is both 
a median of the A and a bisector of anZ; hence, each 
of the altitudes CD and AE bisects the A and passes 
through the centre of the O. The lines OD and OE 
are radii drawn to the points of contact of the tangents 
AB and BC. 

OD = \CD. 

But 
Hence, 



DB? = laVs. 



CD = y/cB 2 
OD= JaV3. 
Convex surface of cone = rcRL = $ na 2 . 
Surface of sphere = 4 icB 2 = 4 it (\ a Vs) 2 = \ ita 2 . 

surface of cone __ \ na 2 __ 3 
surface of sphere i na 2 2 




§723 
§824 




Ex. 863. An equilateral triangle revolves about one of its altitudes. 
Compare the volumes of the solids generated by the triangle, the inscribed 
circle, and the circumscribed circle. 

Let ABC be an equilateral A, each of whose sides is a ; and let HDE 
be the inscribed, and ABC the circumscribed O. 

As in Ex. 862, the altitude CD bisects the equilat- 
eral A and passes through the centre of both the <D, 
and the radius of the inscribed O is J a Vs. 

The cone : V = i itlPH. § 725 

Here B = |a, 

and H=iaVs. 

.-. V = \it(\a) 2 x£aV§ 
= ^*ra 8 V3. 

The inscribed sphere : Vi = J itR\ § 845 

Here R = iaVs. 

... Fi = f*UaVS)8 = ^*« 8V 3. 
The circumscribed sphere : 

V 2 = i itK*. § 845 

Here B = OB = f of £aV3 = *aV3. Ex.27 

.-. V 2 = J n (i a V3)8 = ^ ^a 8 VS. 
.♦. V:Vi:V 2 = 2 \ xa*Vs : £ Tea 9 V5 : ^ ;ra 8 V5 
= 9 : 4 : 32. 
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A* 


V D 


..---V--.B 

r^-f-v-" 




\ ° 


» / » 
»/ » 
y l 




V u-v 






2V 



§190 



Ex. 864. The perpendicular let fall from the point of intersection of the 
medians of a given triangle upon any plane not cutting the triangle is 
equal to one third the sum of the perpendiculars* from the vertices of the 
triangle upon the same plane. 

Let OC be the ± from O, the intersection of the medians of the A 
ABC, to the plane MN which does not cut 
the A, and let AA', BR, and CC be the Js 
from the vertices of the A to the same plane. 

To prove that 

OC = i (AA' + BR + CC). 

Proof. Suppose CC to be the greatest of 
these Js. 

Draw DU ± to the plane from the middle 
point D of the side AB, and through D draw, 
in plane DCC, DK II to the plane MN. 

Now AA', DU, and BB / all lie in the same 
plane, whose intersection with MN is A'l/R. 

In the trapezoid AA'RB, AA' + BR = 2 DDT. 

The Js DU, 0(r, CC' all lie in the same plane, and 

2 Diy + kc = 3 h c § iso 

In the similar & DCK and DHO, 

DC = 3 DO. Ex. 27 

.-. KC = 3 OH. § 351 

.-. AA' + BR + CC = 2DD / + XC + C1T = 3 (JTC + Off). 
That is, 0(y = * (4.A' + J5J5 7 + CC"). Q. e. d. 

Ex. 865. The perpendicular from the centre of gravity of a tetrahedron 
to a plane not cutting the tetrahedron is equal to one fourth the sum of the 
perpendiculars from the vertices of the tetrahedron to the plane. 

Let OC be the ± from O, the centre of gravity of the tetrahedron 
ABCD, to the plane MN, which does not 
cut the tetrahedron, and let AA', BB', CC, 
and DD* be the Js from the vertices of the 
tetrahedron to the same plane. 

To prove that 
OC = i (AA' + BB' + CC + DIT). 

Proof. Let H be the intersection of the 
medians of the face BDC. 

Then lies on the line HA at a distance 
from II equal to ± II A. Ex. 829 




TEACHERS' EDITION. 311 

Through II ; in the plane II A A', draw HB II to the plane MN, cutting 
00 at K. 
Now BR + CC + DU = 3 HH'. Ex. 864 

3 HH + -R.A' = 4 ITO'. § 180 

In the similar & HAB and H OK, 

HA =4 HO. Ex.829 

.-. AB = 4 0#. § 351 

Hence, J5J5 7 + CC" + DIT + .A4' = 3 ##' + ikl' + AB 

= 4 (^(X + OK) = 4 cxx. 
That is, OV = ± (44' + J3# + CC + DU). Q. e. d. 
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Ex. 866. If the abscissa of a point is equal to the ordinate, each is equal 
to the lotus rectum. 

Let AM, the abscissa of the point P, be equal 
to PM, the ordinate of the point P. 
To prove that AM = PM = 4AF. 
Proof. Now PM*=4AFx AM. §862 
But PM = AM. Hyp. 

.:PM = 4AF. 
.♦. AM = PM= 4AF. q. e. d. 

Ex. 867. If a secant PP* meet* the directrix at H, then IIF is the bisec- 
tor of the exterior angle between the focal radii FP and FP*. 

Let the secant PP* cut the directrix at H, 
and let PF and P*F be the focal radii of the 
points P and P'. 

To prove that HF bisects the exterior A of 
PFP*. 

Proof. Draw PC and P"E ± to the directrix. 

Then the rt. A HPC and HP'E are simi- 
lar. § 356 
.-. PH : P"H = PC : P / E. § 351 

But PC = PF, and P / E = P'P. § 850 
.-. PH : RH = PF : P'P. 

.-. HF is the exterior bisector of the A PFP*. § 349 

Q. E. D. 

Ex. 868. To draw a tangent and a normal at a given point of a parabola. 

Let P be a given point of the 
parabola PA. 

To draw the tangent and the " ^ 

normal at P. 

Construction. (1) Draw the ordi- 
nate PM. 

On the axis lay off A T equal to 
AM, and draw PT. 

Then PT is the tangent required. 
§876 
312 
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Draw PN ± to PT at P. 
Then PN is the normal required. 

(2) Lay off MN equal to 2 AF, and draw PN. 
Then P.W is the normal required 

Draw PT± to PN at P. 

Then PT is the tangent required. 

(3) Draw FP, and draw PC ± to the directrix. 
Draw PT bisecting the Z FPC. 

Then PT is the tangent required. 



§874 



|877 



§874 



Q. 



869 

E.F. 




Ex. 868 



Ex. 869. To draw a tangent to a parabola parallel to a given I'ne. 

Let F be the focus of the given parab- 
ola, and KH the given line. 

To draw a tangent to the parabola li to 
KH. 

Construction. Draw the focal radius FP, 
making the Z XFP equal to 2 Z DHK. 

Draw PT the tangent at P. 

Then PT is the tangent required. 

Proof. Z XFP = Z FTP + ZFPT-2Z FTP. §§ 137, 871 

But Z XFP = 2 Z DHK. Const. 

..ZFTP = ZDHK. Ax. 7 

.-. PT is II to KH. § 114 

Q. E. F. 

Ex. 870. The tangents at the ends of the lotus rectum meet at D. 
To prove that the tangents at the ends of the latus rectum meet at D. 
Proof. FP = FT. § 871 

Now if P is at the end of the latus rectum, 

FP = 2 AF. § 861 

.-. FT = 2AF= FD. 
Therefore, the tangents at the ends of the latus rectum meet at D. 

Q. E. D. 

Ex. 871. The latus rectum is the shortest focal chord. 

Let LR be the latus rectum and PFH any other 
focal chord. 

To prove that LR < PH. 

Proof. Draw PG, LK, HC, and RB ± to the 
directrix. 

Since GP > CII, FP > FH. § 850 
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Hence, M, the middle point of PH, lies in FP, and 
therefore to the right of LB. 

Draw ME ± to the directrix. 
Then2DF<2^if. 
But LB = 2 DF, §861 

and PH = FP + FH=GP+ CH=2EM. 

§§ 850, 190 

.'.LB<PH. Q.E.D. 




Ex. 872. The tangent at any point meets the directrix and the lotus 
rectum produced at points equally distant from the focus. 

Let PT, the tangent at any point P, meet 
the directrix at K and the latus rectum pro- 
duced at H. 

To prove that FK = FH. 

Proof. Let E be the foot of the ± from F 
to PT. 

Then E lies in AY, the tangent at A. § 873 

Since AD = AF, then EK = EH. § 187 
.-. FK = FH. 

Ex. 873. The circle whose diameter is FP touches the tangent at A. 
Let FP be the focal radius of any point P, and let AK be the tangent 




c . - 




at^l. 

To prove that the O with diameter FP is tangent 
to-AJK". 

Proof. Draw PC _L the directrix, cutting AK at K, and ■? a£ 
from M, the middle point of FP, draw MN ± to AK. '" 
^lE: is II to the directrix. § 872 

FP = PC = PK + KC = PK + AF = 2 NM. 
.-. Fikf = NM. . 
Hence, the whose centre is M and radius MFis tangent to AK. § 253 

Q. E. D. 

Ex. 874. The directrix touches the circle that has any focal chord for 
diameter. 

Let PP* be any focal chord. 

To prove that the O with diameter PP* is tangent to the directrix. 

Proof. Draw PC and P / B _L to the directrix. 
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§§ 850, 866 



Then PP* = PF + P'F = PC + P'R. §850 

.-. iPP / = i(PC + P'R). Ax. 7 

That is, i PP* equals the distance from the middle 
point of PP* to the directrix. § 190 

Hence, the O on PP* as diameter is tangent to the 
directrix. § 253 

Q. £. D. 

Ex. 875. Given two points and the directrix, to find the focus. 

Let P and P / be two given points of a parabola, and BC the directrix. 

To find the focus. 

Construction. From P and P* let fall the Js PR and 
P*C upon the directrix BC. ' 

From P and P f as centres, and PH and PC respec- 
tively as radii, describe arcs intersecting in F and K. 

Then either F or K is the required focus. 

Proof. Since P and P / are each equally distant from 
K and BC, the parabola whose focus is K, and whose 
directrix is BC, passes through P and P / . 

For like reason, the parabola whose focus is F, and whose directrix is 
BC, passes through P and P*. Q. e. f. 

Ex. 876. The perpendicular FC bisects TP. 
(See figure, page 414.) 
To prove that FC bisects TP. 
Proof. FP = FT. 

FC is ± to TP. 
.: FC bisects TP. 

Ex. 877. Given the focus and the axis, to describe a parabola which shall 
touch a given straight line. 

Let F be the focus and TX the axis of a parabola, and let P T be the 
given straight line. R „ 

To construct the parabola tangent to P T. 

Construction. From F draw FH ± to 
TP, and produce it to R, making HR 
equal to FH. T D* 

Draw RD ± to TX, and RP II to TX. 

Describe the parabola AP, having F as focus and DR as directrix. 
Then AP is the parabola required. 
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* Proof. Draw FP to the point of inter- 
section of TP and RP. 
Since HR = HF, and RF is JL to TP, 

Const. 

PR = PF. § 160 

Hence, P is on the parabola AP. § 850 

Z.FPT=ARPT. 
Hence, TP is tangent to A P at P. 




Ex. 878. If PN is any normal, and the triangle PNF is equilateral, 
then PF is equal to the lotus rectum. 



the normal of the 
let the A PNF be 



Let PN be 
point P, and 
equilateral. 
To prove that PF = 4 AF. 
Proof. Draw the ordinate PM. 

PM bisects FN. § 149 
.-. FM=MN = 2AF. §877 
.:PF=FN =4AF. 

Q. E. B. 




Ex. 879. Given a parabola, to find the directrix, axis, and focus. 

Let P*AP be the given parabola. 
To find the directrix, axis, and focus. 
Construction. Draw any two parallel chords ac 
and bd, bisect them in e and /, and draw ef. 
Then the line ef is a diameter. § 888 

From any point P of the parabola draw PP" 
JL to ef, and through its middle point M draw 
M T II to ef, intersecting the parabola at A. 

Then M T is the axis of the curve, and A the 
vertex. 

For the axis bisects chords ± to the diameters. 

Take A T equal to AM and draw TP. 

Then PT is the tangent at P. 

Draw the normal PN. 

Then MN is equal to the semi-latus rectum. 

Take AF equal to AD equal to \ MN. 

Then F is the focus, and the ± to TM at D is the directrix. 




§876 
§877 



Q. E. F. 
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Ex. 880. To find the locus of the centre of a circle which passes through 
a given point and touches a given straight line. 

Let F be the given point and DB the given line. 

To find the locus of the centre of the O which passes 
through F and touches DB. 

Construct the parabola AP with F as focus and DB as 
directrix. 

Then AP is the required locus. 

Proof. Let P be any point on this parabola. 

Draw FP, and draw PB ± to DB. 

Then, since PF =PB, the O with P as centre and PF as radius passes 
through F and is tangent to DB. § 253 

Now any point within the parabola is nearer to the focus than to the 

directrix, and any point without is nearer to the directrix than to the 

focus. § 865 

Therefore, the parabola is the locus required. q. e. f. 

Ex. 881. Given the axis, a tangent, and the point of contact, to find the 
focus and directrix. 
Let TX be the axis, TP a tangent, and P the point of contact. 
To construct the focus and the directrix. 
Construction. Bisect TP; at E, the middle point, erect ^ 

BEF ± to TP, intersecting TX in F. 
Then F is the focus. 
Lay off ER equal to EF, and draw RD ± to TX. 

Then DR is the directrix. 
Proof. The JL which bisects TP passes through the 
focus. 

Hence, F is the focus. 

The tangent bisects FR. 

Hence, DR is the directrix. 

Ex. 882. Given two points and the focus, to find the directrix. 

Let P and P / be two points of a parabola, .and F the focus. 

To construct the directrix. E 

Construction. With P as centre and PF as radius, / 
draw the arc KH. 

With P / as centre and P / F as radius, draw the 
arc DE. 

Draw the common tangents BC and B'C. 

Then either BC or B'C' is the directrix required. 




Ex. 876 



Q. E. F. 
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Proof. Since P and P' are each, by construction 
and § 264, equally distant from F and BC, the parab- 
ola whose focus is F and whose directrix is BC, passes 
through both P and P'. §§ 850, 866 

For like reason, the parabola whose focus is F 
and whose directrix is WC passes through both P 
and P / . q. e. f. 




Ex. 883. The triangles formed by the two tangents from any point and 
the focal radii to the points of contact are similar. 

Let BP and BP* be the tangents from E, and let PF and P*F be the 
focal radii of P and P'. 

To prove that the A BPF, and P*BF 
are similar. 

Proof. Draw PC and P / C ± to the 
directrix. 

Draw BC and BC. 
The & FPB and CPB are equal. 

§143 
For FP = CP, § 860 

PB = PB, 
&n&ZFPB = ZCPB. 

.♦. FB = BC, and ZBCP = ZEPP. 
In like manner, CB = FB, and Z BC'P* = Z BFP*. 

.♦. FB = BC = BC. Ax. 1 

With B as centre and BC as radius, describe a circle through C, C, .F. 




§869 
Ex. 90 

§289 
§288 
§128 

§883 
§355 

Q. £. D. 

Ex. 884. If a diameter of a parabola is cut by a chora\ and the tangent 
at either end of the chord, the segments of the diameter between the tangent 



Now ZFPB = ZBPC. 

ZBPC = ZFCC. 
ZFCC = \ZFBC. 
For \ the arc CF is the measure of the Z FCC, 
and the arc CF is the measure of the ZFBC. 
But ZFBP / = ZP / BC. 

.-. Z FBP* = Z FCC = Z FPB. 
Again Z BFP = Z BFP>. 

.-. the & BPF and P*BF are similar. 
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and the chord made by the curve are in the same ratio as the segments of 
the chord. 

Let the diameter SQS' meet the chord PP' at S' and the tangent PR 
at S. 

To prove that SQ : QS' = PS' : S'P'. 

Proof. Draw RQR' the diameter of 
which PP' is an ordinate ; draw QM II to 
PP' meeting BR' at M, and draw Q'P. 

Now 
and 



PR'=4FQ x Q[R', 
(pf 2 = 4 PQ x Q^lf. § 862 
, PR' 2 - QM 2 = 4FQx MR'. Ax. 3 




But PR' 2 - QM 2 = PR' 2 - QfR' 2 
= PS' x &P, 
and Jffl' = QS'. 

.-. PS' : S'P' = 4 *V : QS'. 
.-. QS' : /S'P' = PS' : 4 PQ'. 
In the similar & PS'S and PR'R, 

SS' : PS' = RR' : PE' § 351 

= 2 Q'E' : PR' § 885 

= Pi*' : 2 Q'F 
= PP':4Q'P. 
.-. SS : PP' = PS' : 4 Q'P. 
.-. QS' : -S'P' = SS' : PP'. 
.-. Q5' : SS' = S'P' : PP'. 
/. SQ : QS' = PS' : S'P'. q. e. d. 

Ex. 885. The major axis is the longest chord that can be drawn in an 



Let A A' be the major axis of the ellipse ACA'C and CC any other 
chord. 

To prove that AA' > CC. 

Proof. Draw the focal radii CF, OF', C'F, 
CF'. 



CC'KF'C + F'C, § 138 A 

and CC'<FC + FC. 

.-. 2 CC'<(F'C + FC) + (P'C + FC')<4a. 

Ax. 4 
.\ C(7'<2a 1 or^^'. 
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Ex. 886. If the angle FBF* is a right angle, then a 2 = 2 ft 2 . 

In the ellipse ABA'&, let the A FBF' be a 
rt. £. 
To prove that a 2 = 2 6 s . 

Proof. FI? + FT? = PF 7 *. §371 x\ 

That Is, 2a 2 = (2c) 2 = 4c 2 = 4(a 2 -6 2 ). 
.\2a 2 = 4^. 
.-. a 2 = 2 ft 2 . Q. B. D. 




Ex. 887. To draw a tangent and a normal at a given point of an ellipse. 

Let P be any given point of the ellipse 
ABA'R. * - ° 

To draw the tangent and the normal 
at P. 

Construction. Draw the focal radii FP A\F' 
and F"P. 
Produce F'P to some point G. 
Draw FT bisecting the Z FPG. 

Then PT is the tangent required. § 926 

At P draw PN ± to PT. 
Then PN is the normal at P. § 933 

Q. E. F. 




Ex. 888. To draw a tangent to an ellipse parallel to a given straight 
line. 

Let ABA'Bf be the given ellipse and KS the given line. 

To draw a tangent to the ellipse II 
toKS. 

Construction. Draw the diameter 
RR' II to KS, and at R draw the 
tangent RT. Ex. 887 

Draw the diameter PP' II to RT. T ^f F 

At P and P' draw the tangents \\ y 
Pr"andPT'. ^ ' 

PT" and P f T' are the tangents re- 
quired. 

Proof. The diameter PP* is conjugate to RR'. Const. 

/. PT" and PT' are II to RR' or its II KS. § 939 

Q. E. F. 
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Ex. 889. Given the foci; to describe an ellipse touching a given straight 
line. 

Let F and F' be the given foci, and PT the given line. 

To construct the ellipse tangent to PT, 
having F and W for foci. . 

Construction. Draw FH 1 to PT, and 
produce it to <r, making HG equal to FH. 

Draw F / G i cutting the tangent in some 
point P. Draw PF. 

Construct the ellipse AA'P, with F and 
F f as foci, and F'G or F'P + PF as the constant sum. 

Then AA'P is the ellipse required. 

Proof. F and F' are its foci, and it passes through P. Const. 

PH bisects FG at right angles. Const. 

Hence, PH bisects A FPG, and is therefore a tangent at P. § 925 

Q. B. F. 




Ex. 890. Prove that OF 2 = OT x ON. (See figure, page 436.) 

To prove that OF 2 = OT x ON. 
a* 



Proof. 



or=- 

d 
ON=eW. 
a 2 



.-. OT x ON=-xe*d = a*e* = OF\ 
d 




Q. B. D. A' F' 



ONDMF A 



Ex. 891. Prove that OM:ON = a?: c 2 . 
(See figure, page 436.) 
To prove that OM : ON = a 2 : c 2 . 
Proof. OM=d. §936 

ON=e*d. § 936 

.\ OJf:OiV=d:e 2 d = l:e 2 

= a 2 : a 2 e 2 = a 2 : c 2 . q. e. d. 




Ex. 892. The minor axis is the shortest diam- 
eter of an ellipse. 

Let PP / be any diameter of the ellipse AA'. j!\ 

To prove that the minor axis is the shortest 
diameter. P 

Proof. Draw the focal radii FP and F'P. 
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OF* + OF* = t(irF i +FP ii ) §377 

= i(a + ed) 2 + i(a-ed) 2 

§915 
= a 2 + e 2 ^ 2 . 

.-. OP = Va 2 + e 2 ^ 2 — c 2 . 





Hence, OP is least when v^ + e 2 ^ 2 ^? i s least, that is when d = 0. 
Hence, OP is least when it coincides with the minor axis. q. e. i>. 

Ex. 893. At what points of an ellipse will tke normal pass through the 
centre of the ellipse f 

The normal at P, which is the bisector of the 
A F'PF, passes through O, the middle point of 
F'F, only when F'PF is an isosceles triangle, 
or when Z F'PF = 0. 

Hence, the normals at the points B, B' 1 A, A% 
and at these points only, pass through O. 

Ex. 894. If FR, F'S are the perpendiculars dropped from the foci to 
any tangent, then FR x F'S = 6 2 . 

Let FR and F'S be the Js dropped from 
the foci on RS, which is the tangent at P to 
the ellipse ABA '&. 
To prove that FR x F'S = ft 2 . 
Proof. Describe the auxiliary O of the 
ellipse. 

Produce SF' to meet the auxiliary O in Z, 
and draw RZ. 

Now R and S lie in the circumference of the auxiliary O. § 928 

ZSR is a right Z. Hyp. 

.-. RZ passes through the centre O, and is a diameter of the auxiliary O. 

§290 

The & ORF and OZF' are equal. § 143 

For OR = OZ, § 217 

OF = OF', § 905 

and Z FOR = F'OZ. § 93 

.-. FR = F'Z. § 128 

.-. FR x F'S = F'Z X F'S 

= F'A' x F'A § 378 

= (a - c) (a + c) 
= a 2 -c* 
= 6 2 . 




§907 

l. E. D. 
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Ex. 895. The semi-minor axis of an ellipse is the mean proportional 
between the segments of the major axis made by one of the foci. 
Let A A' be the major axis of an ellipse, F and F' the foci. 
To prove that F'A' x F'A = b 2 . 

Proof. F'A' = a — c, and F'A = a + c. 

.-. F'A' x F'A = (a - c) (a + c) 

= a 2 - c 2 = ft 2 . § 907 

Q. £. D. 

Ex. 896. The area of an ellipse is to the area of its auxiliary circle as 
the minor axis is to the major axis. 

Let 2 & be the minor axis and 2 a the major axis of an ellipse. 

To prove that the ellipse : the auxiliary O = 2 b : 2 a. 

Proof. The area of the ellipse = nab. § 942 

The area of the auxiliary O = ita\ § 463 

.-. ellipse : auxiliary O = itab : ita 2 = b:a = 2b :2 a. Q. e. d. 

Ex. 897. To draw a diameter conjugate to a given diameter in a given 
ellipse. 

Let PP' be a diameter of the ellipse ABA'R. \ %s 

To draw a diameter conjugate to PP'. ~ 

Construction. Draw TT' the tangent at P. 

Draw the diameter QOR II to TT'. 

Then QOR is the conjugate diameter 
required. § 938 

Q. E. P. 

Ex. 898. Given 2 a, 2 6, one focus, and one point of an ellipse, to con- 
struct the ellipse. 

Let F' be one focus and P a point of an ellipse. 

Let 2 a and 2 b also be given. ,/-— 

To construct the ellipse. ' » l ^ 

Construction. With P as centre and 2 a — PF' as 
radius, describe a circle. j? • y 

Construct a right triangle with a as hypotenuse and **'/ 

b as one side ; then the other side is c. § 907 

With F' as centre and 2 c as radius, describe a circle, intersecting the 
first in F and Q. 

Then the ellipse with F' and F as foci, or F' and Q as foci, and 2 a as 
major axis, will be the ellipse required. 

Proof. For either will have the focus F' and will pass through P, since 
PF' + PF = 2 a, or PF' + PQ = 2a, and the axes of each will be 2 a 
and 2 b. q. e. f. 







P^ 


^ r 

1 *Q 
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Ex. 899. If from a point P a pair of tangents PQ and PR are drawn 
to an ellipse, then PQ and PR subtend equal 
angles at either focus. 

Let PQ and PR be the tangents from 
given point P to the given ellipse AQA'R. 

To prove that Z PF'Q = Z PF'R, 
and ZPFQ = ZPFR. 

Proof. Let the tangents be drawn by 
method of § 929. 






The &PF'G and PF'S are 


equal. 


§150 


For 


F'G = F'S = 2a. 


Const. 




PG = PS, 




Const. 


id 


PF' = PF\ 




Iden. 




..ZPF'Q = PF'R. 




§128 




The A PGQ and PFQ are 


equal. 


§160 


For 


FG = PP, 




Const. 




QO = QF, 




Const. 


id 


PQ = PQ. 




Iden. 




..ZPFQ = ZPGQ. 




§128 


In like manner, 


ZPFR = ZPSR. 






But 


ZPGQ = ZPSR. 




§128 




..ZPFR = ZPFQ. 




Ax. 1 

Q. E. D. 



Ex. 900. If a quadrilateral is circumscribed about an ellipse, either 
pair of its opposite sides subtend angles at either focus whose sum is equal 
to two right angles. 

Let ABCD be a quadrilateral circumscribed about the ellipse RQTS. 
Let the vertices A, B, C, I) be joined to P', 
one of the foci. 
To prove that 

Z AF'D + Z CF'B = 2 rt. A, 
and Z AF f B + Z CF'D = 2 rt. A. 

Proof. Draw to the points of tangency the 

focal radii F'Q, F'R, F'S, F'T. 

Now ZAF'T=ZSF'A, 

ZTF'D = ZDF'Q, 

Z CF'R = Z CF'Q, 

and ZRF'B = ZBF'S. 
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.-. Z AF' T + Z TF'B + Z CF'E + Z iZF'JS 

= Z SFOl + Z DF'Q + Z CF'Q + Z JSF'S. Ax. 2 
That is, Z .AF'D + Z CF'JS = Z A F'B + Z CF'D. 

But the sum of these four A = 4 rt. A. § 73 

.-. Z AF'D + Z CF'B = 2 rt. z£ = Z AF'B + Z CF'D. q.e. d. 

Ex. 901. To find the foci of an ellipse, having given the major axis and 
one point on the curve. 

Let AA' be the major axis of an ellipse, and P a point on the curve. 

To find the foci of the ellipse. 

Construction. Draw the auxiliary circle A QA'. 

At 0, the middle point of AA', erect 
OB ± to AA'. 

Draw PM _L to AA', and produce it 
to meet the auxiliary circle in Q, 

Draw OQ, and draw PN II to AA' cut- 
ting OQ in R. __^ __^_ 

On OD lay off 0J5 equal to OR. A' T' M'F A 

With B as centre and OA as radius, strike arcs, cutting AA' in F 
and F'. 

Then F and F' are the foci required. 

Proof. P is a point on the ellipse whose major axis is AA', whose foci 
are F and F', and whose semi-minor axis is OB. § 918 

Q. E. F. 

Ex. 902. To find the foci of an ellipse, having given the major axis and 
a straight line which touches the curve. 

Let A A' be the major axis of an ellipse and PT a tangent. 

To find the foci. 

Construction. Draw the auxiliary circle 
AC A', and from T, the intersection of PT /^ — ^■^4^' 
and A A' produced, draw the tangent TQ. '' 

Draw QO, and draw QM JL to AA', inter- f « V I . 

secting PT in P. *** OM^A T 

Through P draw PK II to AA', intersecting QO in K. 

On OC, the ± to AA' at 0, lay off OB equal to OJT, and from B as 
centre, with OA as radius, draw arcs cutting A' A in F' and F. 

Then F' and P are the foci required. 

Proof. MT is the subtangent. § 931 

Hence, P is the point of contact. 

0K=b. §918 

Since BF' = BF = a, F' and F are the foci required. q. e. f. 
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Ex. 903. If a straight line moves so that its extremities are always in 
contact with two fixed straight lines perpendicular to each other, then any 
point of the moving line describes an ellipse. 

Let the straight line DC move so that its extremities C and D are 
always in the perpendicular lines OX and OY, 
respectively. 

To prove that any point P in this line 
describes an ellipse. 

Proof. With O as centre, and DP, the longer 
segment, as radius, draw the arc AQE. R 

Draw PM ± to OX, and PR II to OX. 

Produce MP, meeting the circle in Q, and q 
draw OQ. 

The rt. A OMQ and RPD are equal. § 151 

For OM = RP, §180 

and QO = DP. Const. 

.-. RD = MQ. § 128 

The rt. & PMC and DRP are similar. § 356 

.-. MP:RD=CP: PD. § 361 

.-. MP : MQ=CP: OQ. 

Hence, as Q is in the circle whose radius is OQ, P is in the ellipse 
whose semi-axes are OQ and PC, or DP and PC. § 917 

Q. e. D. 

Ex. 904. To construct an ellipse, having given one of the foci and three 
tangents. 

Let F' be a focus of an ellipse, and ED, BC, HI be three given 
tangents. 

To construct the ellipse. 

Construction. Draw F'a ± 
to DE, and produce it to c, 
making ac equal to F'a. 

Draw F'b _L to BC, and 
produce it to d, making bd 
equal to F'b. 

Draw F'e JL to HI, and 
produce it to g, making eg 
equal to F'e. 

Draw cd and dg, and bisect 
them with the Js hF and kF, 
respectively. 
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These Js intersect in some point F. 

Construct the ellipse, having F' and F as foci, and dF as the major axis. 

This 1 ellipse is the ellipse required. 

Proof. By proof in Ex. 889, the ellipse having F / and F as foci, and 
cF equal to dF equal to gF as major axis, is tangent to each of the lines, 
BE, CB,HI. q.e.f. 

Ex. 905. To construct an ellipse, having given one focus, two tangents, 
and one of the points of contact. 

Let F / be a focus of an ellipse, BC and BE be tangents, and P be the 
point of tangency of BC. 

To construct the ellipse. 

Construction. Draw F'P, and 
draw PF, making the Z BPF equal 
to the Z CPF'. 

Draw F'a ± to .BC and produce 
it to b, making ab equal to F'a. 

Draw F'c JL to BE and produce 
it to d, making cd equal to F'c. ^ A ' F' 

Draw bd and bisect it with the _L KF, intersecting PF in F. 

Construct the ellipse, having F and F' as foci and bF, or F'P + PF, 
as major axis. 

This ellipse is the ellipse required. 

Proof. The ellipse having F' and F as foci, and bF or dF as major axis, 
will be tangent to BE, and tangent to BC at P, by proof in Ex. 889. 

Q. E. F. 

Ex. 906. To construct an ellipse, having given one focus, one vertex, 
and one tangent. 

Let F' be a focus, A' a vertex of an ellipse, and PT a tangent. 

To construct the ellipse. 

Construction. Through A' and ;\\~ ^^ 

F' draw the line AT. n}&>r^^*. *^ N 

Draw F'a JL to TP and produce ^-^tz^^----^^ ^ 
it to C, making aC equal to F'a. y-^„-_i_— l_ x Z_ 2:2^^ — \ 

o-i T\ A' W F A 

Lay off A'B equal to A'F'. D * * * * 

Draw BC, and bisect it with the _L HF, intersecting AA' in F. 

Lay off FA equal to F'A', and construct the ellipse having F' and jP 
as foci and A' A as the major axis. 

This ellipse is the ellipse required. 

Proof. This ellipse will have F' as a focus, A' as a vertex, and by proof 
in Ex. 889 will be tangent to TP at P. Q. e. f. 
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ip^.. 



Ex. 907. The area of the parallelogram formed by the tangents to an 
ellipse at the extremities of any pair of conjugate diameters is equal to the 
area of the rectangle contained by the axes of the ellipse. 

Let PP* and RR / be a pair of conjugate diameters, and let the CD CDEF 
be formed by the tangents at P, P% 
R,R\ 

To prove that O CDEF *> 4 ab. 
< Proof. Let the tangent at R meet 
OA' produced in T. 

Draw FT, and draw the ordinates 
PM, RN, and P*M'. 
Since 12 T is II to PO, 

OP'ORF*>2 x AP / OT= OTxM'P'. 
Since MP = M'P*, M'P* :ON=b:a. 

/. OT x WP' :OTx ON=b:a = ab:a*. 
But OTx ON=a*. 

.-. OT x M'P* = ab. 
.:OP'ORF=ab. 




§§ 400, 403 
§941 
§340 



But 



a CDEF =c= 4 O P'ORF. 
,OCDEF=iab. 



Q. E. D. 




Ex. 908. Given an ellipse, to find by construction the centre, the foci, 
and the axes. 

Let ABA'& be a given ellipse. 

To find by construction the centre, the foci, 
and the axes. 

Construction. Draw any two II chords, and 
through their middle points draw KOR. 

The point O, the middle point of the diam- 
eter, is the centre required. 

With O as centre and OK as radius, describe an arc, intersecting the 
ellipse in the points K and S. 

Draw the chord KS, which is a chord of one of the axes, since its 
extremities K and S are equidistant from the centre O. 

The two diameters, one _L to KS, and the other II to KS, are the axes 
required ; the longer AA / is the major axis, and the shorter BIT the 
minor axis. 

With B as centre and OA as radius, describe arcs, intersecting AA / in 
jPandP'. 

F and F' are the foci required. 

Proof. The proof is obvious from the construction. q. e. f. 
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Ex. 909. The circle described on any focal radius of an ellipse as a 
diameter is tangent to the auxiliary circle. 

Let P be any point on the ellipse ABA'B', and FP and F'P be its 
focal radii. 

To prove that the O described on FP as 
a diameter is tangent to the auxiliary O. 

Proof. Produce F'P to G, making PG 
equal to PF, and draw FG. 

Through draw OH II to F'G, intersect- 
ing FP and FG in K and JJ, respectively. 

OH bisects FP and FG, § 188 

and, therefore, passes through the centre of the O on FP as diameter. 

§217 

Now OH = t F'G = a. § 189 

ZKHP = ZF / PR. §112 

ZF / PR = ZHPG. §93 

ZHPG =ZKPH §145 

Z KHP = ZKPII. Ax. 1 

.-. KP = KH. § 147 

OK= 0H-KH=a~KP. 

Hence, the O on FP as diameter is tangent to the auxiliary O, since 

the distance between their centres is equal to the difference of their radii. 

Q. E. D. 

Ex. 910. If the ordinate and the tangent at any point P of an ellipse 
meet a diameter at H and K, respectively, then OH x OK = OQ 2 - Q is 
the point in which the diameter cuts the curve. 

Let the ordinate and the tangent at P p P' 

meet a diameter OQ in H and K, respec- 
tively. 

To prove that OH x OK = OQ 2 . 

Proof. Draw P'R' II to PR and bisected 
by OQ at H'. 

Let PP / produced meet OQ produced 
at#. 

Then HK : H'K = PH : P'H' = RH : R'H'. § 351 

.\ RR' produced also meets OQ produced at K 

Hence, if the II chords are moved up to each other PK and R K become 
tangents at P and R. 

Therefore, the tangents at the extremities of a chord intersect on the 
diameter to which the chord is conjugate. Also the line that joins the 
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middle point of a chord to the intersection of the tangents at its extremi- 
ties passes through the centre of the ellipse. 

Draw QE the tangent at Q meeting PK 
in E, and draw QG II to PK meeting PR 
at G. 

Then PEQG is a O and EG bisects 

PQ. 

.*. EG passes through the centre O. 
.-. OH:OQ= OG: OE. 
.-. OH:OQ=OQ: OK. 

OH x OK = uy . q. e. d. 




OQ 2 . 



Note. This proof is based on that of the Rev. C. Taylor of St. John's 
College, Cambridge, Eng. 



